Hindawi Publishing Corporation
Abstract and Applied Analysis

Volume 2015, Article ID 694319, 12 pages
http://dx.doi.org/10.1155/2015/694319

Research Article

Fault Detection for Discrete-Time Nonlinear Impulsive

Switched Systems

Qingyu Su, Xiaolong Jia, and Zhengfan Song

School of Automation Engineering, Northeast Dianli University, Jilin, Jilin Province 132012, China

Correspondence should be addressed to Qingyu Su; sugingyuphd@yeah.net

Received 9 April 2015; Revised 25 June 2015; Accepted 2 July 2015

Academic Editor: Elena Litsyn

Copyright © 2015 Qingyu Su et al. This is an open access article distributed under the Creative Commons Attribution License,
which permits unrestricted use, distribution, and reproduction in any medium, provided the original work is properly cited.

This paper investigates the fault detection problem for discrete-time nonlinear impulsive switched systems. Attention is focused
on designing the fault detection filters to guarantee the robust performance and the detection performance. Based on these
performances, sufficient conditions for the existence of filters are given in the framework of linear matrix inequality; furthermore,
the filter gains are characterized by a convex optimization problem. The presented technique is validated by an example. Simulation
results indicate that the proposed method can effectively detect the faults.

1. Introduction

Fault detection (FD) is an important topic in system engi-
neering from the viewpoint of the higher demands for safety
and reliability of control systems [1, 2]. The basic idea of
the model-based FD is to design observers [3] or filters [4]
and generate an residual signal. Since the value counted by
the residual evaluation function is larger than the predefined
threshold, an alarm is generated. To date, there are many
methods to solve the FD problem. As one of the typical
methods, the FD problem is converted into a robust filtering
problem; then H, technique is presented [5, 6]. For another
method, FD systems have been directly considered to be sen-
sitive to the faults and simultaneously robust to the unknown
disturbance, then the H_ /H_ technique investigates this
important issue [7, 8].

On the other hand, switched systems which belong
to hybrid systems consist of a finite number of subsys-
tems and a logical rule that orchestrates switching between
these subsystems [9]. The primary motivation for studying
switched systems comes partly from the fact that switched
systems and switched multicontroller systems have numerous
applications in control of flight control [10], missile autopilot
design [11], chemical systems [12], networked control systems
[13], and many other fields. Until now, a number of recent
results are focused on stability and stabilizability under

arbitrary switching [14], restricted switching (like dwell time
and average dwell time [15, 16]), multiple Lyapunov functions
method, and piecewise quadratic Lyapunov functions. As one
of the special switched systems, impulsive switched systems
produce impulses when the system is switching among
subsystems, and There is also a wide range of actual systems
such as engineering, economics, and biology. This kind of
impulses will cause instability and oscillations and lead to
poor performance. Recently, a number of papers have focused
on stability problem of the impulsive switched systems [17-
21].

However, the problem of FD design in switched systems
schemes is still in the early stage of development and a
few results have been reported in the literatures [22-26].
To the best of the authors’ knowledge, the FD problem for
impulsive switched systems, especially discrete-time nonlin-
ear impulsive switched systems, has not been investigated
yet. It is worth noting that the FD approaches for switched
systems without impulses are not appropriate for switched
systems with impulses due to the effect of the impulse in
switching point. Therefore, a new FD technique is needed to
solve the impulsive case. Moreover, even if the mathematics
model for the actual system are established with neglecting
the impulse in switching point, the inaccurate mathematics
model may reduce the robustness of the actual system, and
the results may increase the risk of the false alarm. Thus, it is
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necessary to directly investigate the fault detection problem
for impulsive switched systems. As the significance in theory
and practice, the FD problem for discrete-time nonlinear
impulsive switched systems should be investigated, which
motivates us to study this interesting issue.

In this paper, we consider a general class nonlinear
impulsive switched system with nonlinear impulsive incre-
ments, and the fault detection problem for this class of
systems is investigated. Firstly, a weighted I, performance
for discrete-time nonlinear impulsive switched systems is
presented; meanwhile, the H_ performance of discrete-time
nonlinear impulsive switched systems is derived to reflect the
effect on the residual signal from the faults. Subsequently,
sufficient conditions for the weighted I, performance and the
H_ performance are formulated by linear matrix inequalities
(LMIs) with less conservatism. Finally, the filters gains are
characterized in terms of the solution of a convex optimiza-
tion problem.

The paper is organized as follows. Section 2 introduces
the problem under consideration and presents the design
objectives. Section 3 illustrates the FD filter design approach
in detail. An example is given in Section 4 to demonstrate the
proposed method. Conclusions of this paper are given in the
last section.

Notation. The superscripts T, —1 stand for the transposition
and the inverse of a matrix, respectively. The matrices A >
0(A = 0)and A < 0 (A < 0) denote positive-definite-
ness (positive semidefinite matrix) and negative-definiteness
(negative semidefinite matrix). I and 0 represent the identity
matrix and the zero matrix with appropriate dimensions,
respectively. The Hermitian part of a square matrix M is
denoted by He(M) := M +M". The symbol * within a matrix
represents the symmetric entries.

2. Problem Formulation

2.1. System Model. Consider the following discrete-time non-
linear impulsive switched systems:

N
x(k+1) =) &; (k)

j=1

-(A;x (k) +Bjyd (k) + B f (k) +Y; (k. x (k).

k # ki,
N )
Ax (k) = Y & (k) (Hjx (k) +Q; (k, x (k))),  k=k;
j=1
N
y (k)= Y & (k) (Cjx (k) + Djyd (k) + Djp f (k).
j=1
x (ky) = xo,
where x(k) € R" is the state and y(k) € R™ is the

measured output. d(k) € R™ and f(k) € R are the
disturbance input and the fault, respectively, which are energy
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bounded; then they are demanded to belong to 1,[0 ©0).
k;, i=0,1,2,...,is impulsive switching time points. Denote
N = {1 -+ N}. The switching signal §;(k) : Z* — {0,1}
specifies that jth subsystem is activated when §;(k) = 1,
and Z]I\il §i(k) = 1 Y(kx(k)) : [kg,00) x R”" — R,
which is globally Lipschitz continuous, and Y;(k,0) = 0
for all k € [ky,00) Ax(k;) = x(k}) — x(k;) = x(k]) -
x(k;), with x(k]) = limj_, ~x(k) and x(k;) = x(k;) =
limk_,k;x(k); that is, the solution x(t) is left continuous.
Qj(k,x(k)) : [kg,00) x R — R" is nonlinear functions,
and Q. (k,0) = 0 for all t € [ky, 00). The jth subsystem is
denoted by the matrices A ;, B;;, B, H;, C;, Dj,andDj,
with appropriate dimensions.

The following assumptions for nonlinear impulsive
switched system (1) are introduced.

Assumption 1. There exist nonnegative scalars g; > 0, such
that

Y] (k,x () Y; (kx (k) < gjx" (R)x(k), jeN. (2)

Assumption 2. Denote by p(-) the spectral radius for each
subsystem and pj, = maxje/Vp(Hj +1); then ||Qj(k,~,x(k,»))|| <
Pullx (k).

Remark 3. Note that owing to the presence of system non-
linearity, the above assumptions essentially draw from the
analysis of the stability for the system. Moreover, they are two
basic conditions for this kind of systems (see [27] for further
discussion). Therefore we consider the nonlinear impulsive
switched systems, which satisfies Assumptions 1 and 2.

For the purpose of the fault detection, the following FD
filters are designed:

N
xp(k+1) = Zlfj (k) (A jix; (k) + By (K)),
p=

(3)
N

r(k)= Y& (k) (Cpx (k) + Dy (k)
j=1

where xf(k) is the state of the filter, r(k) is the residual
signal, and j € /. The matrices A ;, By;, Cy;, and Dy; with
appropriate dimensions are to be determined.

Denoting the augmented state vector X(k) = [x(k)T,
X f(k)T]T and augmenting the model of system (1) to include
the states of (3), we can obtain the augmented system as
follows:

N
X(k+1)= Y& (k) (% (k) +B;d (k) + B, f (k)
j=1

+Y, (kX (K), k#k;

N
A% (k) = Y & (k) (% x (k) +Q; (l, X (K))), Kk =k,

Jj=1
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N
r(k)= Y& k) (67K +Dd(K)+D,f (K)),

j=1
f(kg):fw
(4)
where j € /,
. [ A; 0
TBgCy Ay
Bj
#1=|p p, |
L P
B.
%12_ 2 ])
[BiPi2
o [H; o]
7" lo o) )
- [Y; (k, x ()
~ j
Y; (k,x (k) = 0 ] ,
— B [Q; (k, x (k))
QkxU)=| 7 }

@;=[D;C; Cgl,
P =DgDj,
Pjp = DD

To present the purpose of this paper more precisely, the
following definition is introduced.

Definition 4. Let Assumptions 1 and 2 be satisfied and d(k) =
0. Nonlinear impulsive switched system (4) under zero-initial
conditions is said to be stable with the H_-gain f3, if the
condition holds that

Yrw r =Y fH" f k). (6)
k=0 k=0

2.2. Problem Formulation. The Frameworks of FD Filter De-
sign. Given nonlinear impulsive switched system (1), the FD
filters (3) are designed such that nonlinear impulsive switched
system (4) is stable, and the fault effects on the residual signal
are maximized, while the disturbance effects on the residual
signals are minimized. Our design objective of the FD filters
can be formulated as the following performances:

Ya-afr®Trk) <y Ydk dk), @)
k=0 k=0

Yr® k=Y FR fR). ()
k=0 k=0

Remark 5. Condition (7) is used for the disturbance attenua-
tion performance, which minimizes the disturbance effects
on the residual output and ensures that the disturbance is
not disastrous. Condition (8) is expressed to maximize the
effects of the fault f(k) on the residual output r(k). That is,
the residual output r(k) is sensitive to the fault f(k).

After designing the residual generator, how to evaluate
the generated residual is considered. One of the widely
adopted approaches is to select an appropriate threshold and
an appropriate residual evaluation function. Similar to that
proposed in [28], the residual evaluation function J,, (k) can
be chosen as

k
ooy (k) = \j%ZrT ()7 (s), 9)
s=1

where k denotes the evaluation time step.

Let Jy, = SUPyyeL,, f(k)=0/r(k) (k) e the threshold. Based
on this, the occurrence of faults can be detected by comparing
J 4 (k) and ], according to the following logical relationship:

||]r(k) | < Jy, = no fault = no alarm,
(10)
700l > Jo = fault = alarm.

3. The Fault Detection Filter Design

Before beginning this section, the following lemmas are
needed to present our main results.

Lemma 6 (see [27]). Lete > 0 be a given scalar and & € RP*1

a matrix such that B8 < I, where I is an identity matrix with

appropriate dimension. Then 2x" 8y < ex”x + € ' y"y for all

x € RPand y e R

Lemma 7 (see [29]). Let P € R™" be a given symmetric
positive definite matrix and let Q € R™" be a given sym-
metric matrix. Then /\min{Ple}x(t)TPx(t) < x®)TQx(t) <
/\maX{P_lQ}x(t)TPx(t) for all x(t) € R", while A, {}
and A, {-} denote, respectively, the largest and the smallest
eigenvalues of the matrix inside the brackets.

In this section, sufficient conditions on the existence of
the FD filters for nonlinear impulsive switched systems (4)
would be given, and the desired filter gains can be obtained.

3.1. The Disturbance Attenuation Performance (8). Consid-
ering discrete-time nonlinear impulsive switched system (4)
with f(k) = 0, we have

x(k+1)

z

= 2 & (o) (% (k) + Bj,d (k) + Y (k. % (K))),

1

(.
I

k:/:kl')



N
AR (k)= Y& (k) (% x (k) +Q; (k, X (K))), k=K,

i

N
r(k)= Y& (k) (€% (K +D,d(K),

i1

% (ky) = %,

(11)

Firstly, the weighted [, performance for nonlinear impul-
sive switched system (11) is given.
Lemma 8. Let a, €;;, €jp, and &3 be constants satisfying 0 <
a <1 ¢ >0 ¢, >0 andejz > 0, and Assumptions 1
and 2 hold. Furthermore, suppose that discrete-time nonlinear
impulsive switched system (11) switches from pth subsystem to
jth subsystem as switched time point k;. If there exist A; >

0 and Lyapunov functions candidate V]-(k) = f(k)Tg’jf(k)
satisfying

0< P <Al (12)

T T
0, AP B, +C D,

s Y1+ Bl (P +e), P}) By + Dp D,

(13)

<0, jeJ,

where® ; = ol [ (P +&;] Pl j=(1-0) P +(ejy +e,,+ ) g; T+
%]T%j, then nonlinear impulsive switched system (11) is stable
with the weight 1,-gain y for any switching signal satisfying

) In o
T, > ceil [—m] , (14)

where i = ((gj5 + 1))Lmax{(%’j + I)Tg’j(%j + D} + (8;31 +
Dpi A mad P D Aminl P} ps j € N, and the function ceil(v)
represents rounding real number v to the nearest integer greater
than or equal to .

Proof. See the appendices. O

Subsequently, inequality conditions for the disturbance
attenuation performance (8) are constructed.

Theorem 9. Lety, a, &, and &, be constants satisfyingy > 0,

jv
0<a<l, ¢ >0 andey > 0. If there exist matrix vari-
ables .ij, ij, éfj, ij, Rj, and A ; and symmetric positive-
definite matrices

P, = [9’1'1 Pi
x* P

]>0, jeuw, (15)
2
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satisfying the following inequalities:

0<P; <Al (16)
—_&‘@j + (Pujl 0 Ens Eau 0 Eae
* VI By 0 Egs D]T151Tfj
s * =P 0 0 0
* * * _stI 0 0 (17)
* * * * —stI 0
L * * * * 0 I-He (Rj) )

<0,
wherea =1 - «, Paj = (sj1 tept+ /\j)gj,

T T RT T T RT
Aj P+ CiBy AP+ Cj By
AT AT >
A A

= =K =
“al3 = “ald T

= = T T pT T T pT
Burs = Bas = [By P + D}, By; B, P, +Di\BL], (18)

TRT
C; Dy

f
~T
Cyj

—

=) —
—ale — >

then switched system (11) is asymptotically stable for any
switching signal satisfying (14) and guarantees the weighted I,

performance Y 22 (1 — Q) (k) r(k) < y? Yoo d(k)Td(k).

Proof. See the appendices. O

3.2. The Fault Sensitiveness Performance (8). Considering
discrete-time nonlinear impulsive switched system (4) with
d(k) = 0, we have

X(k+1)

z

= Y& (k) (o % (k) + Bjp f (k) + Y (k, % (K)))
1

~.
I

k #k,,

N _ (19)
AR (k)= Y & (k) (%;x (k) + Q; (k% (K))), k=K,

j=1
N

r(k) =Y & k) (€x0)+Df (),
j=1

% (ky) = %,.

H_ performance for discrete-time nonlinear impulsive
switched system (19) is given.

Lemma 10. Lef «, ¢;;, and €4 be constants satisfying 0 <
a < 1, & > 0, andey > 0, and Assumptions 1 and 2
hold. Furthermore, suppose that nonlinear impulsive switched
system (19) switches from pth subsystem to jth subsystem as
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switched time point k;. If there exist A; > 0 and Lyapunov
functions candidate Vj(k) = fc(k)T(@jE(k) satisfying

0< P <Al (20)

Dj B P~ C Dy
o BI+ B (P el ) By - DD, | )

<0, jeu,

where ®j = ﬂ?(9j+8;119§)~97j_(1_“)‘@j+(€j1+€j4+Aj)gj1_
%JT% j» then discrete-time nonlinear impulsive switched system

(19) is stable with the H_-gain [3 for any switching signal
satisfying (14).

Proof. See the appendices. O

Based on Lemma 10, the following theorem is given to
obtain sufficient conditions by linear matrix inequalities.

Theorem1l1. Let 3, a, €y, and €, be constants satisfying p > 0,

0<a<ley >0 andejy > 0. If there exist matrix variables

Agp Byjp Cpyy =1Cpy 0], Dy = [Dyy 0], R = [R;, 0], and
j and symmetric positive-definite matrices

gﬁ:

|:<@j1 P
i

>0, jeN, 22
. 95].2] J (22)

satisfying the following inequalities:

0P <AL (23)
-1 E,p, -R; 0 0 0 7
* By + oyl Eps Epoe EBpos 0
2 D = g
. x BI+He(D,Dp) By 0 S
. . ~% 00| )
* * * * —£j11 0
| * * * * # =gl |
<0,

wherea =1 — «, Ppj = (8]-1 TEjy Tt )‘j)gj’

>

- TAT — TRT | &~
[‘“g’jl +He (CjDfy;) ~a%;, +CiDy; +Cy
— =T
% -aP, + He (Cly;)

[1]

TRT N
CiDyi+ fojDJ'Z]
b23 >

I
Cyi+ DyiDj

5
T THT AT T5T
B, = By AjPu+CiByy A;75 +Ci By
Zp2a = Bpps = —~r ~T ]
A% A%
- - T T 5T pT T 5T
Sp34 = Sp3e = [sz‘@jl + Dszfj szg)jz + Dszfj] >
(25)

then discrete-time nonlinear impulsive switched system (19) is
asymptotically stable for any switching signal satisfying (14)
and guarantees H_ performance:

YEFWfU) <Y rk k). (26)
k=0 k=0
Proof. See the appendices. O

3.3. Algorithm. In the previous sections, Theorems 9 and
11 have formulated the inequality conditions for the perfor-
mances (7) and (8), respectively. Summarily, we have the
following algorithm.

It is noted that conditions (16), (17), (23), and (24) are all
convex. Hence, the problem of FD filter design can directly
translate into the following optimization problem:

max f3,
(27)

st. (16),(17),(23) and (24), je .

Moreover, if (27) is feasible, then the FD filter gains can
be given by

Aj ij] _ [9’12 0
- T
Csi Dy 0 R

-1

Ag By
Cyi Dy

| e

4. Examples

In this section, we present a numerical example to illus-
trate the effectiveness of FD design approach. Consider the
discrete-time nonlinear impulsive switched systems (1) with
two subsystems and two parameters:

~0.12 053
" 1-023 059]°

-0.60 0.23
2 = >

-0.49 -0.05

B B -0.17
e T

B B —-0.14
27527 00|

2 sin (x, (k;
Q (ki,x(ki)) =Q, (tx(t) = [22 sin Ex Ekii] >

Y, (k, x (k) = 0

0.1sin (x, (k)) e"o'sk]



0
Y k, k = >
2 (e () [0.1 sin (x, (k)) e"O‘Sk:|

03 0
Hy =1, = 0 03]

C,=C,=[03 -0.1],

Dy, =D, =0.1.

(29)
Given.y =1 a; =04 ande; = ¢, = ¢j3 = &js = 1 gnd
choosing g; = 1, p; = 0.32, we solve the convex optimization
problem (27) and get the optimal sensitivity performance
gain 8 = 0.3561. The gain matrices of fault detection filters
and matrix in Lyapunov functions are obtained as

0.0664 0.2438
Afl = 5>
~0.1053 0.3415
. 0.6063
T 02671

Cjy = [-0.4074 0.0660],

Dy, =-2.0153,

-0.3807 -0.0119

1.0665
sz = 5

[—0.2878 0.1567 ]

0.0108 (30)

Cj, = [-0.4265 0.0314],

Dy, = —2.1530,
[ 15526 ~1.0070 0.6676 —0.2132]
~1.0070 1.8900 —-0.2132 0.4465

1= 06676 02132 06676 02132
| -0.2132 0.4465 —-0.2132 0.4465 |
[2.5529 -1.0351 1.1314 —0.3521]
~1.0351 13644 -0.3521 0.5526

7251 1314 03521 L1314 -03521
[ 03521 0.5526 -0.3521 0.5526 |

Then, according to (14), the dwell time for each subsystem
is obtained:

dwell time for subsystem 1 = 7, > 11,
(D)
dwell time for subsystem 2 = 7, > 10.

To illustrate the simulation results of the FD objec-
tive, two cases which include the fault for subsystem 1
and subsystem 2, respectively, are considered. Furthermore,
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the switching signal is generated by satisfying (31) as shown
in Figure 1. The threshold can be determined as J;, = 0.1842.

Case 1. The fault for subsystem 1is simulated as a pulse signal
with amplitude 1 that occurred from 90 to 120 steps. The
generated residual signal (k) and evaluation of residual eval-
uation function J,, are shown in Figure 2. The simulation
results show that when the fault for subsystem 1 occurs, the
subsystem 1 is not activated. Since subsystem 1 is activated
at 93 steps the residual signal varies sharply, and ],y > Jy,
at 99 steps, which means that the fault for subsystem 1 can be
detected 6 steps after subsystem 1 is activated. Hence, the fault
for subsystem 1 can be detected.

Case 2. The fault for subsystem 2 is simulated as a pulse
signal with amplitude 1 that occurred from 170 to 220 steps.
The generated residual signal r(k) and evaluation of residual
evaluation function J, 4, are shown in Figure 3. It can be seen
that when the fault for subsystem 2 occurs at 170 steps, the
residual signal is changed sharply and J, ;) > Jy;, at 182 steps.
Thus, the fault for subsystem 2 can be detected.

From Cases 1 and 2, we see that both faults for subsystem
1 and subsystem 2, respectively, can be detected, and they
demonstrate the effectiveness of the proposed design method.

5. Conclusion

In this paper, the problem of FD filter design for discrete-time
nonlinear impulsive switched systems has been investigated.
Firstly, the weight [, performance and the H_ performance
are presented, and sufficient conditions to characterize given
performances have been formulated as the form of LMI.
Subsequently, the gains of FD filters are obtained by a mul-
tiobjective optimization problem. Finally, the effectiveness of
the proposed method for discrete-time nonlinear impulsive
switched systems is illustrated by the example.

Appendices
A. Proof of Lemma 8

When k € (k;, k;,,] and jth subsystem is activated, along the
trajectory of nonlinear, impulsive switched system (4) gives

AV; (k) = &' (k) (ﬂfijj - P;) % (k)
+% (k) A P B yd (k)
+d" (k) B}, Pl % (k)
+d" (k) B}, PP 1d (k) (A1)

+Y; (k, X (k)" 2, (k, % (k)

+2Y, (k, % (k)" Pl ;% (k)

+2Y; (k, % (k)" 2,8 ,d (k).
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2.5

2k

15

Switching signal

1

0.5

0 50 100 150 200 250 300

Time in samples

FIGURE 1: Switching signal.

By Lemma 6, it is clear that
2, (k, % (k)" ;4 % (k)
<&, Y, (kX (k)Y (kX (k)
+ s;llk“T (k) d?@jﬂjz k),
(A2)
23, (k, % (k)" 2,8 ,d (k)
<e,Y; (kX (k)Y (kX (k)

+€ Sd (k)" @Tgﬂgz; d k).

Therefore, when assuming the zero input and using (12),
Lemma 7, and Assumpt10nl we have the following condi-
tion: AV, yg9-9(k) < X' (k)Q,;X(k), where @,; = o/ (P; +
s}f@?)dj—gjj+(s] +AJ)gJI. If(13) holds, then Quj+o; P+
€pg;l < 0, which implies that @;; < -«;P; - €j,9;1 <
—a;P; < 0. Thus, we have

Vik+ )] o < (L-a) V; (k). (A3)
At the impulsive switching time point k;, it has
+ _ _ T - _
Vi (ki) = (8% (k) + % (k;))” 2; (A% (k) + X (k;))

= (7, + D)2 (k)] 2 [(7,+1) % (k)]

x (k)
AV, (k) +aV; (k) +T (k) < [d (k)]

E3

. |:@uj + 049’]- + sjzgjl + %]T%j

+207 (k% (k) 25 [ (7, +1) % (k)]

Qf (ki % (k) 2,9, (ki % (k;))-

(A.4)
By Lemmas 6 and 7 and Assumption 2, it has
Vi (k) < (e +1) [(7,+1) % (k)]
P [(%;+1) % (k)] +(e53 +1) O (ki % (k)
-géjﬁj (k;, % (k;))
(A.5)

< {(sj3+1)/\max{(%j+I)T*@j (7, +1)}
(604 1) A (2} F (R R () < 1y,
Vi (k).

where g, l; = (g3 + DA d(F + DT P+ D} + (63 +
l)ph/\max{@ })/)me{g’ }. Therefore, from (A.3) and (A.5),
we have

V; (ki)

Vi (k) < (1-a) "

s ij'i a _“)kiki Vp (kz) S
‘ (A.6)
< 1wl a-av, k).
I=1,s#q
seN ,qeN

Since (14) holds, that is, there exists Hpili > 0 such that
In(pyil;) + (k; = ki_y) In(1 — @) <0, then

H Hsql;

I=1,s#q
seN,qeN

(1-a)fi7k < 1.

(A7)

Therefore, we conclude that V;(k) converges to zero as
k — oo0; then nonlinear impulsive switched system (11) with
d(k) = 0 is stable.

For any nonzero d(k) € 1,[0,00) and zero initial

condition X(k,). Let (k) = r’ (k)r(k) — y*d” (k)d(k), we can
have
(A.8)
szﬂga.@. +%T9‘ [x(k)
Y1+ %, (9» . 8*19&2) By - 259, | Lld K
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=
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FIGURE 2: Residual signal and residual evaluation function for (Case 1).
0.8 0.4
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M P ]
0.6 £ 03 .
Q
g
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ftp E Detect the fault
= 041 g 0.2 1
E < A R
| g
% L5
B E T
=
0.2 2 01 Threshold
~
Fault-free case /
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If (13) holds, it is equivalent to AVj(k) + och(k) +I'(k) < 0.

Under the zero initial condition, it implies that

For k € (k;, k;,,], it can have the following inequality as the

similar way:

v, ()

i
k—k,
s H P‘sqlz(l_“) Vi, (ko)
I=1,5#q
seN ,qeN

k-1 i

-2 I

h=ko | 1=glheikgkgir)
seN ,qeN,s#q

bl t =0T ().

k-1 i
[1 #5q|l (1-a)"'T(m)<0. (A10)
h=ko | I=glneikgkger)
seN,qeNs#q
Multiplying both sides of (A.10) by ]_[i o1 [’lsq|;1> one
seN ,qeN ,s#q
can obtain
k=1 Ilneikgigin .
- k-h-1 T
(A9) th: H qu I (1 - 05) r (k) r (k)
seN ,qeN \s#q
(A.11)

k=1 Ilnetkgigen

< Z H Hsq

h=k, I=1
seN,qeN s#q

-1

, -y (k) d (k).
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Moreover, it follows from the switching sinal that

Ilneikgigin -1 h—k
[T L7 pgli 2(1—a)"™. Then
seN ,qeN \s#q

k-1
Y (1-a) () r ()

h=k,

k=1 Ilneikgigin

s Z H Hsq|,

h=k, I=1
seN ,qeN s#q

A=) T ) r (k)

(A12)
k-1 g"he[kg,kgﬂ)

<) 1l

h=k, I=1
’sen ,gEN ,sEq

ol (1= 2" (R d (k)

k-1
< Y yid' (k)d (k).

h=k,

It further implies that

i (- r (k)" r (k) < i yd" (k)d (k).

k=k, h=k,

(A.13)

Therefore, we conclude that discrete-time nonlinear impul-
sive switched system (11) has the weighted I, performance
for any switching signal satisfying (14), which completes the
proof.

B. Proof of Theorem 9
Suppose that (17) holds, and partltlonmg A i = PphAgp

ij 9 ZBf]’ ij R Cf]’ and Df] R Df]’ (17) means
- T T T )
AP+l 0 AP AP 0 € R;
* V'l B, P 0 BLP; DR
* * —g’j 0 0 0
. x el 0 o | ®Y
* * * * —8]21 0
L * * * * 0 I-He (Rj)d
< 05

%(k) 1"

AV; (k) +aV; (k) + ] (k) < [f 0

E3

l:@bj + cx@j + ej4ng - ‘g;r%

B1+ 3B, (9‘ +s*192)% + DD

then it is easy to see from (B.1) that (Rj - I)T(Rj -I)=0

which implies I — He(R)) > —RJTRJ-. Then (17) is transformed
to

[-aP;+9;l 0 A[P; d]P; 0 GIR;]
x V'l B2, 0 BLP; DR,
% * —@j 0 0 0
* * & -1 0 0 (B.2)
* * * * —epl 0
s * * * 0 -RjR;|
<0.

Premultiplying diag{I, I, @;1, L1, R;T} and postmulti-
plying diag{I, I, 99]71, INR R;l} to (B.2), it is transformed into

&P+l 0 A AP 0 B
* ' B, 0 BLP D)
- * =0 0 0
* * -yl 0 0 | (B.3)
* * * * —ngI 0
L * * * * 0 —I |

<0,

Then, by using the Schur complement formula, we can see
that (B.3) is equivalent to (13). Then, according to Lemma 8,
if the conditions (16), (17) hold, the switched system (11) is
asymptotically stable with a weighted [, performance for any
switching signal satisfying (14), which completes the proof.

C. Proof of Lemma 10

Following the same lines as that for Lemma 8, the switched
system (19) satisfying switching signal (14) is stable. Then, the
H_ performance defined in (6) for discrete-time nonlinear
impulsive switched system (19) is established.

For any nonzero f (k) € L,[k,, 00), consider the following

index: J(k) = > f* (k) f (k) — " (k)r(k). It has the following:

(C1)
%T P - %T@.

o)
f (k)
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where @bj = @aj. If (21) holds, it is equivalent to AVj(k) +
och(k) + J(k) < 0. By iteration operation on the above
inequality for k € (k;, k;, ], we have

v, ()
d k—k
< H ”sql(l_a) UVjo (kO)
I=1,s#q
seN,qeN (C 2)
) ki lL[ L o511
‘usq / ( OC) ]( ) .
h=k, l=g||hg[kg,k5+1)’
seN,qeN,s#q

Under the zero initial condition, one has V]-(ko) = 0 and
Vj(k) > 0; thus

Abstract and Applied Analysis

Thus, from p,l; > 1, we obtain that

k-1
Y -0 (k)

h=k,
(C.4)
k-1 i k-h-1
51 T w oo =0
h=ko | 1=glneikg k>
seN ,qeN s#q
Then we have
k-1
5 (- )
h=k,
(C.5)
k-1
< 3 - T,
h=k,

When taking k from k; to 0o, we can further obtain that

SETM < Y " myrh).

h=k, h=k,

(C.6)

Therefore, we conclude that discrete-time nonlinear
impulsive switched system (19) has the H_ performance for
any switching signal satisfying (14), which completes the
proof.

k-1 i
k—h-1
[T wgf-0"""Jm<0. (C3) D, Proof of Theorem 11
h=k, l:g"he[kg,kgﬂ)’
sed el stq Denotea = 1 —a, ¢y; = (¢, +¢&j4 +1;)g;, and
-1 0 0
My =| 0 AT (P+e,|P}) ;- aP; + g1 B P (D.1)

T
0 AP B,

To establish the convex condition, (21) can be rewritten as
follows:

€ 2 € D
I 0 | M| T 0 |<o0. (D.2)
0 I 0 I
On the other hand,
[1 0 0]u,;[1 0 0]" =~I<o. (D3)

Bl + %fz (géj +e;419>§)%j2

Based on Projection Lemma, it follows from (D.2) and (D.3)
that

-1
. 010
%bj+He %] ij 00 I <0, (D4)
T
9].2

where 7,; introduced by Projection Lemma is the matrix
variable of appropriate dimensions. Partition % as %; =

[%/bﬂ ijz] . By Schur complement, (D.4) is equivalent to
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[-I ~W'vji A 0 0 0
— T T T T T
s 0P+l +He (G W) CIWp+ WDy, AP, AP, 0
2 T T T
* x BL+He(2p7yyp) BpP; 0 BpP;| ©3)
* * * -Z; 0 0
% * * * —ngI 0
i % % * * % —sj3I |

Let ijl = [@j 9?]»], ijz = R;, and %j = [Rj 0] and

define Ay; = P, Ay, By = By, Cpy = RjCy, Dy =
T = _ ST s 0 _TaTh .

Rijj Cffj = @jcfj, and foj = %ijj, then (D.5) be-

comes (17). Hence if the conditions (16) and (17) hold, non-

linear impulsive switched system (19) is stable and guarantees
the H_ performance, which completes the proof.
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