Hindawi Publishing Corporation
Abstract and Applied Analysis

Volume 2015, Article ID 276810, 11 pages
http://dx.doi.org/10.1155/2015/276810

Research Article

The Dirichlet Problem for Second-Order
Divergence Form Elliptic Operators with Variable
Coefficients: The Simple Layer Potential Ansatz

Alberto Cialdea, Vita Leonessa, and Angelica Malaspina

Department of Mathematics, Computer Science and Economics, University of Basilicata, Viale dellAteneo Lucano 10,

85100 Potenza, Italy

Correspondence should be addressed to Alberto Cialdea; cialdea@email.it

Received 9 June 2015; Accepted 18 October 2015

Academic Editor: Giovanni P. Galdi

Copyright © 2015 Alberto Cialdea et al. This is an open access article distributed under the Creative Commons Attribution License,
which permits unrestricted use, distribution, and reproduction in any medium, provided the original work is properly cited.

We investigate the Dirichlet problem related to linear elliptic second-order partial differential operators with smooth coeflicients in
divergence form in bounded connected domains of R™ (m > 3) with Lyapunov boundary. In particular, we show how to represent
the solution in terms of a simple layer potential. We use an indirect boundary integral method hinging on the theory of reducible

operators and the theory of differential forms.

1. Introduction

As remarked in [, p. 121], elliptic operators with variable
coefficients naturally arise in several areas of physics and
engineering. In this paper, we study the Dirichlet problem
related to a scalar elliptic second-order differential operator
with smooth coeflicients in divergence form in a bounded
simply connected domain of R™ (m > 3) with Lyapunov
boundary.

This is a classical problem which nowadays can be treated
in several ways. In particular, different potential methods
have been developed for such operators (see, e.g., [1-6]).

In the present paper, we obtain the solution of the Dirich-
let problem by means of a simple layer potential instead of the
classical double layer potential (see, e.g., [6, pp. 73-75]). We
use an indirect boundary integral method introduced for the
first time in [7] for the m-dimensional Laplacian. It requires
neither the knowledge of pseudodifterential operators nor the
use of hypersingular integrals, but it hinges on the theory
of singular integral operators and the theory of differential
forms (for details of the method, see, e.g., [8, Section 2]). The
method has been also used to treat different boundary value
problems in simply connected domains: the Neumann prob-
lem for Laplace equation (via a double layer potential), the
Dirichlet problem for the Lamé and Stokes systems, the four

boundary value problems of the theory of thermoelastic
pseudooscillations, the traction problem for Lamé and Stokes
systems, the four basic boundary value problems arising in
couple-stress elasticity, and the two boundary value problems
of the linear theory of viscoelastic materials with voids (see
[9, 10] and the references therein). The method can be
applied also in multiply connected domains, as shown for the
Laplacian, the linearized elastostatics, and the Stokes system
(see [11] and the references therein).

The present paper is organized as follows.

In Section 2, after giving preliminary results, we make use
of Fichera’s construction of a principal fundamental solution
[12] and we prove some identities for the related nuclear
double form.

Section 3 is devoted to the study of the Dirichlet problem.
It contains the main results concerning the reduction of a cer-
tain singular integral operator acting in spaces of differential
forms and the integral representation of the solution of the
Dirichlet problem by means of a simple layer potential.

2. Preliminary Results

Let O be abounded domain (open connected set) of R™ (m >
3).
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In this paper, we deal with the Dirichlet problem:

Eu=0 in Q,

@
u=f onZ,

where E is a scalar second-order differential operator
(throughout this paper, we use the Einstein summation
convention):

Eu(x) = 0 <,]()8u(x)>'

2)

We suppose that the coefficients a” are defined on T, T being
an open ball containing Q, and we assume that they belong
to C*M(T),0< A < 1.

Moreover, assume that A = (a” )i j=1,..,m 1S @ symmetric
contravariant positive-definite tensor. Then, E is a uniform
elliptic operator; that is, there exists ¢ > 0 such that
a'](x)&fj > |, for every (&,...,&,) € R™ and for any
xeT.

For the sake of simplicity, we suppose that the determi-
nant |A| of A is equal to 1.

It is known that to the contravariant tensor A there
corresponds a covariant tensor A™" = (@;); j=1,...m such that

aijajh = 8;, for every i,h=1,...,m, (3)

8}, being the Kronecker delta.

A differential form of degree k (in short a k-form) on T is
a function defined on T whose values are in the k-covectors
space of R"™. A k-form u can be represented as

1

I S, .. Sk
u= 0 usl___skdx dx (4)
with respect to an admissible coordinate system (x, ..., x,,),
where u .., are the components of a skew-symmetric covari-

ant tensor (for details about differential forms, we refer to
13, 14]).

The symbol CZ(T) means the space of all k-forms whose
components are continuously differentiable up to the order

h in a coordinate system of class C"*' (and then in every
coordinate system of class C**).

IfueC ,lc(T), the differential of u is a (k + 1)-form defined
as

ou ..
% Qxdx - do. (5)

duzﬁ Ix

Further, ifu € CZ(T), the adjoint of u is the following (m—k)-
form:

1 L
= k! k |6j1'"jkik 1
— + m
I(m - k)! )
. a51]1 . ask]ku dx1k+1 . dx’m,

S10Sk

where 81’ 1 ;;” is the generalized Kronecker delta (r < m). We
recall that (see, e.g., [15, p. 127])

8]1 JsJse1 Im 8hs+1 h

e (m—s)'8]1 Jsdse ]m (7)
s+

By ks,
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We remark that (see, e.g., [13, p. 285])
¥ %y = (_1)k(m+l) ” (8)

Ifu € C,i(T), we define the codifferential of u as the
following (k — 1)-form:

u = (_l)m(k+1)+l «d*wu (9)

A differential double form u, . (x, y) of degree h with respect
to x and of degree k with respect to y (in short a double (h, k)-
form) is represented as

Upk (x, )’)

! S S ; j (10)
= musl-ushjl"'jk (x> y) dx’ ... dx hdy]l . d}/ e

If h = k, we denote it briefly by u,(x, y).
We proceed to introduce the following double k-form (see
[13, p. 204]) defined, for every x, y € T, x # y, as

1
A (x,y) = WL(X’ ¥)
(k') a1
: as1‘“ski1“'ik (y) del Tt dekdyil e dyik’
where, for k < m,
aslil aslik
. Iyl
Qs cospiymipe. = | 2 . i zkaslll A, 1> (12)
Agiy " Gy
L(x,y)
1 Cong i gempe (13)
=y [ -y) (-]

(w,, being the hypersurface measure of the unit sphere in R™)
is a parametrix in the sense of Hilbert and E.E. Levi for the
operator E. We recall that (if we write v, (x, y) = O(|x -
YI%), i (x, y) being a double (h, k)-form, we mean that all
its components are O(|x — y|%))

L(x,y)=0 (|x - y|27m), (14)
dL(xy)=0(]x=y"™"),
1-m (15)
d,L(x,y)=0(]x-y["")

(see [13, Section 9]).
The next results provide other properties of L and A,.

Lemmal. Foreveryp=1,...,m,
oL (x, oL (x,
(vy) _ OL(x y)+M(x’y)’
oy? OxP (16)

x,yeT, x+y,

where M(x, y) = O(|x — y|*™).



Abstract and Applied Analysis

Proof. Taking definition (13) into account, we have

oL (x, i (d i\
) a0 ) ()]
S R I,
- —wi [a; () (&' = ) (=)
oy ) (= )]
On the other hand,
oL (x, RO B AN e
% =—i aij(y)(x -y (' =y)] /
Oaj PN (d
22 (- ) - )
1 i i A
3 150 (=) (=) )
oy ) [6, (=) - 85 (' = )]}
M o) )
{ag ) ()] = M) - 2D
and this yields the claim. O

The identities proved in the next proposition generalize
the ones obtained by Colautti [16, p. 309] for the Laplacian.

Proposition 2. Let A, be the double k-form defined by (11).
Then, for every x + y, the following properties hold:

*xAk (x’ y) = (_l)k(mik) *y/\m—k (x’ y)

(19)
+ Tk (6 9), k<m,
where
Tin—k.k (x, )’) =0 (|x - )’|3_m), (20)
*xdx)tk (xa y) = (_1)Mk+l *}’d}’Am’k’l (X, )/) (21)

+ Yok (6 9), k<m,

where ,,__1 (%, ¥) = O(lx — y|*™™); and

ki (6 ) = d A (%, y) + €k (7). k<m, (22)

where

g (0,y) =0 (|x - ylz_’")- (23)

Proof. First, we prove (19). It follows from (12), (3), and (7)
that

A JyY) = ————
*}’ m—k (x )/) k! (m - k)! (24)
8 g L (% y) dxT e dxTrrd P dy P
On the other hand,
e ()= —
R k)
. 8};::T,lek‘Z1"'qm_k [(a51j1 - askjk) (x)
_ (a51j1 . askjk) (}/)]
(25)
TL(%,7) By, pynopy () AT - darrdyPr - dy
1 1m S1j1 Sk
o TR (@ @) ()
L(59) gy () Ao datidy? -y
From (12), (3), and (7), we have that
e () = —
R o (ky?
05 g (6 @) ()
_ (asljl .. .askjk) (y)] L (x, y)
Qg pop, (¥) dX T dxedy P dyPe (26)
L1
(m - k)'k!
Oy g L (36 y) X dxPrrdy P dy P

m—k)

= Tk (% 9) + (DX Ak (%,9),

where 7,,_; . (x, y) satisfies (20) on account of
(a5 a5 ()~ (@ ) (5) = 0 (- ) 2)

and (8).



Now we pass to show (21). With calculations analogue to
(26), we have that

1 L
(m—-k-1) (k!)2 J itk im

. [(asfa51f1 . askjk) (x)

>l<xdxAk (.X, y) =

_ (asjasljl e as"jk) (y)] aLa(j: y)

a51~-»ski1---ik (y)

1
(m—k—1)! (k!)?

oL(x,y) (28)

Cdaer e daimdyt - dy 4+

. 1-m ( Sj sljl . Skjk)
O i \ @ @ ™) () —=
ike2 i i i
’ asl'“ski1“'ik (y) dx e dx mdy tees d)/

— 1
= Pkorie (6 ) + m—k- 1!

; oL (x, y)
1m sj
" O i iy i A (y) ’ xS

. dxi’ﬁz e dximdyil e dyik’

where y,'nfkfl,k(x, y) =0(lx - yll_"‘) thanks to (15) and (27).
Moreover,

1 1-m
#ydy Ao (6, 9) = m Jar G i

. (av'aplql o gPre1 i ) (y)
(29)

d
’ a_ys [L (X, y) asl'"Sm—k—lpl'"Pm—k—l (y)]
-ty dyt

Arguing again as in (26) and taking Lemma 1 into account,
we get

(_l)k(m*kfl)
#,dy A, (6 9) = K m— k=1
) ]1m asj( ) oL (x, y)
Iyl S1 e Sm—k-1 ays
-dxh ...dxsm—k—ldy"l ~--dyik + S S
k! [(m -k - 1)!]?
. 5]1,%:{1_%%711‘1‘__1"{ ( b ... apm,kflqm,kfl) (y)
0
L (X, }’) a_)/sasl"'smfkflpl"'mekfl (}/)
s S i i (_l)mk
A Ao dy e dy s e
e T T i — k- 1))

1m sj
'8ji1---iks1~~sm,k,1a ()
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oL (x, y)
ox*

(_l)mk 1-m sj
" m jil"'iksl'"sm_k_la ()/)

dxsl e dxsm*kfldyil . dyik

M (x, ) dxt - dx*mrdyt -y
+ Yr,r,z—k—l,k (x, y) = (_l)mk+1 *xdx/\k (X, y)

+ Voserie (6 9) Vo (65 9)
(30)

where both y,',ifkfl)k(x, y)and y,’,'l'fkfl,k(x, y) are @(Ix—ylz_m).
Then, we obtain the claim by setting

Ym—k—l,k (x’ y)

(31)
= (D" (Wi (56 3) + ¥k (59)) -
Finally, we prove (22). Thanks to (9) and (19), we have
8x"k+1 (x’ )’) = (_1)"17}c *xdx*yAm—k—l (X, )/)
+ (_l)mk+1 *xdem—kfl,kH (.X', y)
(32)

= (_1)m_k *y*xdxlmfkfl (x’ y)
+ e}’C,k+1 (x’ }’) >

where e,'c)kﬂ(x, y) = @(lx—ylz_m). Now, by using (21) and (8),
we get

O Ay (3 y) = (1) s wd oAy (x, y)

+(-1)"* 3 Vemk—1 (X% 9)

(33)
+ ellc,k+1 (x’ }’)
=d,A, (%, ¥) + € (%, ),
and hence the claim with
ket (%7) = (D" 5y (x,9)
(34)
!
+ €kt (%, ).
O
Proposition 3. Ifu € Ci(T), then
(6d +dd) u = —Eu + Fu, (35)

where F is a linear first-order differential operator whose
coefficients depend only on first- and second-order derivatives
of entries of the tensor A.
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In particular, Proof. We begin by observing that

((Sxdx+dx8x)/\k(x’y)=Fx [/\k (X,y)], X?&y (36)

B m(k+1)+1 1 Lom ih ikt b S1m s seie 9 i 3k
déu = (-1) d(k — DK (m - k)! 5hl’lk+1"'hmii2"'ika a @ Ju e im a ox/ uslmskdx dx
1 m(k+1)+1 1 61---m ih i P iph,, 61--~m 0 s Sk ik (37)
+(=1) (k- DIk! (m - k)! A A a P h ki i 5xc (a a )
. uSI___Skdxiz o docc,
Since A is symmetric and |A| = 1, we get . [ajh [Ny aimhmi (asljl . askjk)
oxh ox’
;;:’f;kikﬂmim Suh ., a5k1kalk+1hk+1 . almhm ' ‘ '
(38) U ] dx"dx" - .- dx'’*.
— 851“'5khk+1"'hm Lk
=Orm
(39)
and, keeping in mind (7), we get
On the other hand,
1 ws, O in
ddu=-—"-145"% —|d 1
(k — 1)lk! " ik gycia 8du = (~1)mkrDH1 _—
(m-k-1)! (k!)
Us, st i 1.0 i L--m P4 k22 J
? dictdx® - dx ’ ij+2"'jmi1"'ika a o 6hh1 Wiy (40)
4 (<q)rDn 1 .9 <afha$1h1 ...askhkaus_l'fsk>dx"1 o do
(k — D)IK! (m - k)! oxP ox/J
1em 1em
' hhkﬂwhmfiz~~~ik8j1~~~jkik+1--~im Then,
2
1 vy O Us s i (k+2)+1 1 -
dou+8du = ———— 1% g/ U quhigy L d 4+ (-1)™ - s
(k — 1)tk hi2i™  9xch 9xci D (m =k — 1)1 (kl)> Ve Imih
2 ih
o . u ; 1 s, O’ Ol .
Pa k2 Jk+2 me jh _sihy shy S1Sk i U 1Sk S17Sk
-atla - 8hh h a’all--a — LR g dx - 5 -
1P OxPoxi (k — D)k! Hai 9xin 9
Cahavis ik o qym(keD+1 1 1m Lm L
dx*dx dx* +(-1) (k- 1)Ik! (m — k)!6hhk+l'"hmiiz'“ikajl“'jkikﬂ'“ima a 4
-2 (@) a”S_ljl-skdxil dx -+ dak 4 (1) kD ;2
ox/ ox’ (m-k-1)!(k!)
L Slm Pa i . glmim glom 0 jh 51h1 P Y. ausl'"sk doct - dad® 4 (- m(k+1)+1
qfk+z"'jmi1"'ika a a hhy by iy, axp a a oxJ X x4 (1)

1 1m

- - Lem 0 ik ik e il o s Sk i i 3402 ik
(k- 1)k (m k)lahhkﬂ iy i O im xcht (”a a )axj (a @M ) uy . dxda - d

2
k1)1 1 Lem ih ikl by O Sy L s
+(-1) (k = D)Ik! (m - k)! hhkﬂ Ry lk8j1"'jkik+1"'ima a a Oxi10xJ (“ a )

. 1 0 oug .. m! — (m - k)! 0a’f ou
I3y qnik — - Y Jp 1%k St dyS
U .. dx'dx dx* = 2 I (a 3 )d dx™ +

S dxt e
-odx
m!k! oxP  OxJ

ml = (m = k)! 5,5, 00" Olhg g, W M=Kk 1) o, 00 OUg g ; (m—k)!
_ UM TR sass O TSk g i qyie Sl T Sk g gy
ml (k= D)KL =i oxii g X k= 1) Pk gd o T

sk

m! (k — 1)kl iz



6
) da*™ Ju Sk a1 i (m-k)! sk da*" a”sln-sk
oxh  oxJ m! (k — 1)12 Mol oxit 9]
1 5, s 1 s, s
= —HEusl,__skdx coedxt 4 EF”sl-“skdx oo dxk
and this proves (35). Finally, (36) follows from (35). O

Finally, following Fichera we employ the parametrix L to
construct a principal fundamental solution of the differential
operator E (see [12]).

Lemma 4. There exists {(x, y) such that the function
S(x,y)=L(x,y)+{(x,y), xeT, yeT, (42)
is a principal fundamental solution of E. In particular, we have
ES(x,y)=0, x€T, yeT, x#y,
S(x,y)=0, x€dT, yeT, (43)
$(e3) = (k- f™).
Moreover, for every x # y,

Al (x9) = 0 (Jx=»17")

forsome 0 <y < 1.

(44)

Proof. The existence of {(x, y) can be obtained as the solution
of a certain integral equation (see [12, §2]). In [12] properties
(43) are proved and {(x, y) is written as

() =G(0y)+ [ LswR@y)dw, @)

where G is a smooth function on T and, for some 0 < y < 1,

R(w,y)=0(lw-y™7). (46)
Then, by (15),
d 0 (xy) =d,G(x, ) + j d,L (x,w) R (w, y) dw
' (47)
=0(]x=y"™").
O

3. The Dirichlet Problem

In this section, we suppose that the domain Q) is such that
R™ \ Q is connected and such that its boundary £ = 9Q) is a
Lyapunov surface (ie., X € c* o< A< 1).

By n(y) = (n,(y),...,n,,(y)), we denote the outwards
unit normal vector at the point y € X and by »(y) =
" (»),...,7,,(y)) we denote the conormal vector at the point
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_(m- K+ 1! sys, o’

ll e lk
il = 1)1 Ohizeis i gy Hovesc 8

1 ..dxik

(41)

y € X associated with the operator E and defined as v;(y) =
aij(y)nj(y) (i =1,...,m). By ou/0v we denote the conormal
derivative

ou ;i ou

5 = ajn ]a_y’ (48)

As usual, the symbols LP(£) and WP(Z) (1 < p <
+00) stand for the classical Lebesgue and Sobolev spaces,
respectively.

By Li(Z), we denote the space of all k-forms whose
components are L? real-valued functions in a coordinate
system of class C' (and then in every coordinate system of
class C1).

We will look for the solution of the Dirichlet problem for
the operator E in the domain Q in the form of a simple layer
potential. To this end, we introduce the space 7.

Definition 5. The function u belongs to 7 if and only if there
exists ¢ € LP(Z) such that it can be represented by means of
a simple layer potential; that is,

u(x) = L ¢(y)S(x,y)do,, xe€Q. (49)

Specifically our aim is to give an existence and uniqueness
theorem for the Dirichlet problem

ue sk,
Eu=0 1inQ, (50)
u=f onZx few"r(3).

First, we prove the following formula.

Proposition 6. For any u € W"P(2),

15} d
— — L(z
o, (Lu(x) o, (z,x) d0x> do,

=d, L du (x) A A, (2, x)
(51)

+ J u(x) ANE, [A,_; (z,%)]
b

- J u(x) Ay, (z,x), ze€Z,
b

where F is the linear first-order differential operator considered
in Proposition 3 and

ft (%) = 0 (Jz = x|"™"). (52)
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Proof. Set, for everyz ¢ Z,

Ul(z) = L du (x) AN A, (2, %),

(53)

V(z) = L u(x)Nd, [A,_ (z,x)].

On account of (22) and (36), we get

dU (2) = - L w0 Add, A, (2 %)]
=— J u(x)nd,o, [)Lm—l (2, x)]
>
+ J; u (x) N dz [em—z,m—l (Z’ X)]
- J u(x)A8,d, [A, (2 %)]
z (54)
_ L UG AF, A, (2,5)]
+ L u(x) Ad, [€,,m1 (2, X)]

=0V (2) - L u(x) ANF, [, (z,x)]

+ J u(x) A, (z,x)
b

and (52) follows from (23).

On the other hand, if AZ is the minor of A" obtained
deleting the ith row and the jth column, forz € Q, x € X
we get

d, A, (2,x)] = d,L(z,x)
'A{ (x)|dz ------ dz"dx! G dx™
aL(z x)( 1y
o]t i i
(55)
aLa(ZI,X) 1]( ) (x) dO'deI ceedz™ = —aij (x)
-1 (x) aLa(z’x)d dz' ... dz"
oL (z,x)

=-— do dz'---dz".

X

7
Therefore,
Viz) = J. u(x )aL(j’x)d xdzlu-dzm
=V, (2)dz' ---dz",
8V (z) = (1) 4w 4« V (2) = — * dV, (2)
_ M@
0z/ (56)
1 m ih aV (Z) k
= O, () g de e d
_ ;h( )aVO(Z)( 1)h T4zt R de”
; aV, (z) oV, (z)
_ __jh 0 _ 0
=-a’" (2)n, (z) 3 do, = o, do,.
Then, if z € %,
. ! vy (2)
lim 8V () =- 5, do, (57)
and this concludes the proof. O

Remark 7. We note that (51) generalizes the following identity
(see [7] [8, Proposition 2.2]):

aiz (L u (x) %s (z,x) dox) do,
(58)

=d, J. du (x) A sy (2,%), ue WP (3),
b

where s(z, x) and s.(z, x) denote the fundamental solution
for Laplace equation and the double k-form associated with
s(z, x), respectively.

We recall that if B and B are two Banach spaces and C :
B — Bis a continuous linear operator, we say that C can be
reduced on the left if there exists a continuous linear operator
C' : B — Bsuch that C'C = I + K, where I stands for the
identity operator on Band K : B — Bis compact. One of the
main properties of such operators is that equation C = Shas
asolution ifand only if (y, ) = 0 for any y such that C*y = 0,
C” being the adjoint of C (see [17, 18]).

Theorem 8. Let | : LP(Z) — Lll’(Z) be the singular integral
operator defined as

Jo (x) = L ¢(y)d. [S(x,y)]doy, (59)

pelf(2), xeX.

Then, J can be reduced on the left by the operator J'
LAz - LP():

Tv@ =1 [ y@Ad @Rl zen (60)



where the symbol * means that if w = wydo is an (m—1)-form

on X, then W = w.

Proof. We start with the observation that
T (0 = | 0()d[L(x3)] doy

[ ol O
=Jo (%) + Zo (x)

and then
J'Te=TTe+] Zg. (62)

The operator J'Z is compact because of (44). Concerning
J'], keeping in mind Proposition 6 and setting u(x) =

[, 9(»)L(x, y)do,, we get
J'Jo (2)

[ [.#0) . (L do, A 4y 20

k
ZJs

= L du(x)nd, [N, (z,%)]

Fo) 0
= L u(x) a—VxL (z,x)do, (63)

z

— ; J;: u (x) N Fz [/‘m—l (Z’ X)]

+ ; L u(x) Ay (2, )

% L u (x) a%xL (z,x)do, + Qe (2).
Since F,[A,,_;(z,x)] = O(]z - x|*™™) and in view of (52), Q is
a compact operator from Lf(Z) into itself.

In view of the Stokes formula for 1 and on account of
known properties of potentials (see, e.g., [6, p. 35]), we get

0 0
ai')}z J’E u (x) EL (Z, x) dO'x

3 2
=3, [u(z) + L ﬁu(x)L(z,x) dax]
1\ 2 d d
- (1 - 7) B @) L 5,409 5, L(23) do,
1 d (64)
(-50@+ [ 00) L)

z

1
2
1 9 9
+ L [—5<p(x) + L 9 ()3, L(xy) day] 5y, L (@0 doy

1 0 0
=-20 (2) + L ¢ (y)do, L aL (x,y) a—vZL (z,x)do,.
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Then,
J'Jg (2)
= _}1(’) (2)
(65)

9 )
do, | =L(x,y) —=L(z x)d
+L<p(y) a, L 3, (x,y) 5, (z,x) do,

+Qg(z) = —itp(Z) + K29 (2) + Qo (2).

Since 0/ov,L(x,y) = O(|x - yllfm“‘), K is a compact

operator.
Thus,

= 1
]’]cp:]']q)+]’Zq)=—Z¢+(K2+Q+]'Z)q) (66)
is a Fredholm operator and the assertion is proved. O

Theorem 9. Given w € LI; (%), there exists a solution of the
singular integral equation

Jo(x)=w(x), peLlf(X), xeX (67)
if and only if
[yaw=0 (68)
b
for every weakly closed formy € L1 _(£)(1/p +1/q = 1).

Proof. Denoteby J* : L? (2) — L%(Z)the adjoint of J; that
is,

Ty@=[y0)nd, (sG], xex (@)

From Theorem 8, it follows that operator J can be reduced on
the left; therefore, (67) admits a solution ¢ € LP(X) ifand only
if

Ly/\w=0, vyelLl (2), J'y=0. (70)

On the other hand, J*y = 0 if and only if y is a weakly closed
form,; that is,

J. yAdg=0, VgeC”(R™). (71)
b3
In fact, if

L y(») A dy [S(x,y)] =0, ae x€Z, (72)

we have

[ peado, [ v nd, [5Gyl =0
5 by (73)

VpeC' (D)
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and then
0= [ v0nd, [ pSrr)do = [ ynau on

for any smooth solution u of Eu = 0 in Q. Therefore, we have

Ly(y)/\dy [S(x,¥)] =0, VxeT\Q. (75)
Let us consider
z(x)=Ly(y)/\dy [S(xy)], xeT.  (76)

If v € C®(T) and 5 € C'(Q) N C*(Q) are such that Ex = Ev
in Q and # = 0 on %, we have

J zEvdx:J zEn dx
Q Q
- | B [ y0)Ad [Sen] 07)
Q p>

=J y(y)/\dyj En (x) S (x, y) dx.
I Q

From the Green formulas we have

_ on
JQ S(x,y) En(x)dx = L S(x,y) = (x)do,, o)

y €.

In view of (72), we find

En(x)S(x, y)dx

J zEvdx:J y(y)Ad,
o ) 0

% (x)S (x’ J’) do,
v (79)

y(y)Ad, [S(x p)]

= Zy(y)/\dy

I

™

(x)do,

Q)lQ)
= |3

™M

We have proved thatz = 0on X,z = 0in Q, and thenz = 0
in T. Therefore,

0= | zBpax = [ Bpax | y()nd, [5(xy)]
_ L y()Ad, L Ep (x)S (x, y) dx (80)

=Ly(y)/\dsv(y),

for any ¢ € C*(T). This implies (71) and the theorem is
proved. O

Lemma 10. For every f € W F(Z), there exists a solution of
the boundary value problem

weS?,
Ew=0 inQ, (81)
dw=df onX.

Its solution w is a simple layer potential (49) whose density ¢
solves f(p =df (see (59)).

Proof. Consider the following singular integral equation:

[LomalsEde, -dfem, xex @

in which the unknown is ¢ € LP(Z) and the datum is
df e Lﬁ’ (X). With conditions (68) being satisfied, in view of
Theorem 9 there exists a solution ¢ of (82). O

Lemma 11. Let o/ be the eigenspace of the Fredholm integral
equation

1 0
3V + | v () 5 S do, =0, -

a.e. x € 2.

The dimension of of is 1.

Proof. The Fredholm equation (83) has the same number of
linearly independent solutions of the following equation:
0

—%y(x) + LV()’) 3 S(x,y) do, =0, ae x€ZX (84)

y

Obviously, the constant functions are eigensolutions of (84).
We want to show that they are the only ones. Let p, and y, be
two linearly independent eigensolutions of (84) and set

u; (x) = L Y (»)S(x,y)do,, i=1,2. (85)

We note that y; and y, are Holder continuous functions.
With potentials u; being smooth solutions of the problem

Eu=0 1in Q,

(86)
%0 ony,
o'

we get u; = «; in Q. Choose (¢, ¢,) # (0,0) such that c;«; +
6a, = 0and set

u(x) = L (@n () + o1 (1) S(xy)do,.  (87)

Since u = qo; + g, = 0in Q, u satisfies the following
boundary value problem:

Eu=0 inT\Q,
u=0 onZ2, (88)
u=0 onoT.

By Green’s formula, u = 0 in T'\ Q and therefore u = 0in T.
This implies ¢;y; + ¢,¥, = 0, which is a contradiction. O
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Lemmal2. Givenc € R, there exists a solution of the following
boundary value problem:

vedS?,
Ev=0 inQ, (89)
v=c on2.

It is given by

v =c[ w()Sy)do, xea o0

where v, is the unique element of o such that

L v (y)S(x.y)do, =1, VxeQ. (91)

Proof. Lety € o,y # 0. Setting

Py ()= | v()3(xy)do, (92)

we have that Py = cin Q. As in Lemma 11, this implies that if
¢ = 0, we have that ¢ = 0. Then, ¢ # 0. Function v, = (1/c)y
satisfies (91) and v given by (90) is solution of (89). O

Theorem 13. The Dirichlet problem (50) has a unique solution
for every f € WV P(2). In particular, the density ¢ of u can be
written as ¢ = @, + W, where @, solves the singular integral
system

[0 d.[86en]do, =df @), aexex o

andy € o.

Proof. Letw beasolution of the boundary value problem (81).

Sincedw =df onX,w = f-conZX for somec € R. Function

u = w + v, where v is given by (90), solves problem (50).
Consider now two solutions of the same problem (50):

u(x) = L ¢ (y)S(x,y)do,,

(94)
o (x) = L ¢ (¥)S(x ) do,.
Therefore, the potential
v = [ ¥ ()8 () doy, (95)
where ¥ = ¢ — ¢, solves the problem
vest,
Ev=0 inQ, (96)
v=0 on?Z.

Since

[v0)a sy, =0 oz @)

Abstract and Applied Analysis

we have | '71// = 0 (see (66)). By standard arguments, v is
Hélder continuous and then v € C°(Q) N C*(Q). The weak
maximum principle (see, e.g., [19, p. 32]) shows that v = 0 in
Q; thatis, u = . O

We end this section by observing that when we study the
Dirichlet problem (50), we need to solve the singular integral
equation Jo = df, ¢ € LP(Z). We have proved that this
equation can be reduced to a Fredholm one by means of the
operator J'. This reduction is not an equivalent reduction in
the usual sense (see, e.g., [18, pp. 19-20]); that is, it is not true
that #/(J') = {0}, #(J") being the kernel of the operator J.
However, if the condition

N (IT)=w(T) (98)

is true, J' still provides equivalence in a certain sense. In fact,
we have the following lemma.

Lemma 14. If condition (98) holds, the singular integral

equation (82) is equivalent to the Fredholm equation J'Jo =
J'df.

Proof. Condition (98) implies that if g is such that there exists
a solution ¢ of the equation Jo = g, then this equation is
satisfied if and only if J' o = J'g. Since the equation Jo = d f
is solvable (see Lemma 10), we have that Jo = d f if and only
if ['Jo = J'df. O

Condition (98) is satisfied, for example, if the differential
operator E has constant coefficients. This can be proved
as in [20, Remark 1, p. 1045], replacing the Laplacian and
the normal derivative by E and the conormal derivative,
respectively.
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