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We study the analytic property of the (generalized) quadratic derivative Ginzburg-Landau equation (1/2 < « < 1) in any spatial
dimension # > 1 with rough initial data. For 1/2 < « < 1, we prove the analyticity of local solutions to the (generalized) quadratic
derivative Ginzburg-Landau equation with large rough initial data in modulation spaces M}l,jlz“ (1 £ p < 0c0). Fora = 1/2,
we obtain the analytic regularity of global solutions to the fractional quadratic derivative Ginzburg-Landau equation with small
initial data in Bgo’l (RN Mgo,l (R"). The strategy is to develop uniform and dyadic exponential decay estimates for the generalized

: o
Ginzburg-Landau semigroup e” %" to overcome the derivative in the nonlinear term.

1. Introduction

In this paper, we are interested in the Cauchy problem
of the following generalized quadratic derivative complex
Ginzburg-Landau equation (GDGL):

u, + (a+1) (-A)"u —?-V(uz) =0, u(0,x)=1uy(x),
(1

where u is a complex valued function of (t,x) € R™ x R",
R* = [0,00),n > 1.a > 0 is the dissipative coefficient,
1/2 < a < 1. jisagiven complex vector in R". 1y (x) is a given
complex valued function of x € R". u, = du/ot and (-A)"
denotes the fractional Laplacian defined by (—A)*u(t,&) =
[E*T(t, &). Tt is well known that (1) can be rewritten into an
integral equation as follows:

u(t) = Gy () ug + Ay, ()7 V(uz))’ @)
where

p « . 2a
Gy (£) = & @D _ gl mlattE™ g

t 3)
(‘dZaf) (t) = J G2(x (t - T) f (T, x) dr.

0

Complex Ginzburg-Landau type equation is one of the
most-studied equations in physics. It describes a lot of phe-
nomena including nonlinear waves and the evolution of
amplitudes of unstable modes for any process exhibiting a
Hopf bifurcation. GDGL (1) is also called derivative fractional
Ginzburg-Landau equation. For details of physical back-
grounds of the fractional Ginzburg-Landau equation (1),
one can refer to [1-3]. Equation (1) is both dissipative and
dispersive. If « = 1, (1) is the quadratic derivative Ginzburg-
Landau equation (QDGL):

ut—(a+i)Au—)7-V(u2) =0, u(0,x)=uy(x). 4
Ifa =1,a =0, (1) reduces to the well-known quadratic deri-
vative Schrodinger equation (DNLS):

ut—iAu—)_/'-V(uz):O, u(0,x) = uy (x). (5)

For DNLS (5), Christ [4] proved that when space dimen-
sion n = 1, the flow map 4, — u is not continuous in any
Sobolev space H*(R') with any exponent s for any short
time in the sense that [[ugll: < 1 but [lu(f)]y > 1 after
an arbitrarily short time. For (5), Stefanov [5] established in
one space dimension the existence of local solution in H'
with small total disturbance u, in HYRY n LYRY n {f:
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sup, | J'jcoo f(y)dyl < e}. Han et al. [6] showed that (4) and (5)

are locally well-posed in modulation space Mil(R”) under
the small condition of [lul;: norm and they obtained the
inviscid limit behav10r between the solutions of (4) and (5)
with initial data in M 1.1(R") as the dissipative parametera —
0. For general a, to the knowledge of the author, there are few
results on (1). In this paper, we will study the analyticity of
solutions of (1) for 1/2 < « < 1 with rough initial data in
certain modulation space. In the case 1/2 < « < 1, we prove
that the local solutlon of (1) is real analytic with initial data
in M1 2"‘(1 < 00); in the case & = 1/2, we show that (1)

is globally well—posed with small initial data in Mgo’l N 320,1
and moreover the global solution of (1) is real analytic for any
t>0.

We now briefly sketch the idea of the proof. The basic
strategy is to choose the working space to be some time dep-
endent type exponential modulation space, say L*(I; E;)q)
with s > 0, and consider the map:

T u(t) — Gy Oty + A5, (Y- V) u’s (6)

then use the standard contraction mapping method to prove
that there exists a unique solution in this space. Due to the
nice property of Ej, ,» the solution is naturally analytic for any
s > 0. However, the main obstacle comes from the derivative
in the nonlinear term. To resolve this difficulty, our idea is
to make full use of the strong dissipative property of GDGL
(1) when a > 0. Motivated by the work in [7, 8], we prove
two exponential decay estimates of the generalized Ginzburg-
Landau semigroup G, (t) = e~ @D combined with freq-
uency uniform decomposition operator O, and frequency
dyadic decomposition operator A ;:

_ 2
||DkG2(x(t)f"p se zeatli ”Dkf”p’

_ 7)

"A]‘Gza (f) f"p < efcat22 j A

jf"p, 1< p<oo,

for all f € LP. Then we gain 2« derivative in space from (7)
in suitable space time norm which is sufficient to balance the
one order derivative in the nonlinear term. More precisely,
when 1/2 < a < 1, we choose the resolution spaceas @ = {u :
12/Ca=)(1, E;‘fl) < 8} and establish some linear estimates of
G, (t) and o/, f in this space like

“G2¢x () uo"iZa/(Z(x—l)(I)A;E;f{) < Z (k) 1—2¢x"Dku0”P)
keA

Acz"\{o}, (8

150 Gaa (o] peleabp S 72D/ =1 P

And o, f satisfies similar estimates. Since
|G ) u0||Z2°‘/(2“*1)(I,{k:|k|< THE)

Qa-1)/2a ; py2a-1 Y
<ql D™ Nuoll gz
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one can choose |I| sufficiently small to make sure that

- - 5
C| 1| /@) (1y2a 1||u0||M})32a < 7 (10)

and finally verify that J is a contractive map on 2
which ensures that (1) has a local solution satisfying

lleall poes oo g, peary < 8. Moreover, we can prove that
SEC

Z<k>1—2(x
k

which implies that (I — A) 22y € T°(I, E;“f ) and hence
the local solution is analytic for any t > 0. However, when o =
1/2, it is impossible to choose I satistying (10). To make this
bound valid, one needs to impose additional small condition
on |lu,ll Mo, Then we will only obtain the existence of local

solution with small initial data which is not ideal. So we
intend to seek for different approach in this critical situation.
The preferred working space would be {u : [[ullzeo (g;pear ) < 6}

2cmlklmku||y;gly; = ””onmlgfa +&% 1)

But when we bound
o - 9) |

L (L2 ;Eg‘é’,l)

< “()7 V) “Znila;Zi;EZ’,l)

n
< Z 0, u
=

(12)

j ZI(I;Z’l;ECtol)||u”zoo(1;‘zz;Eco‘§,1)’
it is easy to see that to control the right-hand side of (12),

n . . .
21 o, IIP(I —_— should be involved in the working

space. So, the natural working space would be & = {u :
lully < 8} where |lully = ¥ 1 19t gopear ) + Nl ripen -
However, the obstacle comes again. The following low fre-
quency projection term could not be bounded in this working
space:

|00t (7 9) |

b Do (7 V) u (13)

To overcome this difficulty, our idea is to make use of the
property [0y fll, < I flloo < Ifllz and bound (13) by

"‘dl (?V) ”Z“ZI(I;BI L + “”Qil (V V u ||L°°(IB°

S H(? V) ”2“1:1(1;320,1) S "”Z'D(I;B})OJ) (14)

S lullzeoe, ylullm e -

Then the time dependent type Besov norm |lully =
IIMIIil(I;B&’I)HZM(I;B&J) should be included in the working

space. So, finally we choose the resolution space as
D = {u: Jully + luly <8} (1)

The corresponding condition imposed on the initial data
would be stronger, 1, € Mgo’l n Bgo)l, and sufficiently small.
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In Section 4, we develop estimates in this resolution space
and combine them with the contraction mapping argument;
finally we show that there exists a unique global solution to
(1) in @ which is naturally analytic for ¢ > 0.

Now let us recall some notations and basic facts that will
be used in the sequel. C > 1, ¢ < 1 will denote universal
positive constants which can be different at different places.
X <Y (for X,Y > 0) means that X < CY. For any x € R”,
we write |x|, = (1,17 + -+ + |x,17)"? and |x| = |x],. Now
we introduce some spaces. We denote by L¥ = LP(R") the
Lebesgue space on which the norm is written as || - || o Let X

be a Banach space. For any I ¢ R", we define

1/y
Il = ( ] s .0t (6)

for 1 < y < oo and with usual modification for y = co. If
X = LP, we will write |u]| U= llell 1y 1,10y and simply denote
Nl 2% if I = [0, +00). Now let us recall the notation and defi-
nitions in Littlewood-Paley theory [9]. Let v : R" — [0,1]
be a smooth radial cutoff function satisfying

1, €] <1,
v (§) = {smooth, 1< & <2, (17)
0, €| > 2.

Denote ¢(&) := y(&) — y(2&) and we introduce the function
sequence ¢ (§) = (278, k € Z. Then A, = F ¢, F,
k € Z, are said to be the homogeneous dyadic decomposition
operators and satisfying the operator identity: I = Y, % A .
The low frequency projection operators S, are defined by
Sk = ZI;}OO A ;. It is easy to see that Sy — wask — oo
in the sense of distributions. With this decomposition, the
norms in homogeneous Besov spaces are defined as follows:

+00 l/q
< szsq Ajf“Z , ifg<oo,
I ls, =\ (18)
e sup 2% Ajf” , if g = oo.
—00< j<+00 p

And the space time homogenous Besov norms are defined by

1/q
q
Sily) < ®

+00 X
“f ”IV(I;B;,q) = < Z 2

j=—oo

with the usual modification for g = co. Such a kind of space
was first used in Chemin [10]. It is easy to see by Minkowski
inequality that

< ||f||LV([;B;’q); if Y < 9

. (20)
2 ”f"LV(I;B;’q)’ if y > q.

s

We now recall the definition of Modulation space which
was first introduced by Feichtinger [11] in 1983 (see also

Grochenig [12]). Let o be a smooth cutoff function with
supp o C [-3/4,3/4]", 0} = o(- — k), and

Z Oy (f) =1, VE e R". (21)

kez"

Then the frequency uniform decomposition operator 00 is
defined as
0=% "'0F, keZ" (22)

Using this decomposition operator, for any 0 < p, g < 09,
s € R, we define

1/q
I, =(Zo0lourty) . e

kez"

with usual modification for g = oo. M} is said to be a
modulation space and it has been successfully applied to
study nonlinear evolutions in recent years [8, 13-16]. Let 0 <
p»q < 00, s > 0; the exponential modulation space Ej,  was

introduced in [8] with the following norm:

1/q
b (TRt e

We remark that when s > 0, this space can be viewed as
modulation space with analytic regularity and when s = 0,
it reduces to normal modulation space Mg’ .

Leta = (ap,...,q,), al = oy!. .l and 0% = 97! ... 07"
Recall that the Gevrey class is defined as follows:

If

Gy, = {f eC®(R") 7 p,M >0
(25)

|
s.t. ||B“f(x)||p < %,V(x €eZ!,x¢ [R{"} )

It is proved that G, . is the Gevrey 1-class and any function
in this space is real analytic [17]. One can easily check that
Gyp, € Gyp, for p; < p,. Therefore, any functionin G, , (0 <
p < 00) is real analytic. There is a very nice relationship
between Gevrey class and exponential modulation spaces
which is shown in Huang and Wang [7].

Lemmal. Let 0 < p, g < co. Then

Gip = UEq (26)

>0

Remark 2. From this property we easily see that if we can
prove the solution in exponential modulation space E;’ q with
positive regularity, then it is naturally analytic.

Inspired by (19), we define the following space time expo-
nential modulation norm:

1/q
”f"iva;}s;,q) = (k;n”flklukf"Z{dLﬂ) 27)

with usual modification if g = co.



In the end, let us recall the definition of multiplier space
M, [18,19]. Let p € S'. If there exists a C > 0 such that
IIS‘T_lpgﬁ”fIIH < Cllfll;» holds for all f € &, then p is called
a Fourier multiplier on L?. The linear space of all multipliers
on L? is denoted by M p» and the norm on which is defined as

||p||MP = sup{llS‘«“lp%fHLP : f € &\ fll, = 1}. Concerning

the multipliers, there holds the following famous inequality
which is also called the multiplier theorem.

Proposition 3 (see [9], Nikol'skij’s inequality). Let Q ¢ R" be
a compact set, 0 < r < 00. Denote o, = n(1/(r A1) — 1/2) and
assume that s > o,. Then there exists a constant C > 0 such
that

[-to s

,<Cle

H* f“r (28)
holds forall f € L', := {f € L" : supp f c Q} and ¢ € H*. In
particular, ifr > 1, then (28) holds for all f € L'.

The remaining part of this paper is organized as follows.
In Section 2, we develop two decay estimates (7) associ-
ated with the generalized Ginzburg-Landau semigroup. In
Section 3, we prove the analytic regularity property of the
solutions to (1) when 1/2 < « < 1. In Section 4, we deal with
the analytic property of (1) in the critical case « = 1/2. Finally,
a short conclusion is given in Section 5.

2. Decay Estimates for GCGL Semigroup

In this part, we will set up some decay estimates for the gen-
eralized Ginzburg-Landau semigroup G,,(t) = g (@ DHA)"
together with the frequency uniform decomposition operator
O and the dyadic operators A ;. As explained in the intro-
duction, these estimates are crucial to the proof of the main

theorems.

Proposition 4 (uniform decay estimate). Suppose that 1 <
p <00,1/2 <« < 1,a > 0. Then there exists ¢ > 0 (say
0 < ¢ <27') such that

0:Gan011, < &> 11, 9)
holds for all f € L? andk € Z".

Proof. First, we choose a smooth cutoff function ¢ : R" —
[0, 1] satisfying (&) = 1 for [¢],, < 3/4 and (&) = O for
|€]o > 7/8. It is easy to see that & equals 1 on the support of o
and has similar property as 0. Applying this fact, we deduce
that

[P4Gaa ) £,
- |7 -naE - f“P
30)

- |70 FF e 6 -l F f"P

< ||6(E _ k)e—t(a+i)|§|2“

=

",
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In view of Nikol'skij’s inequality,

< “ 5 (£) ¢ arlEHki

~r —t(a+i)[E[**
|o& - e y

>

HL
©
L> E.
2
Since for |k| > 1, applying Leibniz’s Rule, we infer that
_ _ DIE+K|2
aé (0 @)e t(a+i)|E+k| )
. 32)
I, — L _ kza (
= 2 Cigd 3 @ape
Li+L,=L
where
‘ aézz (@D
< |e—(a+i)t|E+k|2“
B . 20
X Z |a§_ [(a+ i) t|€ + k| ] (33)
Pro+hg=La
1sgsy

. -65‘7 [(a +i)t[E + k|2“]

2a
< oatlErkP 2,

Due to the support property supp (&) < [-7/8,7/8]", (30)-
(33), we conclude that, for |k| > 1,

efatlklz"‘/64'

~r oy —tar)Ee
“a(g K)e e

14

(34)

Note that (34) also holds for k = 0. Hence, we complete the
proof of (29).

O

Proposition 5 (dyadic decay estimate). Suppose that 1 < p <
00, 1/2 < a < 1,a > 0. Then there exists ¢ > 0 (say 0 < ¢ <
2719) such that

|2 Gut)f] = e A if ||‘D (35)
holds for all f € L?.

Proof. When a >
e @t (-0)™

0, Ginzburg-Landau semigroup
is strong dissipative. Using the exponential decay

property of e ™ and Nikol'skij's inequality, we deduce that,
for L > n/2,
~(a+i)tig
2,6 ® 11, < o @ ™| 11,
= “‘P(f) e*(a+i)t22°‘j|f|2a Ny “f”p
! (36)
—(a+i)2*|g
<Jo@e ] i,

— 2aj
<e cat2

Ay
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By the support property of dyadic decomposition operator
A j, there holds the following identity:

A=A (A +A+A ), (37)
0
—cat2*
"A;‘Gm(t)f"p s Ajf"p' (38)
This completes the proof as desired. 0

3. Analytic Regularity for GDGL: 1/2<x < 1

The main results of this paper are the following theorems.

Theorem 6 (analyticity for QDGL). Letax = 1,1 < p < 00,
a>o, and n > 1. Assume that u, € M;)ll. Then there exists
aT nax(Uo) > 0 such that (1) has a unique solution

max =
uel; (0 I EC“f) ¢ = 27'°. Moreover, the solution enjoys

loc

the following properties.
(i) (I = 8)™u e ([0,
(i) I T pax

cat
Ep)l).

< 00, we have "”"P(O,Tm;@g) = 0.

max)

Theorem 7 (analyticity for GDGL (I)). Let1/2 <« < 1,1 <
p <00,a>0,n = 1 Suppose that u, € Mllj)_lz“. There exists
a Thax = Tax(to) > 0 such that (1) has a unique solution
Ecat)

1

u e L?:C/(Z“ 1)(0 T ra ¢ = 27°. Moreover, the solution

satisfies the following properties.
(i) (= 2" u e I™([0,
(i) If Tinax

HES

< 00, then ”u"iza/(za—l)(O’Tmax;E;;{) = 00.

max

Theorems 6 and 7 tell us that when 1/2 < a < 1, (1)
is locally well-posed with any initial data in M, 12* and
moreover the local solution is analytic. However, the method
used for Theorems 6 and 7 does not work for the critical case:
a = 1/2. We need to impose stronger conditions on the initial
data, that is, u, € BO LN M° 0.l and be sufficiently small.
We remark that there is no inclusion between Bgo,l and M? ol
since $, B, | € S, M | while (I - $)M_, < (I-S)B_},
Theorem 8 (analyticity for GDGL (II)). Let« = 1/2,a > 0,
andn > 1. Assume thatuy € B2 | n M oo,1 18 sufficiently small;
then there exists a unique global solutzon u to (1) satisfyingu €
L®(R* EY)) andd, u e L'(R EY)) with s(t) = 27 (anat).

Theorem 8 states that (1) is globally well-posed with small
initial data in u, € Bgo)l n Mgo,l and the solution wu(t) is
actually real analytic for any t > 0.

In this section, we unify the proof of Theorems 6 and 7
in one part. The proof of Theorem 8 is left to Section 4. For
convenience, we denote, for any A c Z",

1/q
Whisesy = (Sl ) - @

We first build up some linear estimates for G,,(t) and
t
o f(t,%) = [ Gyt = T) f (7, x)dT.

Proposition 9. Let1 < p<00,1/2 <« < 1,anda > 0. There
exists a constant ¢ > 0 (0 < ¢ < 27'°) such that, for 0 < t, < co

and I = [0, to])
“GZD( (t) uo"LZ(x/(Za 1) IA Ecat) Z <k>1 zallElkuO “
(40)
A c 7"\ {0},
180Gaa (8t zencn g < 111 ] (a)

holds for all u, € M;’_lz"‘.
Proof. For any A ¢ Z" \ {0}, multiplying (29) by pcatlkl 204

taking L2V norm, we get

2 M0, Gy, (1) )

20/(2a-1) 7 P
LtE[ Lx

_ 20 T
< “2 catlk| 2cm(lkl [k|*)

L?:;(Zorl) ”DkuO "LI,’c

(42)

—cat|k|*™

|-

LZﬁ:;(Zo{—l) "Dkuo "L‘;

< (k)1_2“|||:|ku0”Li )

Taking the sequence I' norm on set A to inequality (42), we
obtain the estimate in (40). For k = 0, from (29), we see that

(43)

I Gaatto 2 <
taking Lﬁ“/ 22D (1) norm on (43) which implies (41). O

Now let 0 < t, < co. We consider the estimate of &/, f.
Again using uniform decay estimate (29), we have

t 20
Io s f e < L 272 oy f()| pdr. (44)

It follows from (44) that for |k| #0

2catlkl "Dk

t v
< J'O y-2calt-D)lkP 2cat|k|||Dk ¥ (T)”LZ dr

t 2a (45)
o [ e o)
0

t o
_ JO 2—cu(t—‘r)|k|2 zca‘rlkI"Dkf(T)"LidT'

; 20/ (20-1)
Taking L;****

ity, we get

norm on (45) and applying Young’s inequal-

2yt f

20/(2a—1) y P
LtE[O,to] Ly

20
< "2 cat|k| 2caL‘IkIDkf

L [e/esnpp (46)

< <k>—1 Hzcatlklukf

Qa=1)rp*
1@k



In view of IIaXkafIIDD < (k) IIEkaIIL;;, we deduce that

cat|k|
LZa/(Z«x lLP < |2 Dkf

2yt (7).

L“/[(Z)"; I)LP
(47)

So, taking the sequence I norm on both sides of (47), we
have the following.

Proposition10. Let1 < p < 00, a > 0. There exists a constant
c>0(0<c<2') such that, for 0 < t, < co and I = [0,t,],

'lax,- ‘Q{thf

iZa/(Za—l)(IA;E;,ﬁ) S “f”ia/(Za—I)(IA;E;?{)y
(48)

A czZ"\ {0},

100 20 fll ey < 1N B0 f ey (49)

holds for all f € L*/C*D(L; E5ZY).

For the proof of (49), one only needs to take k = 0 in (44)

and then L>*/@*) norm together with Young’s inequality will
imply the result.

Now we recall a nonlinear mapping estimate in L7(I; E;{Z)
which was shown in [7].

Proposition 11. Let 1 < p, p1, Py, 491>92:9491-4 < ©O.
Consider 1/p = 1/p, + 1/p,,1/q = 1/3, + 1/q, and 1/q =
/g, + 1/g, = 1, s() : R, — Ry, and I c R, with
sup,¢;s(t) < co. Then one has
4s(t)
“fg”Lq(IEf“ S sup2 t“f"Lm(IE‘(” )||9“qu(155<‘) - (50)

P2:92

Now let us consider the following map:
T cu(t) — Gy (g + oy ((F-V)U?).  (5D)

Letc = 27101 =

] = ](uo) >0 satisfying Z|k|2] <k>172
Proposition 9,

[0,2,]. For any § > 0, one can choose
“IIDkuOIIP < 6/4C. By

G () toll e ey < C Z ) o, <
>
|kI=] (52)
On the other hand, one can choose I satisfying
|1|2a-D/Ca) (py2e-1 9 ’ =)
S ic (v
S0,
[GaalO)ue] De/Ca (L kK| <THEGST)
<C Z l| ||2—2cut|k|2"‘D u ||
k<] pliLgeey (54)

< C|I|(2a71)/(20¢)<]>2¢x71 Z <k>1720c"|:|ku0”p <
[kl<J

AN
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Hence, in view of (52) and (54),

é
||G2a (t) u0|lf20‘/<2a*1)(1;E;ﬁ) < 5 (55)

It follows from Propositions 10 and 11 that
| t5e (7 9) (%)

< (11178 |u?

ZZa/(th—l)(I;E;zj{)

f“/(z"“”(I;E”f’)
" (56)

1/(2
< (1 + |I| / “)) ||u||1:2"‘/(2"“1)(1;E;‘ff)||u||Z2“/(2“‘1)(I;Eg‘;{1)

1/(2 2
< (1 + || /( 06)) ||M||z2a/(za—1)(I;E;ui).

We can assume that |I] <
have

1. Hence, collecting (55)-(56), we

>

2
||*G/‘u||f2a/(2a71)(1;E;a{) S -+ C”u"zza/(zml)(I;E;a{)~ (57)

2

Now we can fix § verifying C§ < 1/4. Put

9 {u € L2¢X/ (2a-1) (I ECat) : "u"I":Za/(Zotfl)(I;E;a{) S 8} . (58)

Wehave Tu € D ifu € D and

1
|Tu- gvlliza/(ztxﬂ)(I;Ez;{) < Ellu - Vlliza/(Za—l)(I;E;«?{),

(59)
u,v eD.

By the standard contraction mapping argument, there exists
a unique solution to (1) in P satistying || u"IZa/(Zot—l)(I.Ecai) < 0.
B

Next, we prove that
1-2a | ycatlk] 2
T ol <ol +0% o

In order to show (60), we need the following.

Proposition12. Let1 < p < 00, a > 0. There exists a constant
¢ >0 (0 <c<27' such that, for 0 < t, < 0o and I = [0,1,],

z 1-2 tlk|
(k) o ||2Ca DkGZOC (t) uo ||L°0 Lp S “uo ||M1—120()
X te[0,tg] " P

(61)
1-2 )
Z(k) 2 Dkax,-’Q{Z(xf"Loo[o B S “f”f"‘/(z“’”(I;E;"{)
k te[0,tg] X >
hold for all uy € My ** and f € L/ D(L EST).
Proof. In view of (29), we immediately have (61). O
Let us apply Proposition 12:
k 1-2a 2Ct|k||:| u
DICE s
2
S "uOHM;f“ + ““ Le/Ca (L Es) (62)

< "uO”M}l”—lsz + ||u"%2zx/(2a71)(1;E;f{))

which implies (60).
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We now extend the solution from I = [0, t,] to I, = [t,,t;]
for some t; > t,. Consider the mapping

—to) u(t)

t
" L Goa (t - 1) (- V) () (1) d,

T, :u(t) — Gy (t
(63)

and the resolution space

@ {1/! c LZa/(Za 1) (II’ECﬂt) ||u||L2a/(21x (1, Ecat) <48 },
(64)

where 8, will be chosen below. Taking ¢ = ¢ in (60), one has
that

;(k) 172¢x“2cat0|k|Dku“p S “uO"M;’?‘X + 52. (65)

For any §, > 0, in view of (65), we can choose a sufficiently
large J such that

C Z (k)l Zac"zcatolkllzI u” < “1 (66)
[kI>]

Hence, in view of Proposition 9,

|G (=) u (l‘o)||zza/<2«*l><11,{k:|k|>1};E;‘fi)

<C Z (k)2 (67)

[k|>]

cutolkl o u" <

and one can choose ¢, > f, verifying C|I,|?*~/®) (jy22~1
(lutgllpgr-2e +8%) < 8,/4, 50

|G (& = to) u (b gamvcncos, ey

zcato |k|

< C|Ill(2(x—1)/(2a) Z Dku“p
|kI<]
C|I l (2a-1)/(2a) <]>2(x 1 Z (k)l 2a”2cat0|k|D u”
[kl<]

fos o« o 1)
i gy +0%) < 2

(68)
In view of (67) and (68),
% 69
”GZoc (t - to) u (fo)”pa/(zaﬂ)(Il;E%) < ? (69)
It follows from Propositions 10 and 11
g 2
J G t=7) (¥ V) u' (1) dr||
1 L2zx/(2¢x—1) (Il ’E;fi)
(70)

< C(l + lII|1/(20¢))24cat1 'MZ

Le/Ced (13 )

1/
< C(l " |11| /( oc)) oicat, lu "LZa/ 50 (1)

7
Hence, collecting (69) and (70), we have
|7 14l T2/ (1B
(71)
<%+c@+mww)“wamwwm
Now we can choose §; > 0 satisfying
C(1+|L]"e) 2% N, < }1' (72)

It follows that 7 ,u € 9, for any u € 9,. So, we have
extended the solution from [0,t,] to [ty, t,]. Noticing that

Z<k>1 2a||2mt|k|DkG2“ (t) u0|

Lty

< Z<k>172aHzcatolklukuo“p)
k

(73)

we easily see that the solution can be extended to [t,,1,],
s [t Epsr)s - - - and finally find a T, satisfying the con-
clusions in Theorems 6 and 7.

Remark 13. As explained in the introduction, the method
used here does not work for the critical case « = 1/2 and
we need to find other ways to deal with this situation in the
next section.

4. Analytic Regularity for GDGL: «=1/2

Recall that, in Section 2, we verify the following frequency
uniform exponential decay estimate for the generalized

. 1/2
Ginzburg-Landau semigroup G, (t) = e" @A™,

[5G, ) £, < 27 oA, (74)

and the frequency dyadic decay estimate:

la;6 @ £], < e ]a 1], (75)

Based on (74) and (75), we will establish some estimates for
G, (t)and &, f in suitable space time exponential modulation
and Besov norms, respectively. First, let us consider the linear
estimates for G;(t) in space time exponential modulation
norm.

Proposition 14. Assume that 1
then there hold

<p,g<o00,a>0,1=1(0,1];

[0::G1 O ol gy < Bl
(76)
|G, () ”0”?0(1;13;7;) < “”OHMg,q‘

Proof. For |k| > 1, from (74)

2 M08, G, (1) uy| , S 27 () ool (77)



Taking L ¢; horm to (77),

l'zcaﬂklukaxiGl () ”0||L1 12 S <k>_1 <ki> "Dku‘)"P
tel (78)
< ||Dk“o||p-

For k = 0, (78) also holds. Hence taking a sequence I norm
on both sides of (78) implies the first estimate. For the second
estimate, one only needs to take L7, norm to (74) and then a
sequence /7 norm. O

More generally, using the method in Proposition 14, one
can verify that, for the infinite time interval I = [1, +00), there
holds the following.

Proposition 15. Let 1
forany A c Z" \ {0},

< p,g<00,a>0,1=]l,+00); then

0.6yt - Hu ()] <l (Dl »

TYHT-A- t
LN BAES)

”Gl t-1u (l)llfm(I;/-\;E;‘f;) < flu (1)"5%-

(79)

Next, we proceed with the estimates of &/, f in space time
exponential modulation norm.

Proposition 16. Let 1 < p,q< 00,1 < g, < g<o00,a>0.

Then there exists a constant ¢ > 0 such that, for 0 < t, < oo,
I=10,ty), and A c Z" \ {0},

“Q{lf'liq(l;/\;Egj;) < k%:\(k)1/‘71’1/?1‘*1 2

cat|k|
oS "L?;,Lf; (80)
holds for all f € L7(I; A; ES).
Proof. By the decay estimate (74), we easily see that
Iou lhg < [ 27 Moy f @l e (@)
Multiplying (81) by 2°/1%I,
t

2oty < [ 2N o, f (o) . (52
When |k| > 1, applying Young’s inequality to (82) with g > g,
ca‘rlle f (T)”

Mot f e < RYVEVT2

L‘? LR
(83)

So, taking the sequence /7 norm on both sides of (83) implied
the conclusion. O

In view of |0, DkfII < (k; )||Dkf||Lp and taking special
index in Proposition 16, we obtain the following.

Corollary 17. Under the same conditions as above, one has
||axid1f"zl(I;A;Eggil) S ||f||z1(I;A;Egg{1)’

"'Sylfllf,""(I;A\;Eg,l) s ||f||zl(1;/'\;Ecozt,l)'

(84)
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We now consider the linear estimates of G, () and &/, f in
space time homogeneous Besov norms based on dyadic decay
estimate (75).

Proposition 18. Assume that 1 < p,q,y < 00, a > 0; then

IG, ) f"mw;B;,q) <|f

B;ql/v . (85)

Proof. Let us take L) norm on both sides of dyadic decay
estimate (75):

8,61 ® Fle = |,

a5ty =27 f

r =

(86)

Then multiplying the above inequality by 2/* and taking a
sequence 7 norm, we obtain the result as desired. O

Proposition 19. Let 1 < p,g <
Then

00,1 <y <y<oo,a>0

”‘dlf"fV(R*;B;yq) S ”f"iw(R+;Bj,j;””y‘”“))' (87)
In particular,

I floees, ) < Iflp e,

(88)
I flzw@en, ) S Iflp@ess,
Proof. Using dyadic decay estimate (75), we see that
t
' S L "A]-G1 t-1) f(1, x)”Lf;dT
(89)

t )
< L e—ca(t—r)Z; "Ajf (T)"LidT.

Taking L} norm on both sides of the above estimate and with
Young’s inequality, we get

—j(+1/y=1/y,)
8561 iyss <2 il 00
Arguing as before, we multiply (90) by 27° and take a sequence
11 norm and then finally get the conclusion as desired. O

With the preparation above, we are now ready to start the
proof of Theorem 8. In the following let I = [0, 1]. We choose
the following resolution space:

D = {u: lullx + lully <) (1)

with metric d(u,v) = |u—-v|xqy> where |uly =

n
ltlzs i, yzeoss, y and ully = XL, ||axiu||zl(I;Egl) +
lluall oo, Eet)- Consider the map

T ut) — G Oug+, [(7-V)u].  (92)

We will first carry out the computation of |G, (£)ully. Set ¢ =
27°. By (74), for |k| > 1

2cat|k|.|DkBXiGl ® ”0”00 < 27 o) (93)
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Denote 7', = 7"
I' norm on Z" to (93), we get

\ {0}. Taking Lie ; horm and then sequence

0,600t = 07 ) g, < Bl

(94)
For k = 0, there holds
15005, G1 (€) o], < 50240 |- (95)
From (94) and (95), it is easy to see that
CHEOLT e 11 IV (96)
Similarly,
IG, ) “OHZOO(I;Egg{l) < “”‘OHMQOJ' (97)
Hence
n
1Gi®uolly = Y 0,G1 ®) tho] 1
i=1 oot (98)
+ Gy () ug | o (@) S “”‘OHMgOJ'
By Corollary 17 and Proposition 11,
c 2
Z;"axidl (7-V)u ”Zl(I;Z'j;Eggfl)
iz
- 2
* "’dl (7 V)u Hiw(z;z:;Eggfl)
- 2 (99)
S "(Y V)u "Zl(I;zz;Eggfl)
< 2
) le Ot il(z;z:;E;“J,l)"u"i“(I;Z’I;Eéi‘,l) < lully-
In view of |0y fll ., < I fllo, < I fllg0 > we observe that
||DOax,-dl y L H':'odl y-V)u' Lo [0
S' ~(1;)5'3})0) "”Q{ )/ V)u I°(LBY, ;)
2 c 2
s “(Y V)u "Iil(I;Bf’X})l) s ;”axi” 'EI(I;B&))I)
iz
< [ "zla;ggm)'
(100)

To bound the right-hand side of (100), let us recall the para-
product decomposition [10, 20]: for any two tempered distri-
butions f, g, fg can be decomposed as the summation of two
parts:

fa= ZAifAjg = ZsjflfAjg + ZsigAif' (101)
L] ] 1

From the support property in frequency space, there holds

A (S;fAg) =0, ifi>j+3. (102)
Thus
A (fg) = Z Ai(Sj—lfAjg+Sngjf)' (103)
i<j+3

With this tool, we now estimate ||| DB )

la; (v Lo = Z A (S;qul ju+Sul u)
i<j+3 L
< Y s (104)
ji-3
<2 2la
Jj2i-3 k<j
By taking L} norm, we deduce that
"Ai (” " 1LY s Z Z"A LI
jZi-3 k<j
(105)

S Motlzeoin, ) O 18 4] 3 o
]/z—

Multiplying (105) by 2’ and taking a sequence I' norm, we get

Y 27U A | e
jzi-3

||, < Nl oo g0
s, ~ IR EE,)

ll

< ||U||Z00(1;Bgo1)||U||Z1(1;B(1m)>
(106)

where in the last inequality, we use Young’s inequality. From
(100) and (106), we obtain

203, 1 (7-9) ],

et |post, (7 - V) u?

L9, 1%
07)
< ||u||i0°(1;320,1)||”||1)(1Bl DS II”"X
Collecting (98), (99), and (107), we see that
170l < ool + oy + el (108)

On the other hand, by Propositions 18 and 19, (100), and (106),
similar reasoning yields that

2
17ulx < ol + 2 V) sz

< oz, + Nulx-
(109)
Thus from (108) and (109), we have

2 2
1wl + 1T uly < Clugllyp oge | +Cllully +Clul.
(110)
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Suppose that

1 0
Co< Clluolys, s, < > (111)

By the standard contraction mapping principle, we see that
there exists a unique solution to Su = u in space X NY. In
particular, there hold

||u||]:°°(0,1;Eggil) <6
So for u(1) = u(1, x),
(Dl <,

letllzeo o0, ) < 6 (112)

5

lu(Wllg <6, c=2" (113)

We now extend the regularity of solutions. Consider the inte-
gral equation

w(®) =G, (t-Du()+ L Gy (t- 1) (V) (1) (2) dr.

(114)
Let I, = [1,+00). Denote
N, = etz r, ) yezeoqrsie, )
n (115)
by, = 2241 + Wtz
i=
Choose the resolution space to be
Dy ={u: lully, + luly, <&} (116)
with metric d,(u,v) = |u - V”XlnYl' d; is to be determined
later. Similar to (109), we have
2
|7 1ully, < Clu@lig | +Clully, - (117)
To estimate || T 1ullyl, by Proposition 15
"axiGl t-Du (I)HZI(II,z:;EggJ)
(118)

+ “Gl t-1u (1)||Z°°(I1)ZT;E§?,,1) < lu (1)"}52;1

For the remaining part concerning O, we use [[O,f[ <
£ o 1 and Proposition 18 to bound

"Doax,-Gl t-Du (1)“Ltq " [56G (¢ = D (1)”“?21#??

NS nGl (t-Du (1)||i1(1;3i0,1)ﬂf°°(1;1?2°,1) < Jlu (1)"3201
(119)
Arguing as before, with Corollary 17 and Proposition 11, we

get

5, L G, (t-7) (7 V)i (@)

Il(Il,Z";E‘“ )

*27700,1

+ L G, (t-7)(F V)’ (1)

I™(1,,27:E% ) (120)
S "(77 V) W "il(l1 JZUES )

2
S "axiu“il(ll;Egg‘l)”u”zm(IﬁEé?,,l) s ”u"yl'

Abstract and Applied Analysis

Similar as in (107), we have

0,0, L G (t-1) (G- V)il (1)

Ll

00
tely Lx

t
te [ Gie-0G D@ 2y

0 0
ten, L%

2
< Wiz rgin, Mol < ol
Then

2 2
|7l < Clu (Dl +Clu (Dllgee, + Cllully, + Clul,

< C8 +Cllulk,ny,-
(122)

Choose ¢, satisfying C§ < &,/2 and C8; < 1/2; then by
the contraction mapping argument, we see that 7 ,u = u
has a unique solution in &, which completes the proof of
Theorem 8.

Remark 20. The same reasoning can show that if 4, € Bg)l N
Mg)l(l < p < 00) is sufficiently small, then there exists a
unique global solution u to (1) satisfying u € Zm(R+;E§a))
and 0, u € LN{R"; E;()tl)) with s(¢) = 27°(a A at). We omit the
details here.

5. Conclusion

In this paper, we investigate and prove some well-posedness
results and analytic regularity property of the solutions
to the (fractional) quadratic derivative Ginzburg-Landau
equation with rough initial data in certain critical modulation
spaces and Besov type spaces. The basic strategy is via
contraction mapping principle. The main obstacle that comes
from the one order derivative in the nonlinearity is finally
resolved by developing suitable exponential decay estimates
for the (fractional) Ginzburg-Landau semigroup. The sug-
gested approach can be used for more general fractional
nonlinear partial differential equations.

Conflict of Interests

The author declares that there is no conflict of interests
regarding the publication of this paper.
Acknowledgments

The author would like to express great thanks to the editor
and the referees for their helpful suggestions and comments.
The author is supported in part by the National Science
Foundation of China, Grant 11201498.

References

[1] V. E. Tarasov and G. M. Zaslavsky, “Fractional Ginzburg-
Landau equation for fractal media,” Physica A, vol. 354, no. 1-4,
pp. 249-261, 2005.



Abstract and Applied Analysis

(2]

[3

=

(15]

(16]

(17]

V. E. Tarasov, “Continuous limit of discrete systems with long-
range interaction,” Journal of Physics A, vol. 39, no. 48, pp.
14895-14910, 2006.

V. E. Tarasov, Fractional Dynamics: Applications of Fractional
Calculus to Dynamics of Particles, Fields and Media, Nonlinear
Physical Science, Springer, 2010.

M. Christ, “Ill-posedness of a schréodingerequation with deri-
vative nonlinearity;, Preprint, http://citeseerx.ist.psu.edu/
viewdoc/summary?doi=10.1.1.70.1363.

A. Stefanov, “On quadratic derivative Schrodinger equations in
one space dimension,” Transactions of the American Mathemat-
ical Society, vol. 359, no. 8, pp. 3589-3607, 2007.

L. Han, B. Wang, and B. Guo, “Inviscid limit for the derivative
Ginzburg-Landau equation with small data in modulation and
Sobolev spaces,” Applied and Computational Harmonic Analysis,
vol. 32, no. 2, pp. 197-222, 2012.

C. Huang and B. Wang, “Analyticity for the (generalized)
Navier-Stokes equations with roughinitial data,” Preprint,
http://arxiv.org/pdf/1310.2141v2.pdf.

B. Wang, L. Zhao, and B. Guo, “Isometric decomposition oper-
ators, function spaces E",}, , and applications to nonlinear evolu-
tion equations,” Journal of Functional Analysis, vol. 233, no. 1,
pp. 1-39, 2006.

H. Triebel, Theory of Function Spaces, Birkhduser, 1983.

J.-Y. Chemin, Perfect Incompressible Fluids, Oxford University
Press, Oxford, UK, 1998.

H. G. Feichtinger, “Modulation spaces on locally compact
Abelian group,” in Proceedings of the International Conference on
Wavelets and Applications, Technical Report, University of
Vienna, 1983, pp. 99-140, Allied Publishers, New Delhi, India,
2003.

K. Grochenig, Foundations of Time-Frequency Analysis,
Birkhauser, Boston, Mass, USA, 2001.

A. Bényi and K. A. Okoudjou, “Local well-posedness of nonlin-
ear dispersive equations on modulation spaces,” Bulletin of the
London Mathematical Society, vol. 41, no. 3, pp. 549-558, 2009.
A. Bényi, K. Grochenig, K. A. Okoudjou, and L. G. Rogers,
“Unimodular Fourier multipliers for modulation spaces,” Jour-
nal of Functional Analysis, vol. 246, no. 2, pp. 366-384, 2007.

T. Iwabuchi, “Navier-Stokes equations and nonlinear heat equa-
tions in modulation spaces with negative derivative indices,”
Journal of Differential Equations, vol. 248, no. 8, pp. 1972-2002,
2010.

B. Wang, Z. Huo, C. Hao, and Z. Guo, Harmonic Analysis Meth-
ods For Nonlinear Evolution Equations, World Scientific, 2011.
C. D. Levermore and M. Oliver, “The complex Ginzburg-
Landau equation as a model problem,” in Lectures in Applied
Mathematics, vol. 31, pp. 141-190, 1996.

J. Bergh and J. Lofstrom, Interpolation Spaces, Springer, 1976.
L. Hormander, “Estimates for translation invariant operators Lr
spaces,” Acta Mathematica, vol. 104, no. 1-2, pp. 93-140, 1960.

P. G. Lemarié-Rieusset, “On the analylicity of mild solutions for
the Navier-Stokes equations,” Comptes Rendus de l'Académie des
Sciences, vol. 330, no. 3, pp. 183-186, 2000.

1



