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We first present some new existence theorems for fixed point problem and minimization problem in compact metric spaces without
assuming that mappings possess convexity property. Some applications of our results to new fixed point theorems for nonself
mappings in the setting of strictly convex normed linear spaces and usual metric spaces are also given.

1. Introduction and Preliminaries

Let (X, d) be a metric space. Denote by .#/(X) the family of
all nonempty subsets of X. The symbols N, R, and C are
used to denote the sets of positive integers, real numbers, and
complex numbers, respectively. Let K be a nonempty subset
of X,letT : K — X be a single-valued mapping, and let S :
K — #/(X)be a multivalued mapping. A point v in K is said
to be a fixed point of T (resp. S) if Tv = v (resp. v € Sv). The set
of fixed points of T (resp. S) is denoted by F(T') (resp. F(S)).
An extended real valued function f: X — (—00, +00] is said
to be lower semicontinuous at X € X if, for any sequence {x,,}
in X with x, — X, we have f(x) < liminf, ,  f(x,). The
function f is called to be lower semicontinuous on X if f is
lower semicontinuous at every point of X. The function f is
said to be proper if f # co.

Let (E, | - II) be a normed linear space over the field K =
C or R. E is said to be strictly convex if x = y whenever
l(x + »)/2] = llx|l = | yll; in other words, the unit sphere of E
does not contain nontrivial segments. It is worth mentioning
that the strict convexity of a normed linear space E can
be characterized by the properties: for any nonzero vectors
x,y € E,if |x + yl = x|l + [ yl, then y = cx for some real

¢ > 0. The following four types of line segments between two
distinct points a and b of E are defined as the sets:

Seg(a,b) = {a+(1-A)b: e (0,1)},
Seg[a,b) = {Aa+(1-A)b:Ae(0,1]},
Seg(a,b] = {Aa+ (1= A)b: A e [0,1)},
Seg[a,b] = {Aa+ (1-A)b: A€ [0,1]}.

Clearly, Seg[a, b] is a closed subset of E.

The celebrated Banach contraction principle [1] plays an
important role in various fields of nonlinear analysis and
applied mathematical analysis.

Theorem 1 (Banach [1]). Let (X, d) be a complete metric space
andletT : X — X be a selfmap. Assume that there exists a
nonnegative number y < 1 such that

d(T(x),T(y)) <yd(xy) Vx,yeX )

Then T has a unique fixed point in X. Moreover, for each x € X,
the iterative sequence {T"x}, . converges to the unique fixed
point of T.
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Let K be a nonempty subset of a metric space (X, d) and
let T : K — K be a mapping. Recall that T is said to be
contractive [2] if

d(Tx,Ty) <d(x,y) Vx,y €K with x#y. (3)

The following interesting fixed point theorem in the
setting of compact metric spaces is due to Edelstein in [2].

Theorem 2 (Edelstein [2]). Let (K, d) be a nonempty compact
metric space and let T : K — K be contractive. Then T has a
unique fixed point in K.

In 1976, Caristi proved the following famous fixed point
theorem to extend Banach contraction principle.

Theorem 3 (Caristi [30]). Let (X,d) be a complete metric
space and let f : X — R be a lower semicontinuous and
bounded below function. Suppose that T is a Caristi-type map
on X dominated by f; that is, T satisfies

d(x,Tx) < f(x)- f(Tx) for each x € X. (4)

Then T has a fixed point in X.

It is well-known that Caristi’s fixed point theorem is
equivalent to Ekeland’s variational principle, to Takahashi’s
nonconvex minimization theorem, to Dane$’ drop theorem,
to petal theorem, and to Oettli-Théras theorem; see, for
example, [3, 4] and references therein for more details. In
view of the important contribution of Caristi’s fixed point
theorem on nonlinear analysis, a great deal of generalizations
in various different directions of the Caristi’s fixed point
theorem has been investigated by several authors. For more
details on these generalizations, one can refer to [3-19] and
references therein.

During the last few decades, an interesting and important
direction of research in metric fixed point theory is to study
the existence and uniqueness of fixed points for single-valued
nonself mappings or multivalued nonself mappings satistying
certain nonlinear conditions. A mass of such research has
been investigated by many authors; see, for example, [20-29]
and the references therein.

In this work, we first present some new existence the-
orems for fixed point problem and minimization problem
in compact metric spaces without assuming that mappings
possess convexity property. Some applications of our results
to new fixed point theorems for nonself mappings in the
setting of strictly convex normed linear spaces and usual
metric spaces are also given.

2. Existence Results for Fixed
Point Problem and Minimization
Problem without Convexity

We start with the following crucial and useful existence result
for fixed point problem and minimization problem which is
one of the main results of this paper.
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Theorem 4. Let (K, d) be a nonempty compact metric space,
let f: K — (—00,+00] be a proper lower semicontinuous
function bounded from below, and let T : K — W(K) be a
multivalued mapping. Suppose that

(H1) for any x € K with x ¢ Tx, there exists y € Tx such
that

fy) < f. (5)

Then, there exists v € K such that

(a) veTw,
(b) f(v) = inf{f(x)

+00.

s x € Tvl = inf{f(x) : x € K} <

Proof. Since f is bounded from below,
c:=inf{f (x):x € K} > —co0. (6)

Since f is proper, there exists w € K such that f(w) < +00.
It follows that

¢ < f(w) < +oo. (7)

Hence, by (6) and (7), we know ¢ € R. One can find a
sequences {v,}, . in K such that

Jim f (v,) = c. (8)

By the compactness of K, there exists subsequences {an} C
{v,} and v € K such that

Va, =V as j — oo. 9)
By the lower semicontinuity of f and (8), we have
c<f)< li]nliorg)ff(vnj) = (10)
which implies

f() =c=inf{f (x):x € K}. (11)

Next, we claim that v € Tv. On the contrary, assume that
v ¢ Tv. Then, by our hypothesis (H1), there exists y, € Tv
such that

fm>f)zfw, (12)

which is a contradiction. Therefore v € Tv and the conclusion
(a) is proved. Due to

f()=inf{f (x):x € K} <inf{f (x): x € Tv} < f (v),
(13)

we show the conclusion (b). The proof is completed. O]

The following existence theorem is obviously an immedi-
ate result from Theorem 4.
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Theorem 5. Let (K, d) be a nonempty compact metric space,
let f: K — (—00,+00] be a proper lower semicontinuous
Sfunction bounded from below, and let T : K — K be a single-
valued selfmapping. Suppose that

(H2) f(x)— f(Tx) > 0 for any x € K with x #+ Tx.
Then there exists v € K such that

(@) Tv =,
(b) f(v) =inf{f(x) : x € K} < +00.

In fact, we have the following important fact.
Theorem 6. Theorems 4 and 5 are equivalent.

Proof. It suffices to show that Theorem 5 implies Theorem 4.
Under the assumption (H1) of Theorem 4, for any x € K with
x ¢ Tx, there exists y, € Tx such that

f(ye) < f (). (14)

So, we can define a single-valued selfmap G : K — K by

Gox - X, ?f x € Tx, (15)
¥V, if x ¢ Tx.

It is easy to see that G satisfies f(x)— f(Gx) > Oforany x € K
with x # Gx. So, all the hypotheses of Theorem 5 are fulfilled.
It is therefore possible to apply Theorem 5 to get v € K such
that

(a) Gv =,
(b) f(v) =inf{f(x): x € K} < +00.

By (a) and the definition of G, we have v € Tv. From (b) and
v € Tv, we get

f(v)=inf{f (x):x € Tv} =inf {f (x) : x € K} < +00.
(16)

Therefore Theorem 5 implies Theorem 4 and hence the proof
is completed. O

Applying Theorem 4, we establish the following com-
pactness version of Caristi’s type fixed point theorem for
multivalued mappings.

Theorem 7. Let (K, d) be a nonempty compact metric space,
let f: K — (—00,+00] be a proper lower semicontinuous
function bounded from below, and let T : K — W(K) bea
multivalued mapping. Suppose that, for any x € K, there exists
y € Tx such that

d(x,y) < fx)-f(y). (17)
Then there exists v € K such that

(@) veTy

(b) f(v) = inf{f(x) : x € Tv} = inf{f(x) : x € K} <
+0Q.

Proof. For any x € K with x ¢ Tx, by our hypothesis, there
exists y € Tx such that

0<d(xy)<fx)-f(y) (18)

which implies
f)<f). (19)
So (H1) as in Theorem 4 is satisfied. Therefore the conclusion
follows from Theorem 4. O

As a direct consequence of Theorem 7 we obtain the
following result which is a compactness version of Caristi’s
fixed point theorem.

Theorem 8. Let (K, d) be a nonempty compact metric space,
let f: K — (—00,+00] be a proper lower semicontinuous
function bounded from below, and let T : K — K be a single-
valued selfmapping. Suppose that T is a Caristi-type map on K
dominated by f; that is, T satisfies

d(x,Tx) < f(x)— f(Tx) for each x € K. (20)
Then there exists v € K such that

(@) Tv =,

(b) f(v) =inf{f(x) : x € K} < +00.

Theorem 9. Theorems 7 and 8 are equivalent.

By applying Theorem 5 (or Theorem 4), we obtain the
following new fixed point theorem for nonself mappings in
metric spaces.

Theorem 10. Let K be a nonempty compact subset of a metric
space (X,d) and let S : K — X be a continuous mapping.
Suppose that

(H3) for any x € K with x # Sx there exists y € K\ {x} such
that

d(y,Sy) < d(x,Sx). (21)

Then S admits a fixed point in K.
Proof. Define f: K — R by
f(x)=d(x,Sx) forxeK. (22)

By the continuity of S, f is continuous and bounded below by
0. By the assumption (H3), for any x € K with x # Sx, there
exists y, € K\ {x} such that

f () =d(yeSy,) <d(x,Sx) = f (x), (23)

so we can define a single-valued selfmap T : K — K by

Tx = % HX=5% (24)
Ve if x#Sx.



For any x € K with x # Sx, by (23) and the definition of T', we
obtain

f(x) - f(Tx) > 0. (25)

Hence we prove that (H3) implies (H2) in Theorem 5.
Applying Theorem 5, there exists v € K such that Tv = v,
which deduce Sv = v. The proof is completed. O

Remark 11. Edelstein’s fixed point theorem [2] (i.e., Theo-
rem 2) is a special case of Theorem 10. Indeed, since T is
contractive, it is easy to see that T' is continuous on K. For
any x € K with x # T, let y = Tx. Then y € K \ {x} and

d(x,Tx)-d(y,Ty) =d(x,Tx)—d (Tx, sz)
(26)
>d(x,Tx) —d(x,Tx) = 0.

Hence (H3) as in Theorem 10 is satisfied. Therefore the
conclusion follows from Theorem 10.

3. Some Applications of Theorem 10

In this section, we study some applications of Theorem 10
to fixed point theory. We first establish a new fixed point
theorem without assuming that nonself mappings possess
convexity property in the setting of strictly convex normed
linear spaces by exploiting Theorem 10.

Theorem 12. Let (E, | - ||) be a strictly convex normed linear
space, let K be a nonempty compact subset of E, and let T :
K — E be a continuous mapping. Suppose that

(HA4) for any x € K with x # Tx there exists y € K \ {x} and
y #Tx such that

e~ Tl = [~ y] + |y - T
(27)
I~y < I~ 1.

Then T admits a fixed point in K.

Proof. We first claim that the condition (P) holds, where

(P) for any x € K with x #Tx there exists y € K \ {x}
such that ||y — Ty < [|x — Tx|.

Indeed, let x € K with x # T'x be given. By (H4), there exists
vy, € K\ {x} and y, # Tx such that

lx = Tx|| = ”x_yx" + "yx - Tx" ’

(28)
1T = Ty < fl =y -
It follows that
Iy = Tyl < ys = T + [ Tx = Ty, |
<y =T + = ] (29)

=|lx - Tx|.

If |y, — Tyl < |lx — Tx||, then our claim (P) is finished.
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Suppose ||y, — Ty, |l = llx —Tx|. Since E is strictly convex,
X# Yo Yo #Tx,and |x - Tx| = |lx — y, |l + |y, — Tx||, there
exists A > 0 such that

Ye—Tx=A(x - y,). (30)
Letc = A/(1 + A). Then ¢ € (0, 1). By (30), we have
ye=cx+(1-¢)Tx € Seg(x,Tx). (31)
Hence y, € Seg(x,Tx) N K. Put
o ={w e Seg(x, Tx)NK : |lw-Tw| = |x-Tx|}. (32)
Since y, € o, of #0. Let p := sup,,. ,llw — x|. Then

0<ly-slsp<swplo-xl<oco. ()
wekK

We can choose a sequence {v,} ¢ <, such that

Jim v, - x| = p. (34)
Since {v,} < Seg(x,Tx) N K < Seg[x,Tx] N K and
Seg[x, Tx]NK is a nonempty compact subset of E, there exist

a subsequence {v, } of {v,} and a vector v € Seg[x,Tx] N K
such that

V,, — vV asi-— 0o. (35)
By taking into account (34) and (35), we get
Iv=xl = lim |lv, - x| =p >0, (36)
1— 00

which implies v# x. So v € Seg(x, Tx] N K and hence there
exists x € [0, 1) such that

v=xx+(1-x«)Tx. (37)
On the other hand, by the continuity of T, we obtain
Tv, — Tv asi— oo. (38)

For anyi € N, since v, € &, we have
1

|V, = T | = Il =TIl (39)
Thus, by (37), we obtain
[v—Tv| < “v V| + “Vn,- =Tv, |+ “Tvni - Tv“

= ”v =V, " + |lx = Tx|| + "T"n,- - Tv” Vi e N.
(40)

By taking the limit from both sides of the last inequality, we
get

lv—Tv| < llx - Tx|. (41)

If [|[v—Tv| < [lx — Tx||, then our claim (P) is proved when we
take y = v. Suppose [[v — Tv| = |x — Tx||. Let

B ={weSeg[v,Tx]NK : |lw—-Tw| = |v-Tv|}. (42)
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Then @+ B c . Let { := sup,gllw —x|l. Then 0 < { < p <
00. We can find a sequence {z,,} ¢ & c Seg[v, Tx] N K, such
that

Aim {2, =] = ¢. (43)

By the compactness of Seg[v,Tx] N K, there exist a subse-
quence {an} of {z,} and a vector z € Seg[v, Tx] N K such that
2z, —Z

as j — oo. (44)

From (43) and (44), we get

Iz~ = Jim |z, ~x| =¢. (45)

By (44) and the continuity of T', we have

Tz,,j — Tz as j— oo. (46)
Forany j € N,
Zy, = Tz,,j =|lv=Tv| =|lx-Tx| due to Vy, € .
(47)
Since
lz-Tz| < "z =2y ||+ |12, — Tznj + “Tznj = Tz|| VjeN,
(48)
taking into account (44), (46), and (47), we get
lz - Tzl < llx - Tx] . (49)

We will verify [z — Tz| < |lx — Tx||. Assume |z — Tz| =
lx = Tx|l = |lv —Tv|l. Then z € B.So z = nv + (1 — )Tx for
some # € [0, 1]. Thus, by (37), we have

v=xx+(1-x)Tx

n (50)
:Kx+(1—1<)( z- v)
1-7y 1-7
which deduces
1- _
V:K( n)x+1 * (51)
1-nx 1-nx

Since k € [0, 1), we have 1 —yx > 0 and (1 — x)/(1 —#x) > 0.
Because k(1 — #)/(1 = nx) > 0, (1 — k)/(1 — nx) > 0, and
k(1-1)/(1-nx)+(1-x)/(1-nk) = 1, we know v € Seg(x, z)
and hence

x =zl =lx=vl+lv-z|. (52)
Since v# x and v # z, by (36), (45), and (52), we get
(=lz-xl>lv-xl=p (53)

which leads a contradiction. Hence it must be ||z — Tz| <
lx — Tx||. So our claim (P) is proved when we take y = z.
Now, all the hypotheses of Theorem 10 are fulfilled, so it is
therefore possible to apply Theorem 10 to get the thesis. [

As another interesting application of Theorem 10, we give
the following new fixed point result for nonself mappings in
usual metric spaces. It is worth mentioning that condition
(H5) as in Theorem 13 is different from condition (H4) as in
Theorem 12.

Theorem 13. Let K be a nonempty compact subset of a metric
space (X,d) and let S : K — X be a continuous mapping.
Suppose that

(H5) for any x € K with x # Sx, there exists y € K\ {x} such
that

d(x,y)+d(y,Sx) =d(x,5x),

(54)
d(Sx,Sy) <d(x,y).

Then S admits a fixed point in K.

Proof. Let x € K with x # T'x be given. Then, by (H5), there
exists y € K\ {x} such that

d(x,y)+d(y,Sx) =d(x,5x),
(55)
d(Sx,Sy) <d(x,y).
It follows from the last inequalities that
d(x,Sx)—d(y,Sy)=d(x,y) +d(y,Sx) —d (y,Sy)
>d(x,y)-d(Sx,Sy) (56)
>d(x,y)-d(x,y) = 0.

So (H3) as in Theorem 10 is satisfied. Hence the conclusion
follows from Theorem 10. O

Let K be a nonempty subset of a metric space (X,d). A
mapping T': K — K is said to be metrically inward [30] if,
for each x € K, there exists u € K such that

d(x,u)+dw,Tx) =d (x,Tx), (57)
where u = x if and only if x = Tx.

Theorem 14. Let K be a nonempty compact subset of a metric
space (X,d) and let S : K — X be a metrically inward
contractive mapping. Then S admits a unique fixed point in K.

Proof. Applying Theorem 13, S has a fixed point in K. To see
the uniqueness of fixed points of S, let u,v € F(S). Iff u#v,
since S is contractive, we have

d(u,v) =d(Su,Sv) <du,v), (58)

a contradiction. Hence u = v and F(S) is a singleton set. The
proof is completed. O

Finally, the following example is given to illustrate Theo-
rem 14.



Example 15 (see [26, Example 3.1]). Let X = R2. Define a
norm on X by

lxll = max {|x,],|x,|} for x = (x,x,) € X. (59)
Then (X, | - ||) is a Banach space and the norm is equivalent
to the Euclidean norm on X. Let

K:{(xl,xz)eX:OSxZle,
(60)
0<x <5 fuf(1-v2o)}.

2

So K is a nonempty compact subset of (X, | - ||). Define a
mapping S : K — X by

2 2
x;—-1 x
S(T?) for x = (x,,%;) € K. (61)

Hence § : K — X is a metrically inward contractive
mapping (see [26, Example 3.1]). By applying Theorem 14, we
know that S has a unique fixed point in K. In fact, precisely
speaking, (1 — V/2,0) is the unique fixed point of S.
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