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We introduce the concept of L-fuzzy neighborhood systems using complete MV -algebras and present important links with the
theory of L-fuzzy topological spaces. We investigate the relationships among the degrees of L-fuzzy r-adherent points (r-convergent,
r-cluster, and r-limit, resp.) in an L-fuzzy topological spaces. Also, we investigate the concept of LF-continuous functions and their

properties.

1. Introduction

Sostak [1-3] introduced a new definition of L-fuzzy topology
as the concept of the degree of the openness of fuzzy set.
It is an extension of I = [0, 1]-fuzzy topology defined by
Chang [4]. It has been developed in many directions [5-11].
The study of neighborhood systems and convergence of nets
in Chang fuzzy topology was initiated by Pao-Ming and Ying-
Ming [11] and Liu and Luo [12]. In [13] Ying introduced the
degree to which a fuzzy point x, belongs to a fuzzy subset
A by m(x,,A) = min(1,1 — ¢ + A(x)) and gave the idea of
graded neighborhood on fuzzy topological spaces. This plays
an important role in the theory of convergence in Chang
fuzzy topology see also [14-18]. Following Ying [13], Demirci
[5] introduced the idea of graded neighborhood systems in
smooth toplogical spaces [19] (a smooth topology is similar
to fuzzy topology as defined by Sostak [1], Hazra and Samanta
[6]) in a different approach but restricted himself to the I-
valued fuzzy sets.

In this paper, we study the concept of L-fuzzy neigh-
borhood systems and present important links with the
theory of L-fuzzy topological spaces and investigate some
of their properties. We investigate the relationships among
the degrees of L-fuzzy r-adherent points (r-convergent, r-
cluster, and r-limit, resp.) nets in an L-fuzzy topological
spaces. Also, we give some related examples to illustrate some

of the introduced notions. In the end, we characterize LF-
continuous functions in terms of some of the various notions
introduced in this paper.

2. Preliminaries

Throughout the text we consider (L,<,A,V,0,1) as a com-
pletely distributive lattice with 0 and 1, respectively, being the
universal upper and lower bound and L, = L—{0}. A lattice L
is called order dense if for each a, b € L such thata < b, there
existc € Lsuchthata < ¢ < b.If Lis a completely distributive
lattice and x < \/;; ;> then there must be iy, € T such that
x < y,-o,wherex <dameans K C L, a < \/K = 3y € K such
that x < y.Ifa < band ¢ < d, we always assumeaAc < bAd
[20] and some properties of < can be found in [12].

A completely distributive lattice L = (L,<,A,V,0, —,
0,1) (or L, in short) is called a residuated lattice [9, 21-23]
if it satisfies the following conditions: for each x, y,z € L,

(R1) (L,®, 1) is a commutative monoid,
(R2) if x < y,then x ©z < y © z (@ is isotone operation),

(R3) (Galois correspondence) x <y —» z© x0y<z.

In a residuated lattice L, x' = x — 0 is called comple-
ment of x € L.
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A residuated lattice L is called a BL-algebra [9, 21, 23] if it
satisfies the following conditions: for each x, y,z € L,
B)xAy=x0(x - y),
B2)xvy=[(x = y) = yIN[(y —» x) = x],
(B3) (x » y)V(y —» x)=1.

A BL-algebra is called an MV -algebra if x = x"', for each
x € L.

Lemma 1 (see [9, 21, 23]). Let L be a complete MV-algebra.
For each x, y,z € L, {y;, x; | i € T} C L, one has the following
properties:

(Dxoy<xAy<xVy,

2)xoy<x,y,

B)Ify<z(x0y)<(x0z2),x - y<x — zand

z > x<y > X

@) xoy=(x -y,

(5) x<yiffx' =y,

6) x — y:y' - x/,

) Nier(x© 3;) = x© (Nicry)>

®) Vier(x© 3;) = x 0 (Ver )

PDx —>1=10 > x=1x - x=1,

0)x<yoex - y=landl — x=x,

1) x = Nieryi = Nier(x = 30

12) Vieryd) = x = Nier(y; = %),

1) x = Vieryi = Vier(x = 3

1) Nieryi = = Vi i = %),

(15) /\isryi, = (Viel"yi)’ and \/ieI‘yi, = (/\ier)’i)’-

In this paper, we always assume that L is a complete MV -
algebra. Let X be a nonempty set, and the family L* denotes
the set of all L-fuzzy subsets of a given set X. For & € L, A €
L%, we denote (@ — A), (@ ® ), and ay € LXas (@ —
M(x)=a = Ax), (@ A)(x) = a o A(x), and oy (x) = a.

A fuzzy point x, for t € L is an element of L” such that

t, ify=x,
= 1
% (7) {0, if y # x. @

The set of all fuzzy points in X is denoted by Pt(X). For A € L*
and x, € Pt(X),x, € Aifand only if t < A(x).

Given a mapping ¢ : X — Y, we write ¢~ for the
mapping LY — L* defined by ¢ (1) = o ¢; we write ¢~
for the mapping LX — LY defined by ¢~ (u)(y) = \/{u(x) |
¢(x) = ytforally e L*, y € Y.

For a given set X, define a binary mapping S(,) : L x
L* - Las

Shw) = N A —u), V() el <L ()

xeX

For each A,y € L%, S(A, u) can be interpreted as the degree
to which A is fuzzy included in p. It is called the L-fuzzy
inclusion order [24].
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Lemma 2 (see [24]). Foreach A, u, p,y; € L*,i € Tande, x, €
Pt(X), the following properties hold:
MAspeShup =1,
2) A < u = S(p,A) < S(p, u) and S(A, p) = S(u, p), for
any p € L,

(3) S(x,A) = A(x), forany A € L,

(4) S(x;,A) = 0ifand only ift = 1 and A(x) = 0,

(5) S(e, A) A S(e, y) = S(e, A A ),

(6) S(x» Nierth) = NierS(xes ), for any {p}ier < LY,

(7) SGx Vierth) = VierSCeor ), for any {u}ier € LY.
Lemma 3 (see [16]). Let f: X — Y be a mapping. Then the
following statement hold:

1) SO, ) < S(F~ ), £~ (W), for each A, u € L*

(2) S(p,v) <S(f(p), [~ (v)), for each p,v € LY.

In particular, if the mapping f: X — Y is bijective, and
then the equalities hold.

Definition 4 (see [1, 9]). A map T : LX — Lis called an
L-fuzzy topology on X if it satisfies the following conditions:
(LO1) I (1x) =T (0x) =1,

(LO2) T () A y) = T () AT (), for all g,y € L,
(LO3) T (Vieath) 2 NieaT (1), for any {pi}icy C L.

The pair (X, 9) is called an L-fuzzy topological space.

Let 7, and T, be L-fuzzy topologies on X. We say that
T, isfinerthan 7, (7, is coarser than 7 ), denoted by 7, <
T ,if T,(A) < T, (\) forall A € L*. Let (X, T,) and (Y, T ,)
be L-fuzzy topological space spaces. Amap f : (X,7,) —
(Y,9,) is L-fuzzy continuous (LF-continuous, for short) if
T,AN)<T, (fTA),VreL".

Theorem 5 (see (7, 9]). Let (X, ) be an L-fuzzy topological
space. For each r € Ly and A € L, one defines operators
I5,Cy : L* x Ly — L* as follows:

Iy M) =\/{peLl*Ip<A T(p) 27},
3)
Cg(A,,T)Z/\{VELX|AS'V, F](V')zr}.

For each A, € L¥ and r,s € L, one has the following
properties:

(M) Fo5(lx,7) =1y,

(I2) F5(A,1) <A,

(I3) if A < pand r < s, then I 5 (A,s) < Fo(u, 1),

(I4) FoANurANs) = F5(A, 1) NI (i, ),

(15) I (I 7 (A 1),1) = I (A,1),

16) F5A,r) = (C5(A, 1)
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Definition 6 (see [12]). Let D be a directed set. A function
T :D — Pt(X) is called a fuzzy netin X. Let A € L%, and
one says that T'is a fuzzy netin A if T'(n) € A for everyn € D.

Definition 7 (see [12, 25]). Let T be a fuzzy netand A € Lx

(1) T is often in A if for each n € D, there exists n, € D
such that ny > nand T'(n,) € A.

(2) Tis finally in A if there exists 1, € D such that for each
n € Dwithn > ny, one has T(n) € A.

Definition 8 (see [12,25]). LetT: D — Pt(X)andU : E —
Pt(X) be two fuzzy nets. A fuzzy net U is called a subnet of
T if there exists a function N : E — D, called by a cofinal
selection on T, such that

(1)U =To°N;
(2) for every n, € D, there exists m, € E such that
N(m) = ny, for m > m;,.
3. L-Fuzzy Neighborhood Systems

Definition 9. Let A € L* and x, € Pt(X). Then the degree to
which x, belongs to A is

S(xad) = A\ (¢ — A(0)). (4)

xeX

Definition 10. Let (X, J) be an L-fuzzy topological space, A €
L*X, e € Pt(X),and r € L. The degree to which A is a -
neighborhood of e is defined by

(#7), 0 =\ {Sew) lush rag W} ©)

A mapping (#/7), : LX x Ly, — L is called the L-fuzzy
neighborhood system of e.

Theorem 11. Let (X, J) be an L-fuzzy topological space and
let (W7, be the fuzzy neighborhood system of e. For all A,y €
L* and r,s € L, the following properties hold:

1) (#7),(05,7) = S(e,0x) and (N7 ),(15,7) = 1,

2) (), (A, ) < S(e, D),

B) (7)) 2 (W), (A 9), if r <5,

@) (7Y Ar) < (W) (o), i A <

) (W) A ) AT ) Ay 8) < (HT) (A Ady T AS),

©) (W7)Ar) < VAN por) | < A, S(dspr)
(W7 )a(psr) Vd € PHX)},

(7) (W), 1) = Nex(t = (H7), A7)

Proof. (1), (3), and (4) are easily proved.

3
(2) is proved from the following:
(7)), A =\/{S(ew) Ly <A, rat(w)}
< \/ {S (e,\/pt,) lu; <A, r< T(y)]»
(by Lemma 2 (2))

< {S <e, \/‘ui> | \/y,- <A r< T(\/yi)}
<S(e ).

(6)

In (5)ifa « (W7),(A,7) A (N7),(Ays), then a <
(Afg)e()tl, r)and a < (./V‘q)e(/lz, s), and there exists p; € L*
with p; < A, and r 9 I (p,) such that a < S(e, p;). Again,
there exists p, € L* with p, < A, and r 9 T (p,) such that
a<d8(e,p,). S0, pp Apy A AL, As AT (p) NT (p,), and
a < S(e,p) AS(e, p,) = Sle, py A py) < (W7),(Ay ALy, As).
Hence,

(./Vg)e (A AAyTAS) 2 (./Vg)e ALr)A (./Vg)e (A, s).
)

In (6) ifr < T (u), then S(d, u) = (/Vg)d(‘u, r), for each
d € Pt(X). It implies

(#7Y A =\/{S(ew) lu<A raT ()}

=AW, () lus<a

S(dop) = (47), (),

vd € Pt(X)}
< V{(Wy)e (1) lp<A,

S(dp) < (H7), (1),

vd € Pt(X)}.
(8)

(7) is proved from
(#7), A =\ {SGom) lu<d T ()27}

:\/{/\(t—w(x))lus)\, 97(,4)27}

x€X



= /\ {t—>\/{y(x)|yg/\, 9(y)2r}}
(by Lemma 2 (7))

A\ (t — (/Vg)xl 0\, r)).

xeX
)
O

Theorem 12. Let X be a nonempty set. Let for each e € PH(X),
and ¥, : LXxL, — L satisfying the above conditions (1)(5).
Define 7, : L* — Lby

Ty =\1{reLy|S(eA)=A,,(r), VecPt(X)}.
(10)
Then one has the following:
(a) T is an L-fuzzy topology on X;

(b) if (¥7), is the L-fuzzy neighborhood system of e
induced by (X, ), then T o = T ;

(c) if IV’ satisfy the conditions (6) and (7), then
Ty =\/{reLSxA) =0 (A1), VxeX}; )
(d) Ny, =N

Proof. (a) (LO1) It is easily proved from Theorem 11(1).
(LO2) It is proved from the following:

Ty A)AT 4 (Ay)
- (Ve talsen) =00

AV etols(et) =0 (0,9)})
=\/{r/\seL0IS(e,)»l)/\S(&)tz)

=W (Apr) AN, (Ay,5)}

S\/{r/\seLO|S(e,)tl)/\S(e,)Lz)

<H, (A AMy, T AS)}

<\/fraseLylS(e A, AL) < W, (A ALy, AS))

(by Lemma 2 (5))

<T (A AN).
(12)
(LO3) If a < NierT 4(A;), thena < T 4 (A;) for each
i € I, and note that
TyN) = \/{ri €Ly lS(eA) =, (Apmi),
(13)
Ve € Pt(X)},
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so there exists r; € L, with S(e,A;) = A, (A;,r;) such that
a < ri. Putr = J\;;r;, and then a < r. By Theorem 11, we
have

S(eA) <N, (A1) <N, (A7) <S(e ;). (14)

It implies S(e, A;) = A, (A;, 1). Furthermore, by Lemma 2(7),
we have

(o)

= \45 (e’ /\i) = \/r/'/e (Ai’ri) (15)
< \//Ve Apr) <, (\//\i,r> <SS (e,\//\i> .
iel iel iel

So N o(\ierAir7) = S(e, \VierA;)- Hence, T 4 (\iepAi) = 1 =
a. Therefore, 7 (\/;crAi) = NierAi(A)).

(b)Ifa <« T 4(A), then there exists r, € L, with S(e, A) =
N (A, 1) such that ry < T (A). Since

S(e;) =W, (A1) = \/{S(e’#i) |t <A 1o 9T ()}

(16)
then, for each x; € Pt(X),
A(x) =S (x, M)
= \/{S (o) L < A 19 < T ()}
(17)

=S$ (xl’\/.”i) = \/Mz’ (x).
i€l i€l
Thus, A = \/ ;. So T(A) = ry = a. Hence, 7 (1) <
T (A). We can easily obtain 7 (1) > T (A).
(c) We only show that S(x,, A) = N, (A, 1),Vx, € Pt(X)
ifand only if S(x, A) = A(x) = /' (A, 7),Vx € X.
(=) It is trivial.
(&) From condition (7),

N )= N\ (t— 4, A1)

x€X

= N\t — S(x, 1))

xeX (18)
=\t — A0

xeX
=S (x,1).
(d) From the proof of Theorem 11(6), we easily obtain
Ng 2N

Ifa a (Vg )Ar) = ViSleu) | 4 < Ar < T ()},
there exists py, with p; < A, v < T 4 (y4) such that a <
S(e, py)- Note that

Ty (o) = \/ {1t € Lo | S(esptg) =, (pgnt) » Ve € PL(X)},
(19)
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and there exists t, € L, with S(e, ) = A (4, t,) such that
r <ty (thus r < ). Soa < N (upty) < N (1) <
W (A, r). Therefore, A g, <N

By Theorem 12, we have the following corollary.

Corollary 13. The set of all L-fuzzy topologies on X and the
set of all L-fuzzy neighborhood systems on X are in one to one
correspondence.

Example 14. Let L = [0,1], X = {a,b} beaset,x — y =
min(l1-x+ y,1),andlet y € L* be defined as follows:

u(a) =0.3, u () =04. (20)
We define an L-fuzzy topology on X as

1, ifA=0yo0rly,

%, T 1)
0

. otherwise.

T =

From Definition 10, ./, , /3, : L* x L, — Las follows:

(1, ifA=1y reLy
N Ar)=1403, iflx#Azp, 0<r<-,
|0,  otherwise,
, (22)
1, ifA=1y, relL,
./Vbl()t,r)=<0.4, ifly#+A>p, 0<r<—,
|0,  otherwise.
From Theorem 12(c), we have
I, ifA=0xorly,
T A = , ifA=uy, (23)

1
2
0, otherwise.

4. R-Convergence

Definition 15. Let (X, 7) be an L-fuzzy topological space, A €
L*,e € Pt(X), and r € L,. The degree to which a fuzzy net
T in X is r-convergent to e and T is r-cluster to e are defined,
respectively, as follows:

Con, (T,r) = /\ {./V; (A,7r) | T is often in /\'} ,

(24)
Cl, (T,r) = N {#. (A7) | T is finally in '}

Definition 16. Let (X, 7) be be an L-fuzzy topological space,
A € L%, e € Pt(X), and r € L,. The degree to which e is
r-adherent point of e is defined by

Ad, (A1) =L (X,r). (25)

Proposition 17. Let (X, J) be an L-fuzzy topological space.
Foreach A € L*, e, x, € Pt(X) and r € L, one has

M) Ste, Iy (A, 1)) = N, (A, 7),
(2) S(e,C- (A, 7)) = Ad' (A, 7),
(3) Ad,, (L) = \yex(t © Ad, (A, 7).

Proof. (1) From Lemma 2(7), we have
(et b)) = (& fi L <A 7 () 2 1)

=\ {Sem) lu<A T(w)=rt (20

=N, (A 7).
(2) From Theorem 5, we have
S (e, qu (A, r)) =S (e, I, (/\', r))
=4 (Vor) by ) @)

= Ad, (A,7).
(3) From Theorem 11(7), we have
Ad,, (\r) = (A7)

(A= rotm)

x€X

\ (e =, (Vo))

xeX (28)

\/ (tor (A.r))

xeX

(by Lemma 2 (4))

=\/ (toAd, (A,1)).

xeX

O

Theorem 18. Let (X, T) be an L-fuzzy topological space. Let
T :D — PtX) be fuzzy net and let U : E — Pt(X) be a
subnet of S. For r,s € L, the following properties hold:

(1) if ry < 1y, Con,(T, ;) < Con,(T,r,), and ClL,(T,r;) <
CL(T,ry),

(2) Con,(T,r) < Cl (T, ),

(3) CL(U,r) < CL(T, ),

(4) Con,(T,r) < Con,(U,r),

(5) Con, (T,r) = V vex(t © Con (T, r)), and ClL. (T,r) =
Vex(t © CL (T, r)).

Proof. (1) is easily proved.
In (2) if T is finally in A, T is often in . Hence

Con, (T,r) = /\ {./VL (A,7r) | T is often in /\'}
< /\ {./V; (A7) | T is finally in )L'} (29)

=Cl, (T,r).



In (3) if T is finally in A, U is finally in A'. Hence
ClL, U,r) = /\ {./V; (A, r) | U is finally in /\’}

< N{¥ ) I Tis finally in '} (30)

=Cl, (T,r).

In (4) let U be often in A'. We will show that T is often
inA.Letn € D.SinceU : E — Pt(X) is a subnet of T,
there exists a cofinal selection N : E — D. For eachn € D,
there exists m € E such that N(k) > n for k > m. Since
U is often in A', for m € E, there exists m, € E such that
mqy > m for U(my) € A'. Put ny = N(m,). Then ny > n and
T(n,) = T(N(m,)) = T(n,) € A'. Thus, U is often in '. Hence

Con, (T,r) = /\ {,/V; (A,r) | T is often in /\'}

< N[/ n | Uisoftenin 2’} GV

= Con, (U,1).
In (5) one has
Con, (T,r) = /\ {/V;t (A,7) | T is often in /\'}

=A{(/\ (= rin)

xeX
T is finally in /X’}
(by Theorem 11 (7))
=V A= an)
xeX
T is finally in /\'}
= \/ /\{t@,/l/;1 (A,7) | T is finally in /\'}

xeX

(by Lemma 1 (4))

=\/ (to A\ {/, ) | T is finally in 1'})

xeX
= \/ (t®Con, (T,7)).
xeX
(32)
The other case is the same. O

Proposition 19. Let (X, T) be an L-fuzzy topological space,
let T be a fuzzy net, e € Pt(X), and r € L. Then one has

Ad, (A, r) = \/ {Con, (T,r) | T is a fuzzy net in A}
(33)
= \/ {CL(T,r) | T is a fuzzy net in A}.
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Proof. Since T is finally in A, T is often in A. We easily show
that

Ad, (L) = (N,r)
>\/{CL (T,r) | T is a fuzzy net in A}~ (34)
> \/ {Con, (T,r) | T is a fuzzy net in A}.
We only show that
Ad, (A7) < \/{Con, (T,r) | T is a fuzzy net in A}. (35)

Let Ad,(A,r) = t. Ift > 0, then /V;(/\',r) =t PutD={uc
LX) N (1) > t'}. Define a relation on D by

w2y iy >, Vi, € D. (36)

For each y, 4, € D, since by Theorem 11(5),

No (g Ny 7) = N, (0, 1) AN, (135 7) >t (37)

Hence, y; Ay, € Dand pj,py < p; A p,. Thus, (D, <) is a
directed set. For each y € D, that is, /', (,r) > t', we have
put )'; that is, there exists x € X such that A(x) > [J'(x). Thus,
we can define a fuzzy net T, : D — Pt(X) by To() = x4
where T\ (4) € A and A(x) = Ty (p)(x) > y'(x).

We will show that if 4 € D, then T, is not often in '.
Suppose that T} is often in . For y € D, there exists p € D
such that < p such that

To(p) = yaip) € ¥ (38)

and A(y) = T,(p)(y) > p'(y). Since u < p implies u > p, it
implies

Ay) < (9) <P (), (39)

It is contradiction for the definition of T}, Thus, if T}, is often
in ¢/, then p ¢ D; thatis, (1, r) < t'. Therefore,

\/ {Con, (T,r) | T is a fuzzy net in A}

> Con, (T, 1)
(40)
= /\{./V; (u7) | Ty is often in (4'}
>t=Ad, (A,71).
O

Theorem 20. Let (X, T) be L-fuzzy topological space and let
T,U : D — Pt(X) be fuzzy nets such that T'(n) VU (n), T(n) A
U(n) € Pt(X) for eachn € D. Define fuzzy netsT VU, T AU :
D — Pt(X) by, for eachn € D,

(TVU)(n) =T m) VU (n), "
41
(TAU)(n) =T (m) AU ().
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For each r € Ly, the following properties hold:
(1) if T(n) < U(n) for alln € D, then

ClL(T,r) < ClL, (U,r), Con, (T,r) < Con, (U,r), (42)

(2) CL(T AU, r) < CL(T,r) ACL(U, ),
(3) Con, (T vU,r) = Con,(T,r) Vv Con,(U,r),
(4) Con (T ANU,r) < Con,(T,r) A Con,(U,r),

(5) if L is order dense, then Cl,(T v U,r) = ClL(T,r) v
CLU,r).

Proof. In (1) let U be finally (often) in A. Then let T' be finally
(often) in A, respectively. Thus it is trivial. (2), (3), and (4) are
easily proved.

In(5)sinceT <TVvUandU < T VU,Dby (1), we have

CL(TvU,r)=Cl(T,r)vCL (U,r). (43)

Suppose that CL(T' v U,r) # CL(T,r) v Cl,(U,r). Since
L is order dense, then there exist t € L, and a fuzzy point
e € Pt(X) such that

CL(TVU,r)>t>CL(T,r)VClL (Ur).  (44)

Since Cl,(T,r) < t and CL(U,r) < t, by the definition Cl,,
there exist A, 4 € L™ such that T and U are finally in A" and
u', respectively, with

ClL(T,r)VClL, U r) < N A )V (1) <t. (45)

Since T is finally in A, there exists n, € Dsuch that T(n) € A
for every n € D with n > n,. Since U is finally in 4', there
exists 1, € D such that T(n) € y' for everyn € D withn > n,.
Let ny € D such thatn; > n; and n; > n,. For n > n;, we have

(TvU)Ym) <A vy =(Aay) . (46)
Thus, (T v U) is finally in (A A y)’. It implies

ClL(TVUr) < (AAur)

(47)
<AV (ur) <t
It is a contradiction. Hence, we have
CL(TvU,r) <CL(T,r)vCL (U,r). (48)
O

Example 21. Let (L = [0,1], —) be defined as Example 14.
Let X = {a,b} be a setand y € I as follows:

p(x) =03, p(y) =04. (49)
We define L-fuzzy topology 7 : I* — T as follows:

I, ifA=0xorly,

%, if A=y, (50)
0

, otherwise.

T =

7
(1) In general, CL(T AU, r) # CL(T,r) A CL(U, 7).
Let N be a natural numbers. Define fuzzy nets T,U :
N — Pt(X) by
T(n)=x,, a,=08+ (-1D"0.2.
(51)
U(n)=x,, b,=08+(-1)"02

From Theorem 20, (T’ AU)(n) = x,4 is a fuzzy net. Let e =
Xo.3- From Definition 15, we have for 0 < r < 1/2,

Cl (x0e1) =1=H (1) =1 -m(xg3p) =0.  (52)
Since T or U is finally in 1y,
CL(T,r)=1-W,(0x,7) =1-m(xy3 0x) =0.3. (53)
Similarly, CL,(U,7) = 0.3. For 0 < r < 1/2,
0=CL(TAU,r) #CL(T,r)ACl (Ur)=03.  (54)

(2) In general, Con, (T vV U, r) # Con,(T,r) V Con,(U, r).
Define fuzzy nets T,U : N — Pt(X) by
T(n)=x,, a,=06+(-1)"02.
(55)
U(n)=x,, b,=06+(-1)""02
From Theorem 20, (T'V U)(n) = x,4 is a fuzzy net. Lete =
Xo3. Forallr € I,

Ad, (xgg,7) =1-H,(0x,7) =1-m(xy3,05) =0.3.
(56)

Since T or U is often in ', for 0 < r < 1/2,
CL(T,r)=1-W,(,7)=1-m(xy3,4)=0.  (57)
Similarly, CL,(U,r) = 0. For 0 < r < 1/2

0.3 = Con, (T VU,r) > (Con, (T, r) vV Con, (U,r)) = 0.
(58)

5. Fuzzy r-Limit Nets and LF-Continuous
Mappings

Definition 22. Let (X, J") be an L-fuzzy toplogical space. Let
T :D — Pt(X) be fuzzy netin X, e € Pt(X),and r € L,.
Then the degree to which T is r-limit to e is defined, denoted
by lim,(T,r) = t, if CL,(T,r) = Con,(T,r) = t.

Theorem 23. Let (X, ) be L-fuzzy topological space and let
T,U : D — Pt(X) be fuzzy nets such that T(n) v U(n) €
Pt(X) for each n € D. If L is order dense, Cl(T,r) =
Con,(T,r), and Cl,(U,r) = Con,(U,r), then

lim, (T vU,r) =lim, (T,r) Vlim, (U,7). (59)



Proof. From Theorem 20, T Vv U is a fuzzy net. We easily
proved it from the following:

CL(T VU7
=ClL, (T,r)VCl, (Ur) (by Theorem 20 (2))
(since Cl, (T, r) = Con, (T,r), Cl,(U,r) = Con, (U,r))
- Con, (T, ) v Con, (U, )
< Con, (T VU,r) (by Theorem 20 (4))

<CL(TVvUr) (by Theorem 20(2)).

(60)
O

Theorem 24. Let (X, J) be L-fuzzy topological space. Let T
be a fuzzy net and # = {U | U is a subnet of T}. Then, if L is
an order dense, the following statements hold:

(1) Con,(T,r) = Nyper CL(U, 7);
(2) CL(T,7) = \/ pegCon, (U, 1).

Proof. (1) For each U € #, by Theorem 18, we have
Con, (T,r) < Con, (U,r) < Cl, (U,r) < CL (T,r). (61)

Hence
Con, (T,r) < /\ Cl, (U, 7). (62)
Uex
Suppose
Con, (T,r) 2 [\ Cl, (U 7). (63)
Uer

Then there exist x, € Pt(X) and t € L, such that

Con, (Tr) <t< [\ Cl_ (Ur). (64)
Uex

Since Con, (T, r) < t, there exists u € L™ with T is often in

y' such that

!
Con, (T,r) < A () < U/E\% Cl, (U.1). (65

Since T is often in 4, for each n € D there exists N(n) € D
with N(n) > nand T(N(n)) € [,t'. Hence there exists a cofinal
selection N : E — DsuchthatU = T'eN. Thus U is a subnet
of T and U is finally in . It is a contradiction.

(2) From (1), we have

U\eéfc:one U,r) < CL (T, 7). (66)

Conversely, let CL,(T,7) = t > 0. Then A ,(A,r) < t', for T is
finallyin A, Let F = {ul A (u1) > t'}. Define a relation on
E =D x Fby

() < (npy)  ifEm<n, py > p, (67)
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Then (E, <) is a directed set. If y € F, then T is not finally in 4.
For each (n, i) € E, there exists N(n, ) € Dwith N(n, ) > n
such that T(N(n, u)) ¢ ). So, we can define N : E — D.
For each ny € D and y, € F, there exists N(n,, 4,) € D with
N(ny, 4y) = ny such that T(N(ny, i) £ y('). Hence for every
(n,u) = (ny, 4y), since n > ny, we have N(n, ) > n > n,.
Therefore N is a cofinal selection on T. SoU = T o N is a
fuzzy subnet of T and U is finally to every member of F. If U
is often in A', then U is not finally of A; that is, A ¢ F. Thus

\/ Con, (T,r) = /\ {./VL (A, 1) | U is often in /\'} >t
ver
(68)

Since t is arbitrary, we complete the proof. O

Theorem 25. Let L be an order dense, let (X, T) be L-fuzzy
topological space, and let T be a fuzzy net. If every subnetU of T
has a subnet K of U such that lim, (K, r) = t, then lim (T, r) =
t.

Proof. Let # = {U | U is a subnet of T}. For eachU € %,
since U has a subnet K with limg (K, r) = t,by Theorem 18(4),
we have

Con, (U,r) < Con, (K,r) =Cl, (K,r) =t. (69)
Hence, by Theorem 24(2),

Cl, (T,r) = \/ Con, (U,r) < t. (70)
Uex

Conversely, by Theorem 18(2),
t = Con, (K,r) =Cl, (K,r) < Cl, (U,r). (71)

Hence, by Theorem 24(1),

t< \ CLU,r) = Con, (T,r). 72)
Uex

Hence, Cl,(T,r) < Con,(T,r). Since Con,(T,r) < CL(T,r)
from Theorem 18(2), Cl(T,r) = Con,(T,r); that is,
lim (T,r) =t. O

Example 26. Let (L = [0, 1], — ) be defined as in Example 21.
Let N be a natural number set. Define a fuzzynetT : N —
Pt(X) by

T(n)=x,, a,=06+(-1)"02. (73)
Let e = x, ;. Since T is often in ¢/, for 0 < r < 1/2,

Con, (T,r)=1-N, (1) =1-m(xy5,4) =0. (74)
Since T is finally in 1y, for each r € I,

ClL(T,r)=1-W#,(0x,7) =1-m(x30x) =0.3. (75)

Thus, since Con, (T, 1) # CL(T,r) for 0 < r < 1/2, lim, (T, r)
does not exists.

Since Con,(T,r) = Cl(T,r) = 03 for 1/2 < r < 1,
lim,(T,r) = 0.3.
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Theorem 27. Let (X, T ) and (Y, T ,) be L-fuzzy topological
spaces. For every fuzzy net T in X, x, € PH(X), r € L, and
A € L%, the following statements are equivalent:

) f: (X,T,) — (Y,T,) is LF-continuous;
@) N = r) <\V{V A ) | f7A) < phs
(3) Cl(T,7) < Cly— o (f o To1);
(4) Con,(T,r) < Con g (f o T,r);
(5) f7(Cq (L1) <Cq (f~ (V)1
(6) Cq (f~(w),1) < f7(Cq (), 1);
7) fUg, (1) < Iz (f~ (1), 7).
Proof. (1) = (2) Forany p € L" such that 7,(p) > r and p <

p. Since f is LF-continuous, then 7,(f " (p)) > T,(p) > 1,
and we have by Lemma 3(2)

S(f7 (e),p)
<S(e.f"(p) (e=x,f" ()= f(x))
=N (f(p)sr) (T2(fT (7)) 2r) (76)
<\ V.01 f7 W <y
TP <spsu).
Thus, 4 - (o (i) < VANV A7) | £7 () < .
2) = 3)If f~(A) < pwand f o T is finally in &, there

exists n, € D such that, for all n > n,, f(T(n)) € y'. Let
T(n) = x,. Then

t<W (FO)<(FO) (F@) <A . 07)
It implies T'(n) € A'. Therefore, T is finally in A'. One has

Cl, (T,r) = A {#L(4r) | T is finally in '}
<NVt 13m £~ W<
foT is finally in 4/}
=NV ir.ani = wsyt,
foT is finally in 4}
< \{#= @ (1), foT is finally in 4'}

=CL(f-T.r) (by 2).
(78)

(3) = (4) Every subnet U : E — Pt(Y) of f(T), and
there exists a cofinal selection N : E — D such that U =

f(T)eN = fo(ToN).PutK =T o N. Then K is a subnet of
T. We can prove it from the following:

Con, (T,r) < Con, (K,r) (by Theorem 18 (5))
< Cl, (K, 7)
<Clyo (feKor)  (by (3)) (79)
=Cly= () (fo(TeN),r)

= le—»(e) (U, r) .

(by Theorem 18 (2))

From Theorem 18(2), we have Con,(T,r) < Coan(e)(f °
T,r).
(4) = (5) From Theorem 5 and Proposition 17(2),

$(x1,Ch (A1) =Ch (L) (x) = Ad, (L,r).  (80)
It implies
Cq (A1) (x) = Ad, (A, 7). (81)
Thus, we have
f7(Cq AN ()
=\ o, M ) | £ () = ¥}

=\/{ad L) | f(x) =y} (by (8D)
= \/ \/ {Con, (T,r) | T is fuzzy net in A}
fl)=y
(by Proposition 19)
(82)
< \/ \/{Cony (foT,r)| T is fuzzy net in )L]’
fl)=y
(by (4)
= \/ {Cony (foT,r)| T is fuzzy net in A}
< \/ {Cony (T,r) | T is fuzzy net in f~ (A)}
=Ad, (f~ (\),r) (by Proposition 19)

=Cq,(f7 N),1)(y)  (by (8D)).

(5) = (6) and (6) = (7) are easily proved.

(7) = (1) We will show that 7, (f (1)) = T ,(p), for all
Y€ LY.

Let 7,(p) = 0. It is trivial.

Let I ,(u) = r > 0. Since T y = T, from Theorem 12(b),
we have forall y € Y,

S(yu) =4, (1) (83)

It implies, for all x € X,

S(f()sp) =S f7 (W) = Vyw (1) (84)
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Since [ (Iz,(u, 1)) = f~ (W),
S(x £ ()
=S (s (17, (1))
(since £~ (I, (11) < I, (f (1).7)) (55)
<S(x 1y, (F (0).7)

=N, (f" (u),r) (by Proposition 17(1)).
Thus, by Theorem 11(2), we have

SCe f7 () = A (f (W),7). (86)
Hence, 7,(f (u) > r. O
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