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Little seems to be known about evaluating the stochastic stability of stochastic differential equations (SDEs) driven by fractional
Brownian motion (fBm) via stochastic Lyapunov technique. The objective of this paper is to work with stochastic stability criterions
for such systems. By defining a new derivative operator and constructing some suitable stochastic Lyapunov function, we establish
some sufficient conditions for two types of stability, that is, stability in probability and moment exponential stability of a class of
nonlinear SDEs driven by fBm. We will also give an example to illustrate our theory. Specifically, the obtained results open a possible
way to stochastic stabilization and destabilization problem associated with nonlinear SDEs driven by fBm.

1. Introduction

Fractional Brownian motion (fBm) is a family of Gaussian
stochastic processes that appears naturally in the modeling of
many situations. Kolmogorov [1] was the first to consider this
process and called it “Wiener Spirals.” Later, Hurst [2, 3] stud-
ied the long-term water flow characteristics of the Nile River
and the parameter H then got the name “Hurst parameter.”
Mandelbrot and Van Ness [4] established a stochastic integral
representation in terms of a standard Brownian motion.
Since the introduction of the above mentioned pioneering
work, fBm has played an increasingly important role in
many fields of application such as hydrology, economics, and
telecommunications (see [5] for a review).

According to the books [6, 7], the standard {fBm
(B(t),t > 0) is defined as a self-similar centered Gaussian
process with covariance function

Cov (B (t),B" (s)) = 5 (£

+ =),

N | =

where Hurst parameter 0 < H < 1. When H = 1/2,

one recovers of course the usual Brownian motion, so this
is a natural one-parameter family of generalizations of the
“standard” Brownian motion. When H # 1/2, it was proved in
[8] that fBm is not semimartingale. Therefore, the beautiful
classical theory of stochastic analysis [9] is not applicable
to stochastic differential equations (SDEs) driven by fBm
with H # 1/2. It is a significant and challenging problem to
extend the results in the classical stochastic analysis to these
fBm ones. Over the last years some new techniques have
been developed in order to define stochastic integrals with
respect to fBm [10-21]. For example, stochastic integral of
deterministic functions with respect to fBm is called Wiener
integral, which was defined for the first time in [10]. The
stochastic integral of Stratonovich type for fBm was defined

in [11, 12]. However, the stochastic integral Iot f(s)(SBH(s),
introduced in [11, 12], does not satisfy in general the following
property: E _[Ot f(s)0B™(s) = 0, which is important in the
modeling problem by stochastic differential equations with
fractional Gaussian noise as the driving random process.

Motivated by this situation, Duncan et al. [13] defined a new
stochastic integral of Itd type for fBm with Hurst parameter
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in the interval (1/2,1). This stochastic integral is the limit
of Riemann sums defined by means of the Wick products
rather than ordinary products. In this paper, we adopt this
stochastic integral definition. Then Elliott and Van der Hoek
in [16] extended this fractional It6 calculus theory to all Hurst
parameter H € (0, 1) and applied it to develop option pricing
in a fractional Black-Scholes market. This newly developed
theory of stochastic integration with respect to fBm, based on
white-noise theory and (Malliavin-type) differentiation, was
introduced in [17]. For other definitions of stochastic integrals
for fBm and their relations, we refer to the book [6] for further
details.

Recently, some sufficient and necessary conditions for
reducing the nonlinear stochastic systems driven by fBm to
the linear ones were constructed in our previous work [22],
which provide an effective approach to solve some linear and
nonlinear fBm-driven stochastic systems. Indeed, necessary
and sufficient conditions were established for stochastic
stability of the Black-Scholes model driven by fBm by means
of the Lyapunov exponents and the exact form of the solutions
[23]. Unfortunately, it is in general not possible to give explicit
expressions for the solutions to SDEs and numerical solution
is a cumbersome affair. It is therefore of great interest to study
qualitative properties of SDEs driven by fBm without solving
the equations. Therefore, the scope of this paper is to extend
the stochastic Lyapunov function technique to SDEs driven
by fBm without solving the considered equations.

We organize this paper as follows. In Section 2, we briefly
introduce some necessary notations and stochastic stability
concepts associated with SDEs driven by fBm. In Section 3,
we state the main results on stability of SDEs driven by
fBm via Lyapunov function technique. In Section 4, we apply
the stability criterions to the Ornstein-Uhlenbeck process
driven by fBm by constructing a time-dependent Lyapunov
function. The conclusions are drawn in Section 5.

2. Preliminaries

2.1. Notations. We consider the m-dimensional SDE driven
by fBm of the form

dx (t) = f (x(t),t)dt + g (x (t),t) dB" (1), o

x(ty) = x,.

We will suppose that (2) satisfies the conditions for a unique
global solution as in [7, Section 3.3]. Denote the solution
by x(t;ty, x,), which has continuous sample paths. Assume
furthermore that

fO,t)=0, g(0,t)=0, Vt=t, (3)
Then x(t) = 0 is the trivial solution of (2).

It is convenient herein for us to give a few necessary
notations. Let %% denote the family of all continuous nonde-
creasing functions y : R, — R, such that 4(0) = 0 and
p(r) > 0ifr > 0. Forh > 0,let S, = {x € R™ : |x| < h}.
A continuous function V(x, t) defined on S, x [t;, 00) is said
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to be positive definite (in the sense of Lyapunov) if V(0,¢) = 0
and, for some y € H#,

V(x,t) 2u(lx]), V(xt)eS,x[t,00). (4)

A function V is said to be negative definite if =V is positive
definite. A continuous nonnegative function V(x, t) is said to
be decrescent (i.e., to have an arbitrarily small upper bound)
if, for some y € %,
V(x,t) <u(lx]), VY(x.t)€S,x[ty00). (5)
A function V (x, t) defined on R"x [t,,, 00) is said to be radially
unbounded if
lim infV (x,t) = co. (6)

|x| — oo t2t,

Let C*'(S;, [ty 00); R, ) denote the family of all nonnegative
functions V(x,t) defined on S, x [t;, 00) such that they are
continuously twice differentiable in x and once in ¢.

Define a new derivative operator L™ associated with (2)
by

0 < 1o}
H== (x(t),1) —
at+;f,(x() ) 3%

2

m t
Y 0.60.0[ $09 9,00 dv

i 0 0x;0x; ’
(7)
where the nonlocal kernel function
¢(s,t) = HQH - 1)|s — ]2 (8)

If L™ acts on a function V € C*! (Sy, % [ty, 00); R,), then

L7V (x,t) = V; (5, 8) + V. (3, 8) f (x(t) 1)

Vo (58 g (x (), 1) L 6(1,5) g (x (v), ) dv.
©)

By fractional It6 formula [13], if x(t) € S, then

dv (x,t) = L™V (x,t) dt + V, (x,1) g (x (), t) dB” (¢).
(10)

Remark 1. Compared with the classical It6 (or Stratonovich)
SDEs [24], the significant difference is the presence of the
nonlocal kernel operator in the new differential operator L.

Remark 2. Since the kernel function ¢ is defined only for
1/2 < H < 1, so the derivative operator L' makes no sense
when 0 < H < 1/2. Thus we assume that 1/2 < H < 1
throughout this paper.

2.2. Stochastic Stability Concepts. It turns out that there are at
least three different types of stochastic stability: stability in
probability, moment stability, and almost sure stability. We
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focus on the first two types in this paper since we already
studied the third one in our previous paper [23].

We now give the definitions of stability in probability and
the pth moment exponential stability, which are the same as
those in [24].

Definition 3. The trivial solution of (2) is said to be stochas-
tically stable or stable in probability if, for every pair of & €
(0,1) and r > 0, there exists a § = d(e, 1, t;) > 0, such that

P{lx(t:txy)| <1, VE> 1t} > 1—¢, (11)

whenever |x,| < §. Otherwise, it is said to be stochastically
unstable.

Definition 4. The trivial solution of (2) is said to be stochas-
tically asymptotically stable if it is stochastically stable and,
moreover, for every € € (0, 1), there exists a § = 8(¢, ;) > 0,
such that

P {tlgrolox (5t ) = 0} >1-¢, (12)

whenever |x,| < d.

Definition 5. The trivial solution of (2) is said to be stochas-
tically asymptotically stable in the large if it is stochastically
stable and, moreover, for x, € R™

P {tlir{)lox (t:tg, x0) = 0} =1 (13)

Definition 6. Assume that p > 0. The trivial solution of (2) is
said to be pth moment exponentially stable if there is a pair
of positive constants A and C such that

E [|x (510, %0)|"] < Clxo|Pe ™, £218,,  (14)

for all x, € R™.

3. Main Results

We now extend the stochastic Lyapunov function techniques
to the SDEs driven by fBm.

Theorem 7. Ifthere exists a positive-definite function V(x, t) €
Cz’l(§h x [ty,00); R,) such that

LFv(x,t) <0 (15)

forall (x,t) € S;, x [t,,00), then the trivial solution of (2) is
stochastically stable.

Proof. By the definition of a positive-definite function, we
know that V(0,¢) = 0, and there is a function 4 € %, such
that

V(x,t) 2u(x]), VY(xt)eS,x[tp0). (16)
Lete € (0,1) andr > 0bearbitrary. Without loss of generality,
we assume that r < h.

Indeed, by the continuity of V(x,t) and the fact that
V(0,t,) = 0,wecanfinda § = §(e, 7, t,) > 0, such that

LoupV (x.tg) < (r). 17)

X€S;
It is not difficult to see that § < r. Now fix the initial value
X, € S; arbitrarily and write x(t; t,, x,) as x(¢) for simplicity.
Let 7 be the first exit time of x(¢) from S,; that is,
T=inf{t >t,:x(t) ¢S,}. (18)
For t > ¢, it follows that

T

Vx(TAt),TAL) = V(xo,t0)+J AtLHV(x(s),s)ds

+ jw V, (x(s),5) g (x(s),s)dB™ (s).
° (19)

Taking the expectation on both sides and utilizing the
condition LV (x, 1) < 0, we have

E[V(x(TAL),TAD] <V (x0tp)- (20)
Note that
lx(zAD)] = |x(7)] =1, (1)
if T < t. Hence, by (16), we further get

E[V(x(xAt), TAD] 2 E[IyV (x(1),7)]

(22)
>u(r)P{r<t}.
Together with (17), (20), and (22), we have
P{r<t}<e (23)
Lettingt — o0, we get
P{r < oo} <e. (24)
That is,
P{lx(®)|<r Vt=t,} =P{r =00}
(25)
=1-P{r<oo}=1-¢
Thus the proof is established. O

Theorem 8. If there is a positive-definite, decrescent function
Vix,t) € C*S;, x [ty,00);R,) such that LFV(x,t) is
negative definite, then the trivial solution of (2) is stochastically
asymptotically stable.

Proof. By the condition that L”V (x,t) is negative definite,
there exists a function y € %, such that

L'V (x,t) 2 u(lx]), V(xt) €S, x[typ00).  (26)



Then it follows from the definition of & -class functional that
LV (x,1) <. (27)

This, together with the positive-definite property of function
V(x,t), satisfies the required conditions in Theorem 7. It
means that the trivial solution is stochastically stable. So we
only need to show that, for any ¢ € (0,1), thereisa § =
O(e, ty) > 0 such that

P { lim x (¢, %,) = 0} >1-g (28)

t— 00
whenever |x,| < 6. Note that the assumptions on function
V(x,t) mean that V(0,t) = 0, and moreover, there are three

functions p,, y,, 43 € F such that

L7V (x,1) < =5 (Ix])
(29)

pr (Ix]) <V (x,8) < pp (3, 1)

forall (x,t) € S}, x [ty,00).
Let ¢ € (0,1) be arbitrary, and by Theorem 7, there is a
0 = 68(e, ty) > 0, such that

[F"{lx(t;to,xo)| < g} >1-

Z, Vx, €Ss.  (30)

For any x,, € S, write x(t; £y, x,) = x(t) simply. Let 0 < 8 <
|x,| be arbitrary and choose 0 < & < f3 sufficiently small for

ph (@) €
< - (31)
m(B) 4
Define the stopping times
T, =inf {t > t,: |x ()| < a},
(32)

Th=inf{t2t0 dx ()] = g}

For any t > ¢, it follows from (29) that

0<E[V(x(ty AT, AL), T, ATy AL)]

T AT AL

=V(x0,t0)+[E“t

LV (x (5), 9) ds] (33)

0

SV (xgty) — s (@ E [T, AT, A(E—tg)].
On the other hand, it yields
Elr, A1, A(t—tg)]
= E[ta Aty A (t = 10)] Iz ng o)
+ (T ATy At =10)) I pe, <ty (34)
2 E 1, Aty At —1t0)] Iz pg,oy

=(t-ty) P, AT, 2t}
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It then follows from (33) and (34) that

V (xqt
(t—t))P{r Ay >t} <E[r, AT, A(t—t5)] < Vit
U3 ()
(35)
Lettingt — ©o, we have
P{r, A1, < 00} = 1. (36)

On the other hand, it follows from (30) and (32) that
P {7, < o} < 2 (37)

Hence,

1=P{r, A1, < 00} <P {1, < oo} +P{r, < oo}

(38)
<P{r, <oo}+ £
4
which yields
I]J’{Ta<oo}21—§. (39)
Choose 0 sufficiently large for
P{Ta<9}21—§. (40)
Then
P{r, <1,A0} > P {{z, <6} n {1, = oo}}
3e
EP{T‘X<6}—P{Th<OO}21—Z.
(41)
Now, define two stopping times
oo AT ift, <1, N0,
" oo, otherwise, (42)
g =inf{t > o : [x (1) = B}.
For any ¢ > 0, it follows
E[V(x(15nt),15nt)] SE[V (x (0 AL),0AD)].
(43)

Noting that

V(x(tpAt),15AL) =V (x (0 AL), 0 AL) =V (x(t),1)
(44)

onw € {1, > 1, A0}, we get
E[LiryennarV (x (518) 75 A t)]
<E [I{Ta<‘rh/\9}v (X (Trx) ’ Ta)] .

Utilizing (30) and the fact that {Tﬂ <t} c{r, <71, NAO} we
further have

(45)

w (B)P {rs <t} <y (). (46)



Abstract and Applied Analysis

Together with (31), we deduce that

>
P <tp < -
Lettingt — ©o, we have
P {r; < oo} < £ (48)
P 4
It follows from (41) that
P {0 < 00,75 = oo}
(49)
> Pz, <Th/\6}—[|3’{rﬁ <oo} >1-e
This implies that
P {w : tlim sup |x ()] < ﬁ} >1-e (50)
Since f is arbitrary, we must have
P {w : lim sup |x (t)] = 0} >1-¢ (51)
t— 00
as required. The proof is complete. O

Theorem 9. If there is a positive-definite, decrescent, radially
unbounded function V(x,t) € Cz’l(Sh X [ty,00);R,), such
that L'V (x,t) is negative definite, then the trivial solution of
equation is stochastically asymptotically stable in the large.

Proof. By the proof of Theorem 8, the trivial solution of
equation is stochastically stable. So we only need to show that

P {tlim x (ttg, x,) = 0} =1, (52)
for all x, € R™; fix any x, and write x(t; ¢,, x,) = x(¢) again.

Lete € (0, 1) be arbitrary; since V/(x, t) is radially unbounded,
we can find an h > |x,| sufficiently large for

lxéihr)rtlaoV (x,t) = M. (53)
Define the stopping time

7, =inf {t >ty : |x ()| > h}. (54)

For any t > t, it follows that
E[V(x(z,At), 1, At)] <V (x,tp)- (55)

But, it follows from (53) that

E[V (e (g, A 1)1 n0)] 2 G0 )p

(56)

It then follows from (55) that
P{r, <t} < 2. (57)

5
Lett — 00; we have
£
P {1, < 0o} < 7 (58)
That is,
P {lx (®)| < h, Vtzto}zl—i. (59)

From here, we can show in the same way as the proof of
Theorem 8 that

P {tlingox (t) = 0} >1-e. (60)

Since ¢ is arbitrary, the required equation (52) must hold and
thus the proof is complete. O

Next we focus on the pth moment exponential stability
of (2) and always let p > 0. Now we establish a sufficient
criterion for the pth moment exponential stability by using
a stochastic Lyapunov function.

Theorem 10. Assume that there exist a function V(x,t) €
C*'(S;,x[ty, 00); R,) and positive constants c,, c,, ¢;, such that

(i) ¢lx|? <V (x,t) < g |x|?,

(61)
(i) L7V (x,t) < -V (x,1),
for all (x,t); then
(k)] < 2l @)

forall x, € R" and t > t. In other words, the trivial solution
of (2) is pth moment exponentially stable and pth moment
Lyapunov exponent should not be greater than —c;.

Proof. Fix any x, € R™ and write x(;ty, x,) = x(t). For each
n > |x,|, we define the stopping time

7, =inf {t >ty : [x ()| = n}. (63)

Clearly, 7, — ocoasn — oo almost surely.
By fractional It6 formula, we can derive that, for ¢t > ¢,

Y (ATt AT,)

tAt,
=V (x4, 1) + 6 J eV (x(s),5) ds
0

tAT,
+ J eV (x(s),5) ds

(=1

+ J ' Y (x(5),5) g (x(s),9) (64)

X thb(v,s)g(x v),v)dvds
0

+ JMT” ec3(s_t°)Vx (x(s),8) f(x(s),s)ds

0

tAT,
+ J eV (x(s),9) g (x(s),s)ds.
0



Taking expectation on both sides of (64) and using (9) give
E [eoj(tAT’“—tO)V ((tnT,), tA ‘rn)]

= V(xmto)

+E [erﬂ e(7t) (C3V (x(s),s) + L (x(s), s)) ds] .
’ (65)
Using condition (ii) in (61), we then obtain that
E[e2“" 0V ((tAT,).tAT,)] <V (xpty).  (66)
Combining (66) and condition (i) in (61) gives that

Clecs(t/\rn—to)[E [lx (t A Tn)|P] <V (xo>t0) < Q|Xo|p.

(67)
Lettingn — oo yields that
ae [l 0F] < g%l (68)
which implies
E [lx )] < %|xo|P el (69)
1
as desired. Therefore the proof is complete. O

Remark 11. Note that Holder inequality implies
(E [« D" < (E[IxP])"? (70)

for 0 < r < p. Then pth moment exponential stability implies
rth moment exponential stability. In particular, when p = 2,
it is usually said to be exponentially stable in square-mean
sense.

Remark 12. 1t should also be pointed out that when H =
1/2, the statements in these theorems reduce to Itd6 SDEs
[24]; when g(x,tf) = 0, these statements reduce to the
corresponding deterministic ones.

Remark 13. It would be very hard to study the stochastic
stability of some SDEs driven by fBm via Lyapunov function
approach because of the nonlocal property of the kernel
function ¢(-, -).

Remark 14. The greatest disadvantage of the stochastic Lya-
punov technique is that no universal method has been given
which enables you to find a Lyapunov function or determine
that no such function exists.

4. Two Examples

Through the above discussion, we have established some
stochastic-Lyapunov-function-based stability criterions for
the SDEs (2) driven by fBm. Now we apply the obtained crite-
rions to check the stochastic stability of Ornstein-Uhlenbeck
process driven by fBm and nonlinear radial Ornstein-
Uhlenbeck driven by fBm. To do this, the procedure is to
construct some suitable stochastic Lyapunov function and

verify the required properties of a new derivative operator L.
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4.1. Example 1. Precisely, the Ornstein-Uhlenbeck process
reads [25]

dx (t) = —0x (t) dt + 0dB" (1), (71)

where BH(t) is a standard fBm with Hurst parameter 1/2 <
H < 1and 0 > 0, o are arbitrary constants. It is obvious that
(71) satisfies the conditions for a unique global solution as in

(7].
Proposition 15. Equation (71) is stochastically stable.

Proof. We construct the time-dependent stochastic Lyan-
punov function

V (x,t) = exp (-AOt) x, (72)

for A > 0 sufficiently large.

First we check the positive-definite property of function
(72). It is easy to observe that there are positive constants m
and M such that

m < exp (-A0t) < M. (73)
Obviously, V(0,t) = 0 and there exists J-class function
Uy (x) = mx*, (74)
such that
Vi(xt) 2 gy (1)) (75)

Then we check the nonnegative property of the operator
LY. In fact, it follows from (9) that

L7V (x,1) = V, (x,1) + V, (x,1) (-0x)

+0°V,, (x,t) r ¢ (v,t)dv
0

= —A0 exp (—AO1) xt - 40 exp (—A0t) x* (76)
+ 12Ho A1 exp (—A0t) x*

= —(A+4)0exp (-A01) x*
+ 12Ho*t?H! exp (—AOt) x”.

Note the first term in the right hand side of (76) and choose
A sufficiently large such that the second term vanishes. Thus,

LRV (x,1) < 0. (77)

Therefore, we prove this proposition according to Theorem 7.
O

Proposition 16. Equation (71) is stochastically asymptotically
stable.

Proof. We construct the same stochastic Lyapunov function

V (x,t) = exp (—AOt) xt (78)
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By the proof of Proposition 15, we know that function (72) is
positive definite.

Now we verify the decrescent property of (72). In fact, it
is easy to observe that V(x,t) > 0, and there exists a J# -class
functional

iy (x) = Mx*, (79)
such that
Vi(x,t) < py (Ix]). (80)

Next we only need to check the nonnegative property
of operator L™, that is, to check that —L*V (x, t) is positive
definite. In fact, it is easy to see that —LHV(0,t) = 0, and there
exists J -class functional

s (x) = (A+4—¢)Oexp (-A0t) x*
(81)
— 12Ho**H ! exp (—A0¢) X2,

such that
LV (x,1) = s (1), (82)

where ¢, > 0 is arbitrary.
Therefore, we prove this proposition according to
Theorem 8. O

Proposition 17. Equation (71) is stochastically asymptotically
stable in the large.

Proof. We construct the same stochastic Lyapunov function
V (x,t) = exp (—-AOt) X (83)

By the proofs of Propositions 15 and 16, we know that function
(72) is positive definite and decrescent, and the derivative
operator L7 is negative definite.

So we only need to check that function (72) is radially
unbounded. In fact, it follows from the definition of radially
unbounded that

o o 4 _
lx}linooltrzlgV (x,t) = lx}linoomx = 00. (84)

Therefore, we prove this proposition according to
Theorem 9. O

Proposition 18. Assume that p > 0. Equation (71) is pth
moment exponentially stable and the pth moment Lyapunov
exponent should not be greater than —(A+4—¢,)0, wheree, > 0
is an arbitrary constant.

Proof. We first consider p > 4. Let p = 2(q + 1), where g > 1.
We consider the stochastic Lyapunov function

V (x,t) = exp (-A0t) xF. (85)
Choose ¢; = mand ¢, = M; then

aqxf <V (x,t) < oxf, (86)

7
which implies that the condition (i) in (61) is satisfied.
On the other hand, by (76) there exists €, > 0 such that
L7V (x,1) = — (A + 4) O exp (-A01) xP
+ 12Ha* " exp (-A0t) x*
(87)

<-(A+4-g)0exp(-A0t) xF

= —(A+4—€2)9V(xrt)'

Let ¢; = (A + 4 — &,)0; then condition (ii) in (61) is satisfied.

According to Theorem 10, (71) is pth moment exponen-
tially stable, where p > 4.

When 0 < p < 4, by Remark 11, (71) is also pth moment
exponentially stable.

Therefore, (71) is also pth moment exponentially stable
forall p > 0, and the pth moment Lyapunov exponent should
not be greater than —(A + 1 — ¢,)0. O

4.2. Example 2. The nonlinear Ornstein-Uhlenbeck model
driven by an fBm is given by

dX ()= (-6X"'()-X®)+0oB"(t),  (88)

where BH(t) is a standard fBm with Hurst parameter 1/2 <
H < 1and 8 > 0, o are arbitrary constants.

Proposition 19. Equation (88) is stochastically stable.

Proof. We construct the time-dependent stochastic Lyapunov
function

V (x,1) = exp (-At) x*, (89)

for A > 0 sufficiently large.

First we check the positive-definite property of function
(89). It is easy to observe that there are positive constants m
and M such that

m < exp (—At) < M. (90)
Obviously, V(0,t) = 0 and there exists J# -class function
p (x) = mx’, (91)
such that
Vi(x,t) = p (Ix]). (92)

Then we check the nonnegative property of the operator
LY. In fact, it follows from (9) that

LAV (x,8) = V, (x,0) + V, (x,£) (=0x7" (1) - x (1))

+0°V,, (x,1) Jt ¢ (v,t)dv
0

= —dexp (—At) x*-40 exp (—At) xi-4 exp (—At) Xt

2, 2H-1

+ 12Ho"t exp (—At) x*

=—(A+4)exp (-A0t) x* - 40 exp (—At) x*

2,2H-1

+ 12Ho"t exp (—At) X2

(93)



Note the first two terms in the right hand side of (93) and
choose A sufficiently large such that the third term vanishes.
Thus,

LV (x,1) < 0. (94)

Therefore, we prove this proposition according to Theorem 7.
O

Proposition 20. Equation (88) is stochastically asymptotically
stable.

Proof. We construct the same stochastic Lyapunov function
V (x,t) = exp (—At) X (95)

By the proof of Proposition 19, we know that function (89) is
positive definite.

Now we verify the decrescent property of (89). In fact, it
is easy to observe that V(x,t) > 0, and there exists a J# -class
functional

uy (x) = Mx*, (96)
such that
Vi(x,t) < p, (Ix]). (97)

Next we only need to check the nonnegative property
of operator L™, that is, to check that —L™V (x, ) is positive
definite. In fact, it is easy to see that -7 V(0,t) = 0, and there
exists J -class functional

s (x) = (A+4-&)exp (-A0t) x*

+ 40 exp (—At) x> = 12Ho**H ! exp (—At) X%,
(98)
such that
~L"V (x,1) = s (|x]) (99)

where &, > 0 is arbitrary.
Therefore, we prove this proposition according to
Theorem 8. O

Proposition 21. Assume that p > 0. Equation (88) is pth
moment exponentially stable and the pth moment Lyapunov
exponent should not be greater than —(A +4 —¢,), wheree, > 0
is an arbitrary constant.

Proof. We first consider p > 4. Let p = 2(q + 1), where g > 1.
We consider the stochastic Lyapunov function

V (x,t) = exp (-A0t) xF. (100)
Choose ¢, = mand ¢, = M; then
axf <V (xt) <exb, (101)

which implies that the condition (i) in (61) is satisfied.
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On the other hand, by (93) there exists ¢, > 0 such that

L7V (x,1) = — (A + 4) exp (—-A0t) x? — 40 exp (-At) x*

2,2H-1

+12Ho t* " exp (—At) x™

< —(A+4-¢g,)exp (-A0t) xP

=-(A+4-¢)V(x1).
(102)

Let¢ = (A+4—¢,), and then condition (ii) in (61) is satisfied.

According to Theorem 10, (88) is pth moment exponen-
tially stable, where p > 4.

When 0 < p < 4, by Remark 11, (88) is also pth moment
exponentially stable.

Therefore, (88) is also pth moment exponentially stable
forall p > 0, and the pth moment Lyapunov exponent should
not be greater than —(A + 4 — ¢,). O

Remark 22. The aim of the time-dependent term in our
constructed stochastic Lyapunov function is to eliminate the
effect of nonlocal kernel function.

5. Conclusion

In this paper, we have established the stochastic Lyapunov
techniques for SDEs driven by fBm. The obtained results are
very effective to verify the two important types of stability,
that s, stability in probability and moment exponential stabil-
ity, for a given stochastic systems driven by fBm. Also, it opens
a possible way to stochastic stabilization and destabilization
problem associated with SDEs driven by fBm.
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