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Let E and F be locally convex spaces over C and let P("E; F) be the space of all continuous n-homogeneous polynomials from E
to F. We denote by X, . E the n-fold symmetric tensor product space of E endowed with the projective topology. Then, it is well
known that each polynomial p € P("E; F) is represented as an element in the space L(Q),, , ,E; F) of all continuous linear mappings
from ), . E to F. A polynomial p € P("E; F) is said to be of weak type if, for every bounded set B of E, p| is weakly continuous
on B. We denote by P, ("E; F) the space of all n-homogeneous polynomials of weak type from E to F. In this paper, in case that E

is a DF space, we will give the tensor product representation of the space P, ("E; F).

1. Notations and Preliminaries

In this section, we collect some notations, some definitions,
and some basic properties of locally convex spaces which we
use throughout this paper.

Let E, and E, be complex vector spaces. Then the pair
(E;, E,) is called a dual pair if there exists a bilinear form:

(x1,%,) — (x1,%,) ((x1,x,) € E; X E,) (1)
satistying the following conditions:
(1) If {(x;, x,) = 0 for every x, € E,, x; = 0.
(2) If {(x,,x,) = 0 for every x, € E;, x, = 0.

We denote by o(E,, E,) (resp., 0(E,, E;)) the topology on E,
(resp., E,) defined by the subset of seminorms:

{122}, € Ex} (resp. {[{x,)sx € Ey}). (2)

Let E be a locally convex space. We denote by cs(E) the set
of all nontrivial continuous seminorms on E. The topology
o(E, E') on E is called the weak topology of E and the topology
o(E', E) on E' is called the weak * topology of E'. We denote

by SB(E) the family of all bounded subsets of E. We denote by
| |5 the seminorm on E' defined by

[l = sup {| (.2 s < B}, )

for every B € B(E). The strong topology on E' is the topology
on E' defined by the set of seminorms {|| [|z; B € 9(E)} on
E'. We denote by E}; the locally convex space E' endowed with
the strong topology. We denote by E” the dual space of E,,B Let
A be a subset of E. We denote by A the topological closure of
the subset A of E ¢ E" for the topology o(E", E'). The polar
set A° of A is defined by

A’ = {x' € E’;sup'<x,x'>' < 1}. (4)
x€A

We denote by A” the bipolar set of A for the dual pair
(E",E'). A subset S of E' is said to be equicontinuous if there
exists a neighborhood V of 0 in E such that S ¢ V".

Lemmal. Let M be a bounded subset of a locally convex space
E. Then the following statements hold:

(1) M = M™ if M is absolutely convex.
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(2) M is compact with the topology o(E", E").
(3)E" = Unmese M.

(4) Let A be an equicontinuous subset of E'' for the dual
pair (E",E'). Then there exists an absolutely convex
bounded subset M of E, such that A ¢ M*.

Proof. (1) Since M ¢ M* and M™ is o(E", E-closed, M ¢
M. We shall show M* ¢ M. We assume that x(')' ¢ M.
We denote by E;'( g ) the locally convex space E" endowed
Kith the topology o(E", E'). Since (EZ(E”,E'))’ = E' and
M is o(E", E')-closed absolutely convex, by Hahn-Banach
theorem there exists x' € E' such that

sug'<x",x'>| <1,
x"eM (5)
| xg,x’>. > 1.

Thus, it is valid that x' € M and x(')' ¢ M . Thus we have
M~ ¢ M. Since M* ¢ M, M* ¢ M. Hence, we have M =
M.

(2) We denote by I'(M) the o(E", E')-closed absolutely
convex hull of the set M. By the statement (1) we have

T(M)=M". (6)

The polar set M" is an absolutely convex neighborhood of 0
in E;; Therefore, (M) is a o(E", E")-closed equicontinuous
subset of E”. By Banach-Alaoglu theorem, I'(M) is o(E", EN-
compact. Since M ¢ T'(M), M is also o(E", E')—compact.

(3) It is clear that (Jpeqm M € E". We shall show that
E'"c Unese) M. Let x" be a point of E". Then, there exists
an open neighborhood V of 0 in E;g such that |(x, x")] < 1

for every x € V. By the definition of the space E;3 there exists

an absolutely convex bounded subset M € B(E) such that
M’ c V. Thus, by the statement (1) we have

x'eV e M =M. (7)

Thus, we have E" = Unmese M.

(4) Since A is an equicontinuous subset of E" | there exists
a neighborhood V of 0 in E;; such that A ¢ V°. Since Vis a
neighborhood of 0 in E;3, there exists an absolutely convex

bounded subset M of E such that M° ¢ V. Thus, we have
A c V° ¢ M”. This completes the proof. O

A filter # = {F,} of a locally convex space E is called a
Cauchy filter if for every neighborhood U of 0 there exists an
F € F such that {x— y;x, y € F} c U. Alocally convex space
E is said to be complete if any Cauchy filter on E converges to
a point of E. There exists the smallest complete locally convex
space E containing E as a subspace. The locally convex space
E is called the completion of E.
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2. The Extension of Polynomial Mappings of
Weak Type

In this section, we will give basic properties of polynomial
mappings on locally convex spaces and discuss the extension
of weak type on locally convex spaces. For more detailed
properties of polynomials on locally convex spaces, see
Dineen [1, 2] and Mujica [3]. Let E and F be locally convex
spaces and let n be a positive integer. We denote by L ,("E; F)
the space of all n-linear mappings from the product space E"
of n-copies of E into F and denote by L, ("E; F) the space
of all n-linear mappings, which are o(E, E')-continuous on
bounded subsets of E", from the product space E" into F. A
mapping p : E — F is called an n-homogeneous polynomial
from E into F if there exists an n-linear mapping u from E
into F such that

P(x)=u(x,...,x), (8)

for every x € E. If p is an n-homogeneous polynomial
from E into F, there exists uniquely a symmetric n-linear
mapping u. We denote by P,("E;F) the space of all n-
homogeneous polynomials from E into F. We denote by
P("E;F) (resp., L("E;F)) the space of all continuous n-
homogeneous polynomials from E (resp., all continuous #n-
linear mappings from E") into F. We denote by P, ("E; F)
the space of all o(E, E')-continuous polynomials on each
bounded subset of E. We set

P, ("E;F) = P("E;F)n P, ("E; F),
)
L, ("E;F) = L("E;F)n L,, ("E; F).

A polynomial belonging to P,,("E; F) is said to be of weak
type.

Lemma 2. Let E and F be locally convex spaces and let u be
an n-linear mapping belonging to L ,("E; F). Let A4,..., A, be
absolutely convex bounded subsets of E. Let a; be any point of
o(E", E")-closure A; of A, for each i with 2 < i < n. We denote
by N (E"")(0) the system of all o(E", E’)—neighborhoods of 0
in E"'. Then, for any o € cs(F) there exists V€ N (E")(0)
such that

a(u(xy,....x,)) <1, (10)

forevery (x;,...,x,) € (VNA)x((a,+V)NA,)x---x((a,+

V)NA,).

Proof. We shall prove this lemma by induction on n. Let n =
1. Then, the conclusion of this lemma is true since 0 € A,
and o(E, E') is the induced topology of the topology o(E", E")
onto E.

We suppose that the conclusion of this lemma is true for
all mappings belonging to L, ("' E; F). And we assume that
for u € L,("E;F), the conclusion is not true. Then, there
exists a € c¢s(F) such that for every V e 4. (E")(0) there
is a point:

(%1v> Xays -5 %) € (VNA) X ((a, + V)N Ay)

(1)
x-x((a,+V)NA,),
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satisfying

o (u (X Xays e s Xpy)) = 1 (12)

Since u is o(E, E')-continuous at (0,0,...,0) on each
absolutely convex bounded subset of E” and o(E, E') is the
induced topology of o(E",E') onto E, there exists W ¢
N - (E")(0) such that

(13)

1
o (u(x),xy,...,%,)) < 1

for every x; € 2(W N A;) with 1 < i < n We choose a
decreasing sequence W > W(1) > W(2) > --- > W(n - 1)
of elements of ./, (E")(0) by the process of (n — 1) steps as

follows.
At the first step, we consider the (n — 1)-linear mapping:
(2105 2p) — U205 s 2y X)) » (14)

belonging to L, ("'E; F). By the assumption of induction,
there exists W(1) € 4. (E")(0) with W(1) ¢ W such that

1
> Zp-1> on)) < — (15)

a(u(zy,... o

for every (z;,...,2,.1) € W()NA)x((a, +W(1))NA,) x
cex (@, +WQA))NA,)).
At the second step, we consider the (n—1)-linear mapping

(2153 20002,) — U (215000520 Xp1w(1)> z,)  (16)

belonging to L, (""'E; F). By the assumption of induction,
there exists W(2) € A (E")(0) with W(2) ¢ W(1) such
that

1
a (215200 Xpotwir) 20)) < o (17)

for every point (zy,...,2,_,,2,) of

W@)nA;)x((a,+W(2)NnA,)

XX ((a,,+W2)NA,,)x((a,+W(Q2)NA,).
(18)

Repeating this process, at the (n — 1)th step, we consider
the (n — 1)-linear mapping:
52.),  (19)

(21,230 > 2,) — U (20, Xow(n2) 235 - -

belonging to L, (""'E; F). By the assumption of induction,
there exists W(n—1) € 4, (E")(0) with W(n—1) c W(n-2)
such that

1
& (u (21, Xown_2)s 23> - -»2p)) < I (20)

forevery (z,,25...,2,) € Wmn-1)NA ) x (a3 +W(n-1))n
Aj)x--x((a,+W(m-1))n A,). Then we have

o (” (xIW(n—l)’ Xow(n-1) ~ X2wm-2)> * + > Xn-1W(n-1)
“Xn-1w(1)» XaW(n-1) — on))

> o (U (X 1w (ne1) Xaw(ne1ys -+ -5 on(n—l)))

(21)
- Z "‘(“ (Xlwm—l»sz(kz)»~-’on<kn>
(k;)ek
_ 1 1
>1-(2""-1)x = > -,
where K = {(k,,....k,);k; e {(n—-1,n—-i},i=2,...,n}\{(n-
I,...,n—1)}and W(0) = W.
If we set
(}’1’)’2> e ’)’n) = (xIW(n—1)>x2W(n—l) ~ Xow(n-2)> -+ >
(22)
on(n—l) - on)’
we have
1
oa(u(yiamn) 2 5,
oypo) € WnA)x2wWnay)p )

x--x{2(WnA,)}.

This is a contradiction by (13). This completes the proof.
O

Lemma 3. Let E be a locally convex space, let F be a complete
locally convex space and let u be an n-linear mapping belonging
to L,("E;F). Let A,,..., A, be absolutely convex bounded
subsets of E. Then there exists a o(E", E')-continuous mapping
UZ XA, from A x ---x A, into F such that UZ w.xa, =UON
A x--xA,

Proof. Let a; be any point of the o(E", E')-closure A; of A, for
each i with 1 <i < n. At first, we shall show that a filter of F

F(ay,...,a,) = {u((al +V)NA,....(a,+V)NA,);
ved, (E) 0}
(24)

is a Cauchy filter. Let & be an arbitrary continuous seminorm
of F. By Lemma 2 there exists V € /. (E")(0) such that

o (u(x),xy...,x,)) < %, (25)

for every point (xy, x,, ..., x,) of

U <l£[((%y% +2V)n 2Aj)>, (26)

i=1 \ j=1



wherey;; =1 (i # j) and y;; = 0 (i = j). Then, we have

%) = (V15 Va5 V)
X))

+o (u (¥, %) = Y2 X3

o (u(x), x5, ..
<o (u(x; =y x5 ...

=)

(27)
+ o (U (Y1 20 X3 = Y3 X5 X))
ot (WY Vas oo os Yoets X = V)
1
<nx-=1,
n
forevery (xy,...,%,), (V1> > ¥,) € [1n,((a;+V)NA,;). Thus,

the filter #(a,,...,a,) is a Cauchy filter. Since F is complete
and Hausdorff, there exists uniquely the limit point of the

filter #(ay,...,qa,) for every (a,,...,a,) € A; X --- X A,
We denote by ﬁilx---xZ (ay,...,a,) the limit point of the filter
F(a,,...,a,) for every (a;,...,a,) € A, x--- x A,. Then

ﬁ;lx__ign defines o(E", E')-continuous mapping from A; x

.-+ x A, into F with

ﬁ;lxmxzn =u on A, x---XA,. (28)

This completes the proof. O

Lemma 4. Let E be a locally convex space, let F be a complete
locally convex space, and let u be an n-linear mapping belonging
to L, ("E; F). Then, there existsti € L,("E"; F) withi | E" = u
such that @i is o(E", E')-continuous on A, x --- x A, for all
absolutely convex bounded subsets A, ..., A, of E.

Proof. By Lemma 3 for all absolutely convex bounded subsets
A,,..., A, of E, there exists a o(E", E')-continuous mapping
U7 xd, from A, x- - -x A, to F with Ug oz, = UONA XX
A, IfA,,...,A,,B,,...,B, are absolutely convex bounded
subsets of E with A; N B, #0 for 1 < i < n, we have

ﬁzl XeXA, ﬁEx---xEn (29)

on (A} x---x A,) N (B, x -+ x B,). Thus, by Lemma 1, we
can define an n-linear mapping & from E"" into F by setting
u = ﬁglxmxzn on Zl NERI Zn for all absolutely convex
bounded subsets A;,...,A, of E. Then, the mapping #
satisfies all required conditions of this lemma. This completes

the proof. O

The following theorem is proved by Aron et al. [4],
Gonzélez and Gutiérrez [5], Honda et al. [6].

Theorem 5. Let E be a locally convex space and let F be a
complete locally convex space. Let p € P("E;F). Then, the
following statements are equivalent.

(1) peP,("E;F).

(2) For each absolutely convex bounded subset M of E, p
can be extended o(E", E')—continuously to M*, where
M is the bipolar set of M for the dual pair (E", E').
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(3) There exists p € P,("E"; F) such that p is o(E", E')-
continuous on each equicontinuous subset of E" and
PIE=p.

(4) p is weakly uniformly continuous on every bounded
subset of E.

Proof. We shall show that (1) implies (3). There exists a
symmetric n-linear mapping u from E" into F such that
p(x) = u(x,...,x) for every x € E. By the polarization
formula, we have u € L ("E, F). By Lemma 4 there exists
i € L,("E";F) with i | E* = u such that & is o(E", E')-
continuous on A, x- - -x A, for all absolutely convex bounded
subsets A}, ..., A, of E. We define p € P,("E"; F) by p(x) =
#i(x,...,x) for every x € E". By Lemmal, p satisfies all
required conditions of the statement (3).

(3) implies (2) since M* is equicontinuous for every
absolutely convex bounded subset M of E.

We shall show that (2) implies (4). Let A be a bounded
subset of E. We denote by M the absolutely convex hull
of A in E. Then, M is a bounded subset of E, and A ¢
M. By statement (2), there exists a o(E", E')-continuous
mapping ps; from M into F such that p5; = p on M.
Since by Lemma 1 M is o(E", E')-compact, p3; is uniformly
o(E", E")-continuous on M. Since p3; = p on A, p is weakly
uniformly continuous on A. This implies (4). It is clear that
(4) implies (1). This completes the proof. O

3. The Tensor Product Representation of
Polynomials in Locally Convex Spaces

For any u € L,("E; F), we set

1
s) (xp,...,x,) = i Zu(xg(l),...,xa(n)) (30)
‘o€S,
forevery (xy,...,x,) € E",whereS, is the permutation group

of degree n. Then, s(u) is a symmetric n-linear mapping from
E" to F satisfying
u(x,....,x)=s)(x,...,x) (31)
for every x € E. We denote L% ("E; F) by the space of all
symmetric n-linear mappings from E" to F. Let A, be the
mapping from E into E" defined by
A, (x)=(x,...,x) forevery x € E. (32)

For any u € L, ("E;F), we define an n-homogeneous
polynomial A (u) by

A () =ucA,. (33)
The mapping
AL ("E;F) — P, ("E;F) (34)

is surjective.
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Theorem 6 (polarization formula). Let p € P,("E; F) and let
u € L,("E; F). If A}, (u) = p, then

1 n
u(xp..ox,) = 2”_71!6:2‘:161 T€np <;€ixi) . (35)
By the above polarization formula, the mapping A’ :
L’ ("E;F) — P,("E;F) is a linear isomorphism.
We denote by X, E the n-fold tensor product space of E.
Let i, be the linear mapping from E" into X),,E defined by
X)) =X ® - ® X, (36)

i, (xp,...

forevery (x,,...,x,) € E".Foranyu € L,("E; F), there exists
aunique i, (1) € L,(Q),E; F) such that the diagram

u

E" F
(37)
\ A)
®E

commutes. The mapping

i*:L,("B;F) — L, (®EF> (38)

is a linear isomorphism. Each element of ),,E has a repre-
sentation of the form

e
in,l ®X; ) ®  ®X;,. (39)
i=1
However, this representation will never be unique. We
denote by 6, the mapping of E into ),,E defined by
§,(x)=x®---®x (40)
for every x € E.

Proposition 7. A mapping p : E — F is an n-homogeneous
polynomial if and only if there exists T € L,("E;F) such that
the diagram

E An E"
5, P w
E
® T F

commutes.

Forany x; ® ---® x,, € Q),,E, we set

1
5(x1®---®xn):;Zxa(1)®---®xg(n). (42)

‘o€S,
We denote by ), (E the subspace of (X),E generated by
s(x; ®---®x,), x; € E. The space J),, (E is called the n-fold
symmetric tensor product space of E. Elements of (X), (E are
called n-symmetric tensors. Clearly, every tensor of the form
X ® --- ® x is a symmetric tensor. Moreover, each element
8 in (), (E can be expressed as a finite sum (not necessarily
unique) of the form

in®'--®xi. (43)
For any p € P,("E;F), there exists a unique j,(p) €
L (&), sE; F) such that the diagram

p
E F
(44)
S in(P)
®E
commutes. The mapping
jt:P,("E;F) — L, ((X)EF) (45)

is a linear isomorphism. Let P("E; F), L("E; F), and L°("E; F)
be, respectively, the spaces of continuous n-homogeneous
polynomials from E into F and the continuous symmetric -
linear mappings from E into F. The restrictions

A, :L("E;F) — P("E;F),

A* L ("E;F) — P("E;F), (46)
s: L("E;F) — L ("E;F)

are well-defined. For each o € cs(E) and 0 = ), x;®---®x; €
X, E> we set

Ty, (0) = inf {Za(xi)n |6 = in ®- - @xi]» . 47)

T, is a seminorm on ), .E. We define the 7-topology

or the projective topology on (X, (E as the locally convex
topology generated by {71, ,} ye.s(z)- We denote by (X), . E the

1,87

E the

1,8,7

E. Then, the following is valid (cf. Dineen

space endowed with 7-topology and denote by (X)
completion (X)
(2]).

m,S,7T
Proposition 8. Let E be a locally convex space, then we have
L("E;F)=L (®E;F> ,

n.gt

L'("E;F) =L (®EF) = P("EF).

.S,

(48)



Let &(E") be the family of all equicontinuous subsets of
E" with respect to the dual pair (E", E"). We denote by 0. .

the family of subsets of E" defined by
Ope=1{V IVCE",VNM are

w*,e

G(E",E’) -open in M for all M € %’(E”)}.
(49)

We denote by T, . the topology on E” such that the family
of all 7. .-open sets coincides with @ .. By Theorem 5, the
following is valid.

Proposition 9. A n-homogeneous polynomial p on E is of
weak type if and only if there exists a T, -continuous n-

homogeneous polynomial p on E" such that p = p on E.

However, in general, the topology 7, 4 is not a locally
convex topology (cf. Komura [7]).

Definition 10. A locally convex space E is called a DF-space if
it contains a countable fundamental system of bounded sets
and if the intersection of any sequence of absolutely convex
neighborhoods of 0 which absorbs all bounded sets is itself a
neighborhood of 0.

Grothendieck [8, 9] proved that the strong dual space of a
metrizable locally convex space is a DF-space and the strong
dual space of a DF-space is a Fréchet space.

All Banach spaces are DF-spaces. The following result is
known.

Proposition 11 (Banach-Dieudonné theorem). Let E be a
metrizable locally convex space. Then, the topology 7, . on E'
is the topology of uniform convergence on all compact sets in E.

Proof. The proof is on Kothe [10, § 21-10]. O

If E is a DF space, then E;; is a Fréchet space. Therefore,
by Proposition 11 the following is valid.

Proposition 12. The topology 7, . on E" is the topology of
uniform convergence on all compact sets in E'.

We denote by oy the seminorm on E” defined by
oy (x”) = sup {|<x",x'>' | x' € K}

for every compact subsets K of Ek We denote by 7, the locally

(50)

convex topology on E” defined by the set of seminorms:
{(xK | K is every compact set of E'}. (51)

We denote by E,  the locally convex space E defined the set
of seminorms:

{ocKIE | K is every compact set of E'}. (52)
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An n-homogeneous polynomial p on E" is o(E",E')-
continuous on every equicontinuous subsets of E”’ if and only
if pis 7, .-continuous on E "' Thus, by Propositions 9 and 11,
we have the following theorem.

Theorem 13. If an n-homogeneous polynomial p on E is of
weak type if and only if p is T,-continuous in E and continuous
on E with the initial topology of E.

Then, we can obtain the following topological tensor
product representation of polynomials of weak type.

Theorem 14. Let E be a DF space, then we have

L <®ETO;F> nL (@E F) =P, ("EF)  (53)

n,STT n,STT
for every complete locally convex space F.

A topological space X is called a k-space if its topology
is localized on its compact set;, that is, U ¢ X is open if and
only if U N K is open in K, with the induced topology, for
each compact subset K of X. A mapping from a k-space into
a topological space is continuous if and only if its restriction
to each compact set is continuous.

Let u be a mapping from a locally convex space E into
a locally convex space F. If E is a k-space and if u is
o(E, E')-continuous on every bounded subset of E, then u
is continuous on E with the initial topology of E. Thus, we
obtain the following theorem.

Theorem 15. IfE is a DF space and a k-space, then we have

L <®ETO;F) =P, ("E;F)

n,STT

(54)

for every complete locally convex space F.

If E is a Banach space, then E is a DF-space and a k-space.
Thus, we have the following corollary.

Corollary 16. If E is a Banach space, then we have
L (@E,O; F) = P, ("E;F) (55)

for every complete locally convex space F.
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