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We found that the classical Calderén-Zygmund singular integral operators are bounded on both the classical Hardy spaces and
the product Hardy spaces. The purpose of this paper is to extend this result to a more general class. More precisely, we introduce
a class of singular integral operators including the classical Calder6n-Zygmund singular integral operators and show that they are
bounded on both the classical Hardy spaces and the product Hardy spaces.

1. Introduction

The classical Hardy spaces and the product Hardy spaces play
important roles in Harmonic analysis, which are due to the
original work of Fefferman and Stein [1] and Gundy and Stein
[2], respectively. It is well known that these two Hardy spaces
are essentially different. For instance, see [3-5]. It has been
known that the classical Calder6n-Zygmund singular integral
operators are bounded on the classical Hardy spaces and
the product singular integral operators are bounded on the
product Hardy spaces. Surprisingly, in [6], we found that the
classical Calderén-Zygmund singular integral operators are
also bounded on the product Hardy spaces. More precisely,
if T is a bounded operator on L*(R?*) with Tf(x) = p- v -
FH * f(x), where the kernel # € C?(R?*\ {0}) and satisfies
|05 (x)| < C/|x|*"* for 0 < || < 2 and x € R*\ {0}, then
T is bounded on both the classical Hardy spaces H” (R?) and
the product Hardy space H?(R x R).

A natural question arises: weather there exist a more
general class of operators that are bounded both on the
classical Hardy spaces and the product Hardy spaces. The
purpose of this paper is to answer this question. Now we first
recall the definitions of the classical Hardy spaces H? (R?)
(see [1] for more details) and the product Hardy spaces
HP(R x R)(see [2, 7] for more details).

We let &, be the set including all v € &(R?) that
satisfy [, w(x)dx = 0and Y., [§(27EF = 1 for all

& € R*\ {0}. And let &, be the set including all ¢ € S(R?)
that satisty IR Yy, x,)dx, IR y(xy, x,)dx, = 0 and

Tkez W82 = LforallE = (£,&,) € R\ {0).
Given an ¥ € &, the Littlewood-Paley-Stein square

function of f € S'(R?) is defined by gv,(f)(x) =
Szl = FPY", where yi(x) = 22y(2/x,,2/x,),

x = (x;,x,). And the discrete square function is defined
by go()x) = (Tjer Tolv; * flc) X}, where Q
are dyadic cubes in R? with the side length /(Q) = 27 and
the center ¢ and yq, is the characteristic function. It is well

known that if 0 < p < oo, then IIgI,,(f)”Lp(Rz) = IIg{f,(f)IIU,(RZ)
and, for different y, ¢ € &', gy ()l 5 g2y = 196 (N g2y
The classical Hardy space H?(R?) is then defined by

H? (R*) ={f e '\ 2 (R?): g, (f) (x) € L (R*)}, ()

where &' \ & denotes the space of distributions modulo
polynomials. The HP?(R?) norm is defined by I fllrey =
19yl g

Similarly, given a ¥ € &,, the product square
function of f € S8'(R?) is defined by g],;(f)P(x) =

{z, kez 1Wixx FEPYT, where g, (x) = 279(27x,,2,),
= (x;,x,). And the dlscrete square function
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is defined by gl‘%(f)p(xpxz) = {Zj,keZZI,] |‘/7j,k *
f(cI,c,)IZXI(xl)XI(xZ)}l/Z, where I,] are dyadic intervals
in R with the side length I(I) = 277, 10) = 27 and
the center ¢, ¢, respectively. Also, for 0 < p < oo,
lgs(f) P||U(R2) ~ | gg.( f) P||LP(R2) and, for different ¥, ¢ € &,
195F)el ey = 196Ny gy

The product Hardy space H? (R x R) is then defined by

HP (RxR)={f e §'\2(R?): gy(f), (x) € L” (R?)}.
)

The HP(R x R) norm is defined by |fllg gy
195 Dellp gy
The following theorem is our main result.

Theorem 1. If2/3 < p < 1,6 > 0 and T is an operator
bounded on L*(R?) with Tf(x) = p-v K = f(x), where
the kernel & € C*(R*\ {(0,R) U (R,0)}) and satisfies
05 0f H(x,x)l < C/lxy 1" *)A/ 1o F) (x| 1, ]) +
(|x2|/|x1|))_6 for all |af, |Bl < 1, then T is bounded on both
HP?(R*) and HP (R x R).

Remark 2. (I) In [8], we have shown that the operator T is
bounded on LP(R?) forall 1 < p < co.

(II) It is easy to verify that the classical Calderon-
Zygmund singular integral operators are contained in our
class. Moreover, some more operators will be in our class. For
example, the operator T = p - v+ F * f(x) with F(x;,x,) =

sgn(x; + )/ (1,12, (1, + L2, )).
Throughout this paper, we do the following conventions.

(a) The notation A = B means that C;A < B < C,A for
some positive constants C;, C,.

(b) If Q is a cube or interval, then we denote by cj its
center and by I(Q) its side length.

(c) For j € Z and alarge positive integer N, we denote the
set D j(Rz) = {Q, where Q are dyadic cubes in R? with
side length /(Q) = 27/} and 2 (R?) = @, y(R?).

(d) For j, k € Z and a large positive integer N, we denote
the set S/Zj,k([Rz) = {R = Ix],where I and ] are dyadic
intervals in R with side length I(I) = 27/ and I(J) =
27", respectively} and gfk(le) = 91+N,k+N(R2)-

(e) jn j' means the minimum of j and j'.

2. Proof of Theorem 1

The first crucial tool in the proof of Theorem 1 is to apply the
following discrete Calderdn identity (see [9] for more details).

Lemma 3. If0 < p < 1, then consider the following.

(a) Suppose that ¢ € &, N C°(R?) with supp(¢) € {x :
|x| < 1}. Then for all f € L*(R?) n HP(R?), there exist a large
positive integer N (depending only on p) and a function h €
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LA(RHNHP(R?) such that f(x) = Z;’ez ZQe@j.V(RZ) |Q|¢>]~(x—
(¢ o h)(cq), where the series converges in L*(R?). Moreover,
1 N2 ey = MBll2ge) and | fllge ey = 1Bl 2 g2). B

(b) Suppose that ¢ € S, N CPX(R*) with supp($) <
{x : |x| < 1}. Then for all f € L*(R*) n H’(R x R),
there exist a large positive integer N (depending only on p)
and a function h € L*(R?) n HP(R x R) such that flx) =
Zj,kgz ZRGQ%(W) IRI$; ) (x—cp)(¢;x *h)(cg), where the series
converges in L*(R?). Moreover, Iflemey = Al and
"f”HP(IRx[R) = ”h"HI’(RxR)P'

For the proof, we refer readers to [9].

The second crucial tool in the proof of Theorem 1 is the
following orthogonal estimates.

Lemma 4. Suppose that 0 < A < min(§,1/2) and K is the
kernel as in Theorem I; then

(a) for ¢ € CP(R?) with [, $(x)dx = 0, one has |F
;)] < C22(1/(1+ 127, ") (1/ (1 +127x, ")), for all x =
(x1,X,) € R* and j € Z, where C is a constant independent of
jand x;

(b) for ¢ ¢
_[R Fxp,xy)dx, =
A+ TN/ + RN, for all
x = (x,%,) € R*and j,k € Z, where C is a constant
independent of j, k, and x.

CRR?) with [, ¢(x;,x,)dx, =
0, one has |FH = (Ej,k(x)| <

Proof. (a) Since % is single-parameter dilation invariant,
that is, for each § > 0, 8*%(x,,0x,) satisfies the same
hypotheses, with the same bounds as % . We just need to show
that |7+ ¢(x)] < C(1/(L + x| )A/( + x,]"*)), for
all x = (x,x,) € R* Without loss of generality, we may
assume that supp(¢) ¢ {x : |x| < 1}. To get the required
estimate, we will discuss it in the following three cases: (I)
[%1] = 2, [x,| = 25 (ID) 21| = 2,]%x,] < 201 |x;]| < 2,|x,| = 2;
(IID) |x,] < 2, ]2, < 2.

For case (I), |x;| > 2,|x,| = 2, by the moment condition
of ¢, we have

| % # ¢ (x)]
= HR K (%1 = y1, %2 = 32) ¢ (1> 32) A1y,

,[Rz (F (x1 = y1, %5 = y3) = F (x1,x,))

x¢ (y1> 72) dyrdy,

-6

<cl| (%L+L 1)(&@)
R\ x| x| |x1||x2| ESYIEN

x|p (y1> y,)| dyidy,
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SC(%L+L%)(M+M>
pal el Pl e J\ Bl ™ Tl
C 1

_1+|x1|1+l

1+ |x2|1+/\'

(3)

For case (II), |x;| = 2,|x,| < 2 or |x;| < 2,|x,| = 2, we
have

|7+ ¢ ()]

|.%(x1 Y Xy — Y2)¢()’1’)’2)|d)’1dJ’2

_.

O

1
J'I;II: |x1 J’1||x2 7]

% (le | | Xy y2l> d)’1d)’2
Ixz )’2| |x1 le
C 1 C 1

<
1+6 1+ |x1|1+l 1+ |.X2

|1+/\'

(4)

T x| 1 |

For case (IIT), |x;| < 2,|x,] < 2, weletn € CSO(IRZ) with
0 < 5(x) < 1and #(x) = 1 when |x| < 4 and #(x) = 0 when
|x| > 8. We have

| * ¢ (x)|

= ”RZ H (y132) ¢ (%1 = y1. %2 = ) 0 (91> 32) dyrdy,

< UR F (y1y2) (@ (x1 = y1, %3 = ) = P (%1, %,))

x 1 (y1> y2) dy,dy,

+ HR F (y1>92) ¢ (x1, %) 1 (91 ) dyidy,
1 |J’2| |y1| N
nl <o |y1||y2| Dl " Il
|)’2|
X (l}’1| + |)’2|)dJ’1d)’2

vc|| F @875 dndy,

C 1

<C

<C<

1+ |x1|1+/\ 1+ |x2|1+/\'

)

(b) Without loss of generality, we may assume that
supp(@ C {x : |x| < 1}. The required estimate will be

w

discussed in the following four cases: (I) |x,| > 27 [x,| =
27 (D) |x, ] = 2777, x| < 27K (0D |y | < 277 || >
27 (IV) |x, | < 277%, x| < 27FFL

For case (I), |x,| = 277"}, |x,| > 27%*1, by the moment
condition of ¢, we have

|*% * ¢ (x)|

_ 2]"*'k

JRZ {(*% (X1 =y % = y2) = FH (%1, %, = 12))

—(F (x1 = y1,%) = H (x1, %))}

X ‘Z(zj%» 2k)’2) dy,dy,

X2=Y2 (X170 1 a1
| e
X2 X1

x¢ (27y1,2"y,) dy,dy,

-5
SC2j+kJ2 12 12<M+M)
N PN A

x 3] [72] 'ﬁg(zj)’p 2k)’2)| dy,dy,

= pJ*k (z1,2,) dz,dz,

J.

1 1

<ot L Loy ——
1+ [27x,| 7" 1+ |2k,

|x1| |x2|2

|1+/\'

(6)
For case (IT), |x,| = 2771, |x,| < 27%H1, similarly, we have
|=%/ * $j,k (x)'

— 2f+k

JRZ (F (%1 = y1. %, = 35) = FH (%1, %, = 1))

x ¢ (2y,,25y,) dyydy,

_ 2j+k

X170
J[RZ J a;p%/(zl)xz - y)dz

X ‘E(ijl’ Zk)’z) dy,dy,

; 1 1
< co* j o
M PRl
x| |x2 - 7 N
x — 7t |y1|dydy,
1
|x, = 2] ||
_; 1 ; 1 1
<C2f— <ot .
x| 1+ |20, [ 1+ |2k,
(7)

The cases (II) and (III) are symmetric, so case (III)
follows.



For case (IV), |x,| < 2771, |x,| < 271, welet 6 € C(R)
with 0 < 8(x) < 1 and 6(x) = 1 when |x|] < 4and O(x) = 0
when |x| > 8. Then

|=% * Pk (X)|

= 2/** ij ’%()’v)’z)ﬁg(z'(% - )’1)>2k (x, - J’z))
2

j
x 0 (Zj)’l) 0 k)’z) dy,dy,

< 2j+k

,[Rz F (y1>95)
x (@(21 (x1 = 1) 2k (x, = )’2)) - ‘E

X (ijl, kaz)) 0 (ijl) 0 (Zkyz) dy,dy,

+ 2’j+k

JRZ v (J’l’)’z) $(2jx1’ 2kx2)
x 0 (zjyl) 0 (Zk)’z) dy,dy,

sczf”‘j L1 <M+M>_(s

Iy <277 |y2| |)/1|

lyyl <24 |J’1| |J’2|

x (|2jy1' + |2ky2') dy,dy,

ve U H (5,:6,)0(278,) 027, ) d&, dt,

< C2/*F < coI* ! ! :
B S A PN s PPN

(8)
This completes the proof of Lemma 4. O

As a consequence of Lemma 4, we have the following.

Lemma 5. (a) Under hypothesis (a) of Lemma 4, one has

“lj=7] ZjAf

R e I
1+ 2N x|

€)

2N

o x

L+ |2 |

orall j,j € Z and x = (x;,x,) € R™.
I1j,i €Zandx = (x,,x,) € R?

(b) Under hypothesis (b) of Lemma 4, one has

|$j,k * T x g (x)'

. .l
VY 21N
<C2 li=j'1y=lk=FK
'lJr/\

1+ 'Zj/\j'xl (10)

]
2k/\k

1+A°
1+ 29 x|

forall j, ', kand k' € Z and x = (x,, x,) € R*.
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The proof of Lemma5 is based on the following two
observations: (1) convolution operation is commutative; that

is, ¢j * F ¢j’(x) = F * (¢J * ¢j’)(x) (or (Z;j,k * H x $j’,k’ (x) =
Hox (Pix * ) (%)) (2) §; * by (or §x * Py ) satisfies
the same estimate as ¢ (Or @ j xnr) in Lemma 4 with the
bound €27 (or C27|j7j,|27|k7k’|). The details are left to the
readers.

The last crucial tool in the proof of Theorem1 is the
following strongly maximal function estimates.

Lemma 6. Suppose that A > 0,2/3 < q < 1, N, j, i/, k and
k' € Z, and F € L*(R?). Then consider the following.

(@) IfQ' € 9]4(R2), u = (u,u,), andv = (v,v,) € Q,
then one has

2N 2N

Q=I><]69§."(R2)(1 + 20N |uy - cI|)1+A (1 + 2N |u, - c]|)1+A

x|F (cQ)]

< C22UND-1/+2jlq

a2 V4

IF (o)l Xa W),

x 1 Mg Z

Qe PN (R?)
an
where Mg is the strongly maximal operator.
(b)IfR' =I'xJ € 9j,’k:(lR2), u = (u,u,), and v =

(vi,v,) € R', then one has

PYA Vi 2k/\k’

e 1+A 1+A
R=Ix] €PN (R?) (1 + 200N \uy — cI|) (1 + 2R |y, — CI|)

X |F (cp, )]

< Cz(j/\j')(1—1/q)+j/q2(k/\k')(l—l/q)+k/q

a2 V4

|F (CR)|2XR ).

x 1 Mg Z

Re 2} (R?)

(12)

For the proof, we refer readers to [10].

Proof of Theorem 1. Firstly we show that T is bounded on the
classical Hardy space H?(R?). Since L*(R*) n HF(R?) is
dense in H(R?), we just need to show that, for all f €
L*(R?) n HP(R?), we have IITfIIHp(Rz) < C"f”Hp(RZ); that is,
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forafixedy € &,

||gW(Tf)“LP(R2) < C|| fll e roy- (13)
Note that

9y (Tf) (x)

1/2

|‘//j’ * T f(‘b’)'ZXQ' (x)

=12 2

JezQ=1'x'ce2,(R?)

5
By (a) of Lemma 5, we have
|1/’j’ * K x f(CQ’)|
<C Z 2—21'2—|J'_J',|
J€ZQ=1xJeD;®?)
2N
inil 1+A
L+ 2N (uy - )|
A
X — o (v % 1) (o)
L+ 2N (u, - o))
(16)

Applying (a) of Lemma 6 with F = y;xhand 2/3 < q < p,

(14) we have
S« F ,
Forj' € Z,Q =I'xJ' € 2,(R*),and x € Q, applying vy * f ()| | |
(a) of Lemma 3, we have <cy 5=2p-li=i 12GA] -1/ +2/q
jez
|ij Y (CQI)' g2 V4
2
x { Mg Y v h(Q) %0 ).
Qe 2N (R?)
=12 2 Qe A ey () (v ) (o) 17)
jEZQEQ;\’(RZ)
(15) Therefore,
’ 2
oy (TN = 2 Xy« T f o) 20 @
jlezQea,;®)
<C Z Z z272j27|j’j,|22(J'/\J")(171/q)+2j/q
jezQes,(rR?)|icZ
2
qi271 V4
2
X Z "//j * h(cQ)| XQ ) | xor ()
Qe 2N (R?)
<C Z Z2’2]‘2*|]'*]"|22(]'/\j')(171/q)+2j/q
jez <jeZ
q/2 2/q

j€Z

% ( Z 22inl j—j'I22(j/\j')(1—1/q)+2j/q Mg

> fw h(“@)rXQ

Qe 2N (R?)

(x) >



<cy ¥ 2 2 T 20N 2ila | pp

jlezjez
<C) My Y v h) x
jez Qe 2N (R?)
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a2 %1

Y v hie) xo (x)

Qe ngN(RZ)

q/2 2/q

(x).

(18)

Applying Fefferman-Stein’s vector-valued strong maxi-

mal inequality (see [11] for more details) on LPIA(p%), we

have
1T (Ol ey = "g‘V(Tf)”LP(RZ)
211 2 1/2
<Cly > 1Ms Y |V’j*h(CQ)'2XQ ()
jez Qe ¥ (R?)
Lr(R?) (19)
_ 1/2
<Ay X |y ko
AJ'EZQEEZ;‘I(RZ) LP@®R?)

< Clhllge g2y < C||f||HP(R2)'

The proof of T’s boundedness on HP(R x R) is almost
the same as above; that is, we just need to replace (a) of the
required lemmas to (b). Here we omit the details. O
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