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We present new oscillation criteria for the second order nonlinear dynamic equation [r(t)gby(xA(t))]A + qo(t)</>y(x(g0(t))) +

b
L q(t, $)ys (x(g(t, 5)))AL(s) = 0 under mild assumptions. Our results generalize and improve some known results for oscillation
of second order nonlinear dynamic equations. Several examples are worked out to illustrate the main results.

1. Introduction

In this paper, we are concerned with the oscillatory behavior
of the second order nonlinear functional dynamic equation
with y-Laplacian and nonlinearities given by Riemann-
Stieltjes integral

[r) ¢, (x> )] + 40 0, (x (g (1))
. )
+[ a9 by (x(g65) AL =0,

where the time scale T is unbounded above; ¢y(u) = |ul” 'y,
y > 0, € Clab)s with —oo < a < b < o0
is strictly increasing; T is a time scale; r is a positive rd-
continuous function on T; g, and g are nonnegative rd-
continuous functions on T and T x T with gy, g # 0; the
functions g, : T — Tandg: TxT — T are rd-continuous
functions such thatlim,_,  g,(t) = coand lim, _,  g(t,s) =
cofort e Tands e T.
Both of the following two cases:

(oe] o0
j Y (8) At = oo, j At <00, (2)
to t,

are considered. We define the time scale interval [¢,, c0)}
by [ty, 00) := [t;,00) N T. By a solution of (1) we mean
a nontrivial real-valued function x € CY[T,,00)y, T, >
ty» which has the property that rgby(xA) € CY4[T,,00) and
x satisfies (1) on [T, 00)y, where C,4 is the space of rd-
continuous functions. The solutions vanishing identically in
some neighborhood of infinity will be excluded from our
consideration. A solution x of (1) is said to be oscillatory if it is
neither eventually positive nor eventually negative; otherwise
it is nonoscillatory.

Not only does the theory of the so-called “dynamic equa-
tions” unify theories of differential equations and difference
equations, but also it extends these classical cases to cases “in
between,” for example, to the so-called g-difference equations
when T = qN" (which has important applications in quantum
theory (see [1])) and can be applied in different types of time
scaleslike T = hZ, T = Ng, and T = {H,,} the set of harmonic
numbers. In this work knowledge and understanding of time
scales and time scale notation is assumed; for an excellent
introduction to the calculus on time scales, see Bohner and
Peterson [2-4].

In the last few years, there has been increasing
interest in obtaining sufficient conditions for the
oscillation/nonoscillation of solutions of different classes of
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dynamic equations; we refer the reader to [5-25] and the
references cited therein. Recently, Erbe et al. [26] considered

(r (t) (xA (t))V)A + Zqi (t) CI)ai (x (gi (t))) =0 (3)
=0

on an arbitrary time scale T, where y is a quotient of odd
positive integers and @, (1) = |u|* sgn u with &; > 0 and
&, = Y, r is a positive rd-continuous function on T, g i =
0,1,2,...,n, are nonnegative rd-continuous functions on T,
andg,: T — T,i=0,1,2,...,n, satisfy lim, _, . g;(t) = oo.
In [26], some oscillation criteria have been established when
gi(t) =1(t),i =1,2,...,n, 7(t) < t, and 7 is nondecreasing
and delta differentiable with o0 = oot on [ty, 00)y. In
this paper, we will establish oscillation criteria for the more
general equation (1) under mild assumptions on the time
scale T and the time delay. Note that (1) not only contains a
p-Laplacian term y > 0 and the advanced/delayed function
g, but also allows an infinite number of nonlinear terms and
even continuous nonlinearities determined by the function ¢.

2. Main Results

Throughout this paper, we denote
d, (t) = max {0,d ()}, d_(t) := max {0, —d (1)},

Au) = JOO Y (W) Au, R(v,u) = J-vrfw (s) As.
(4)
Lemma 1. Assume that
ro r 7 () At = oo, (5)
or 0
JOO () At < oo,
t
o v 1/y (©)
J 7 () [J Ql(u)Au] Av = 00,
to t
where
Q, (w) = qo (w) A" (g, (W)
(7)

b
+ J qw,s) [/\“(S) (9 (w, s))] AL (s).

If (1) has a positive solution x on [t, 00)y, then there exists a
T € [ty, 00)y, sufficiently large, so that

[r®)g,(x*®)]" <0, te(T,co)y

Proof. Pick T € [t, 00)y sufficiently large such that (£) >
0, x(go(t)) > 0, and x(g(t,s)) > 0 on [T, 00)y X [a, b]5. From
(1), we have, for t € [T, c0)y,

[r@®¢, (x> ®)]" = -0 ® [x (g0 1))

X (1) >0,

b
- [(4@9 g N8t <o
©)
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Then rgby(xA) is nonincreasing on [T, 00)y, and x® is of
definite sign eventually. We claim that x* is eventually
positive. If not, x* is eventually negative; that is, there exists
T, = T such that x*(¢) < 0 for t > T}.

First, we assume (5) holds. Using the fact that r(py(xA) is
nonincreasing, we obtain, for t € [T, co),

x@=x(1)+ [ 6" [r @, (< @)] ™ @) du

1

t
<x(T)+¢," [r(T) ¢, (x* ()] JT Y (u) Au.
(10)
Hence, by (5), we have lim, _, ., x(t) = —co, which contradicts
the fact that x is a positive solution of (1).

Second, we assume that (6) holds. Using the fact that
rqby(xA) is nonincreasing, we obtain, for t € [T}, 0c0)y,

-x(t) < LOO ¢;1 [r (u) gby (xA (u))] Uy (u) Au

<¢.' [rg, (x*®)] L Y (W) Au -

<6 [r )9, ()] |7 ) s

=LA (1),
where L, := (/5;11 [r(Tl)qﬁy(xA(Tl))] < 0. By choosing
sufficiently large T, € [T}, 00)y such that g,(t) > T, and

g(t,s) = T\, fort > T, and s € [a,b]s, we get, fort > T,
and s € [a,b]s,

[x(go(t))]y > LAY (90 (t)) >
(12)
[x(g(t )] > LA (g1, 9)),

where L := infse[a’b]T{—L”,—L"l‘(S)} > 0. From (1) and (12) we
find that

[r®)¢, (x> ®)]" < ~La, ® A (g, ®))

b
L[ a9 1 (9.9)] a0 (9

= _LQI (t).
(13)

Integrating this last inequality from T, to ¢, we see that
r(t)¢, (x* )
<0, (x*0) -r (1) ¢, (x* (1)) 1y

t
< —LJ Q; (w) Aw,

T,
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which implies
t 1y
() < —r () [LJ Ql(u)Au] . (15)
T,
Again, integrating this last inequality from T, to ¢, we get

t v 1/y
x(t) - x(T,) < —J Y () [L L Ql(u)Au] Av. (16)

2

From (6), we have lim,_, . x(f) = —oo, which contradicts
the fact that x is a positive solution of (1). This completes the
proof. O

Lemma 2. Assume that there exists sufficiently large T > t,
such that

x(t) >0, X (1) >0,

[rg, (x> ®)]" <0, 17)
t € [T,00)y.
Then
x(g0 () 291 O x (D),
x(g(t,9) = ¢, (t,5) x (1), (18)
t>T, =T,
where

gO (t) = t’

1)
@ (1) = {R(Qo (t),T) (19)
R (t, T) > 9o (t) <t

g(t,s)>t,

1,
@, (t,s) = {R (g(t,9),T) (20)
W, g (t, S) <t.

Proof. Since r¢ (x%) is strictly decreasing on [T, c0)y. If 7 >
t,then x(7) > x(t) by the fact that x is strictly increasing. Now
we consider the case when T < 7 < t. We first have

x(t)—x(1) = thA (s)As
- Jt [r5)¢, (x* ©)]"F (5) s
’ (21)
<[r@e, (+* @) r r U (s) As

T

- [rmg, (x*@)] "R (L9 (1.9)).

which implies

(1) A( ) 1/y
% <1+ [rr¢y£’(CT)T)] R(gts). @

3
On the other hand, we have
x(1) > x(1)—x(T)
[0 (@)@ as
T
Uy (7 (23)
> [r (D¢, (xA (T))] 4 L Y7 (s) As
= [r(‘r)gby (XA(T))] 1/YR (1, T).
It implies that
(@, ()" 24)
x (1) T R(r,T)
Therefore, (22) and (24) yield that
x (t) R(t,7) R(tT)
o - "R@D)  R@T) 25)
and hence
R(7,T)
x(1) > RGT) x(t), t=T. (26)

Let T, > T so that gy(t) > T and g(t,s) > T fort > T, and
s € [a, b]s. Thus, we have that, for t > T},

x(g(ts) =@, s)x(t).
(27)

x(go (1) = @, (1) x (1),

This completes the proof. O

We denote by L.(a,b); the set of Riemann-Stieltjes
integrable functions on [a,b); with respect to {. Let b €
[a, b)7 such that a(c) = y. We further assume that

ao € Li(a, b)z (28)
such that

c b
J AL (s) > 0, j AL (s) > 0. (29)

We start with the following two lemmas cited from [25]
which will play an important role in the proofs of our results.

Lemma 3. Let

a b o b -1
mi=y L@ o« (5) AL (5) (L@ AL <s>) :

() () -1
n:= yJ ot (s) AL (s) (L AC(S)) .

a

(30)

Then there exists nj € L¢(a, b)s such that n(s) > 0 on [a, b)s,

b b
J a(s)n(s) AL (s) =y, J n(s)Ag (s) = 1. (31



Lemmad4. Letu € Cla,b); andn € Ly(a, b)s satisfyingu > 0,
n > 0on [a,b)s and I: n(s)AL(s) = 1. Then

b b
j 7(5)1(s) AL (s) Zexp(j 7(5)In [u (5)] Ac(s)>, (32)

where we use the convention thatIn0 = —co and e”> = 0.

Theorem 5. Assume that one of conditions (5) and (6)
holds. Furthermore, suppose that there exists a positive A-
differentiable function 8(t) such that, for all sufficiently large
T)

o r ((6° w),)"
lu::ingT 00 Q, () - (y+1)y+181’(u) Au=
(33)
where

Q, (u) := gy () ¢} ()

b a(s)
+exp<L 7(9)In [W] AC(s)>,
(34)

with ¢, and ¢, being defined by (19) and (20), respectively.
Then every solution of (1) is oscillatory.

Proof. Assume (1) has a nonoscillatory solution on [, 00)y.
Then, without loss of generality, there is T € [t;, 00)y,
sufficiently large, so that x(t) > 0 and x(g(t,s)) > 0
on [T, 00)y x [a,b]s. By Lemma 1, we have, for t € [T, co)y,

2>, [rog, (x*®)] <o, t=T.  ©9)
Define
r(t) ¢, (x* @)
=8(t) ————~. 36
w(t)=90() 6, (<(D) (36)

By the product rule and the quotient rule, we have that

s 1°
Ay A 4
wh (1) = [—% (x(t))] [r® ¢, (" )]
é(t) A A
e (t))[ra)cpy (x*®)]
=[ ORI GICA0),
6, (D), (x (), = (1)

<[rm e, (x*®)]
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8(0)
"o, 0

r¢, (x* )7
$, (x (1)

) [r® e, (x*®)]°
X7 (1) ¢, (x (1))

[r e, (x*®)]"

=8 (t)[

-4(t)

[r® e, (x*®)]"

1)
OO o)

(37)

From (1) and the definition of w(t), we have

A b [x (g (t,9)]*"
w® (1) = ~8.(t) Lq(t’s)xy—(t)

() o0 00 (M)
e’ Pyn o

By the Potzsche chain rule [3, Theorem 1.90], we obtain

AL (s)
(38)

+

(<" (1) =y Ll [x (&) + hu (0 x> )] dhx" (¢)

=y Jl [(1 =) x (&) + hx® )] dh x* (£) (39)
0

. {y(x(t))”xA ®, y=21
T @) k@, o<y<a,

If 0 < y < 1, we have that

Y
w® (1) < -8.(1) [—x (f‘zt()t))]
b os)
- 8(t)J q(ts) E1CI00)) (gx(ﬁ’(st)))] A (s)
s (t) o Y(S (1) x® (t) xg(t) Y I
0 O b o ) ¢ (”(;0)
whereas if y > 1, we have that
Y
wh (1) < -8(1) [" (fcét()t))]
b als)
~5(t) j q(ts) %Ac (s) (41)
D 0) W () 8 (8) x* (1) x° ) o .

)

Using the fact that x(¢) is strictly increasing and r(t)(x™ ()Y
is nonincreasing, we get that

o 1/
X (t)z(i(—i?) y(xA ). (42

8 () x° (t) x(t)

X7 ()= x(t),
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From (40), (41), and (42), we obtain

M]Y

A
w (t)s—é(t)[ -0

[x (g (t,9)]""
xV (t)

¥8 () (w’ ()
@7 ()17 (1)

where A := (y + 1)/y. By (18) and the definition of 4(t, s), we
have that, for t > T, and s € [a, b]5,

b
—8(t>j o) ML) (43)

(5*0)
87 (1)

+ W’ (t) -

b
w® (£) < -8 (1) gy (1)~ 6.(t) j 0 (6,5 xO7 (£) AL (s)

(6*),
+

67 (1)

Y8 () (w” ()"
@7 ()17 ()

w’ () -
(44)
where g, (1) := qo(t)9} () and q,(t,s) = q(t, )™ (t,5). We

let # € L;(a,b); be defined as in Lemma 3. Then # satisfies
(31). This follows the fact that

b
J 1n(s) [a(s) —y] AL = 0. (45)

From Lemma 4 we get

b
[ @@ tororae

b
[(ne LI e rpg (o)

1 (s)
> exp( 7(s)In ( 903) e V) AL (s))
(46)
=exp( 7(9)In [ ]Am
+ln(x(t))J (s) [ (s) — y] AL (s) )
:exp(j n(s)ln[ e ))] AL (s >)
This together with (44) shows that, for t > T},
(8*®), , = y® W @)
w (t) < 8 (t) QZ (t) + 6‘7 (t) —_—Ww (t) — W.
(47)
Define A > 0 and B > 0 by
RO CICIC0) M G 0)"(5*0),
OO Rata (Ol ApA@ ()"
(48)

5
Then, using the inequality [27]
AMB - A< (A -1)B, (49)
we get that
(O°0), oy POW ®) _rO(( ®),)"
8 (t) @ @) T (y+1)ere
(50)
From this last inequality and (47) we get, for t > T,,
n((8*®). )"
wh () < -8 () Q, () + ro(( fl))+) NG
(y+1)"767 (1)
Integrating both sides from T), to t, we get
‘ r ((8*w) )™
[ Jowouw- 0@l
T (y+1)" 67w (52)
<w(h)-wt) <w(T,),
which leads to a contradiction to (33). L]

In the following examples, for T = R, n € N, and s €
[0, + 1), we assume that

< 1, s=0
= — 9 th =
{(s) j:ZlX (s=j) with x(s) {O, i<, O3
a € C[0,n+ 1) such that a(j) = ajpj=1...,m,
a; >y, j=12,...1
(54)
o<y, j=El+LI+2,...,m
q(t, j) = q]-(t) and g(t, j) = gj(t) forj=1,...,n
Example 6. Consider the nonlinear dynamic equation
- A 1
[, (x* )] + * o ® V(g0 (1))
(55)

+ qu (t) ¢y (x (gj (t))) =0, te€[ty,00);
j=1

where g;, j = 0,1,2,...,n, are rd-continuous functions
with go(f) > f on [t,00)p, yand aj, j = 1,2,...,n, are
positive constants, and q;, j = 1,2,. n are nonnegative rd-
continuous functions on T. Here,

Gt = ——. (56)

= 1
rt)=t"", oD

Choose an n-tuple (17,7, ...,1,) with 0 < #7; < 1 satistying
(31). By Example 5.60 in [4], condition (5) holds since

[e) 1y A 0 Af
r t) At = —F = 00. 57
J;O ® J;O -1y 7



Also, by choosing §(t) = 1, we have

; 6A y+1
lim sup J S(w)Q, (u) - r) (( yffl))J') Au
t—oo T (y+1)"8" (w (58)
) t
> lliILilolp JT WAU = OO.

Then, by Theorem 5, every solution of (55) is oscillatory.

Example 7. Consider the nonlinear dynamic equation

([to )9, (x* )]
n (59)
+ qu (t) s (x (gj (t))) =0, te€[t,00);
j=0

where 0 < y = a, < 11is a positive real number, q,(t) := t7,
«j, j = 1,2,...,n, are positive constants, q;, j = 1,2,...,n,
are nonnegative rd-continuous functions on T, and g;, j =
0,1,2,...,n, are rd-continuous functions with g,(t) < t on
[y, 00)y. Assume

Joo At =00, 0<ogy<1 (60)
t, V%o () ’ 0=

It is clear that r(¢) satisfies

00 Y 00 1 © /1 A
J r y(t)At<oo§J —At=J (—) At < 00,
to to tO'(t) to t

t € [ty,00)p ty > 0.
(61)

This holds for many time scales, for example, when T = qNU =
{t:t=g" keN, g>1}. To see that (6) holds note that

0 v 1/
J aa (v)“ Q, (u)Au] YAV

1/ay
= L e () [L Z% (u) A% (gj (u)) Aujl Av

0 j:()

[\

* 1 ! & o 1/"’CO
L, va(v)“to” A (Qo(u))Au] Av

IOO (v=ty)"™
t

> 0 o ) Av.
(62)
Since
3 [ee] —l/y B (o] 1
Ao ) = Lo(u) Y () B = Lo(u) —
(63)

(e} _ A
= J <—1> Aw = ! >
gow) \ W 9o (1)

|
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we can find 0 < k < 1 such thatv—¢t, > kvforv > t; > t,.
Therefore, we get

[oe) v 1/y
J 7 () [J Q, (v Au] Av
o o

> k% JOO —AV 0 00
te Vl—l/ocOO.(V)

(64)

To apply Theorem 5, it remains to prove that condition (33)
holds. By putting 6(¢) = 1, we get

rw«MwLW1A
u
(y+1)"'8" () ()

t— 00

t
lim sup JT [8 (u) Q, (u) -

t
> lim sup J u’ Au = co.
t— 00 T

We conclude that if [t,, 00), t, > 0, is a time scale, where

LOO(At/tl_l/”a(t)) = 00, then every solution of (59) is
0
oscillatory by Theorem 5.

We are now ready to state and prove Philos-type oscilla-
tion criteria for (1). Its proof can be similarly done as [28] and
hence is omitted.

Theorem 8. Assume that one of conditions (5) and (6)
holds. Furthermore, suppose that there exist functions H,h €
C,;(D,R), where D = {(t,u) : t > u > t,} such that

H(t,t) =0, t=>t, H(t,u)>0, t>u>t, (66)
and H has a nonpositive continuous A-partial derivative

H%«(t,u) with respect to the second variable and satisfies

A, 8 w)  h(tu) PIp+D)
H" (t,u) + H (t,u) w87 ) (H (t,u)) ,
(67)
and, for all sufficiently large T,
. 1 ‘
hﬂgpm L O (u)Q, (u) H (t,u)
(68)

(h_(tu)) V”r(u)] o
Ty | Au= 0o
(y+1)""8" ()

where 8(t) is a positive A-differentiable function. Then every
solution of (1) is oscillatory on [t,, 00).

Example 9. Consider the following dynamic equation:
A
(¢, (" )] + 90 ®) ¢, (90 ®)

n (69)
+ 2.0, (x(9;®)) =0, t€[tg,00),
j=1
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where r(t) = 1, g;» q;, j = 0,1,2,...,n, are rd-continuous
functions with g,(t) > t and qj(t) >0ont € [ty,00)and y
and ), j = 1,2,...,n, are positive constants. It is easy to see
that (5) holds. Choose an n-tuple (1, 17, . . ., 7,) with 0 < 77; <
1 satisfying (31). By the definition of ¢;, we know ¢, (t) = 1.
On the other hand, let H(t,u) = (t — u)* and 8(¢) = 1. From
(67), we obtain

Bu(t,u) = o (u) +u—2t = —h(t,u) (HE ). (70)

We have that h(t,u) > 0 foru € [ty,t)yand hence h_(t,u) =0
for u € [t,, t)y. Therefore,

lim sup H(l T)j [ () Q, () H (t,u)
(s u))”lr(u)] )
(y+1)" 67 (u)
t 2
> h?li‘.fp( 7 JT [qo (u) (t —u) ] Au.

By Theorem 8, we can say that every solution of (69) is
oscillatory if

lim sup;T)2 JTt [qo (u) (t - u)z] Au = +00. (72)

t— 00 (

Theorem 10. Assume that one of conditions (5) and (6) holds
and

lim sup R (£, T) J Q, () Au > 1. (73)

t— 00

Then every solution of (18) is oscillatory.

Proof. Assume (1) has a nonoscillatory solution on [¢,, 00)y.
Then, without loss of generality, there is a T € [t;,00)y,
sufficiently large, so that x(t) > 0 and x(g(t,s)) > 0

on [T,c0)y x [a,b]s. Then, by Lemma 1, we have, for t €
[T7 OO)TS
X (1) >0, [r(t)g, (xA(t))]A <0, t=T.  (74)

Integrating both sides of the dynamic equation (18) from ¢ to
00, we obtain

r(6) ¢, (x* (1)

> [ a0 66, G ()
oo b
w0 ] a9 9 (9.9 809 b

© x(hw) 1"
> J; xY (u) {qO (u) [W

(75)

b afs)
o[ atun 00

) AL (s)]» Au

7
As shown in the proof of Theorem 5, we have
x(h@) (* k(g @9)]*
a0 | | [ ST _nrw
>Q, u).
Then, from (75) and (76), we get
r) ¢, (x* 1) 2 J x (u) Q (u) Au
S (77)
> xV (1) J Q, (1) Au.
Since x“(t) > 0 and r(f) > 0, we have
1 (@ @)
m L Q, (u) Au < [ () ] . (78)

Also, by using the fact that rqSy(xA) is nonincreasing, we have

x(t) > x(t)—x(T) = thA(s)As
T

= Jt [r ()¢, (xA (s))]l/yr_l/y (s) As
T

(79)
A 1y ! -1/y
> [r () (/)y (x (t))] JTr (s) As
- [r), (x*®)] "R, T),
or
[xA (t)]yg 1 (80)
x(t) r(t)RY (t,T)
In view of (78) and (80), we get
R (t,T) JOO Q,(w)Au<l, (81)
t
which gives us the contradiction
lim sup R (£, T) J Q, (W) Auc<1. (82)
t— oo
This completes the proof. O

Example 11. For t € [t;,00)y, we consider the following
dynamic equation:

[0, (x> ©)]" + ==, (x (g ®))

to ()"
" (83)
+ 2., 9, (x(9;®)) =
=1
where r(t) = 1, q,(t) = 1/ta(t), 95 j=0,12,...,nare rd-

continuous functions with go(t) > t on t € [£y, 00)y, g



j = 1,2,...,n, are nonnegative rd-continuous functions on
T,y > 1, and o j = 1,2,...,n, are positive constants. It
is obvious that (5) holds. Choose an n-tuple (1;,%,,...,%,)
with 0 < #; < 1 satisfying (31). On the other hand, noting

that ¢,(t) = 1 and R(¢t,T) = I; rYY(s)As = t — T, we can
easily verify that

lim sup R (£, T) J Q, (1) Au
t— 00 t

(84)

Au = +00 > 1.

(o]
> lim sup(t — T)" J
t

t— 00

uo (u)
By Theorem 10, every solution of (83) is oscillatory.

The last theorem is under the assumption that
_LOO Q,(u)Au < oo. Its proof can be similarly done as in
0
[28] and hence is omitted.

Theorem 12. Assume that one of conditions (5) and (6) holds
and r(t) is a (delta) differentiable function with 2t > o.
Furthermore, assume that | = lim inf, _, (t/o(t)) > 0 and

[e) Y
liminft—J Q, () Au > — Y

Y
t—oo 1 (t) Jog i

W- (85)

Then every solution of (1) is oscillatory.
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