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By constructing some general type conditions and using fixed point theorem of cone, this paper investigates the existence of at
least one and at least two positive solutions for systems of nonlinear higher order differential equations with integral boundary

conditions. As application, some examples are given.

1. Introduction

In this paper, we consider the following systems of nonlin-
ear mixed higher order differential equations with integral
boundary conditions:

W™ () +ay (1) f, (Lu(t),v(E) =0, te(0,1),
V() +ay (8) f, (u(£) =0, te(0,1),
u@© =u'(0)=--=u""?©) =0,
(1) = Ll ny (6w (t) dt, @
v(0) =¥ (0) =--- =" (0) =0,

1
v = [ m v
0
where f; € C([0,1] x [0,+00) X [0,+00), [0, +00)), f, €
C([0, 1] x [0, +00), [0, +00)), a; € C([0,1],[0,+00)), n; > 3,
and n;(t) € L'[0,1] is nonnegative, i = 1,2; f;(t,0,0) =
f>(t,0) = 0.

Boundary value problems with integral boundary con-
ditions arise naturally in thermal conduction problems [1],
semiconductor problems [2], and hydrodynamic problems
[3]. Such problems include two-, three-, and multipoint

boundary value problems as special cases and attracted
much attention (see [4-12] and the references therein). In
particular, we would like to mention the result of Pang et al.
[9]. In [9], by applying fixed point index theory, Pang et al.
study the expression and properties of Green’s function and
obtained the existence of positive solutions for nth-order m-
point boundary value problems:

W™ @) +at) fu®) =0,

u©0)=u (0 =---=u"?0) =0,

te(0,1),

2)

m—2

w() =Y au(n).
i=1

Yang and Wei [10], Feng and Ge [11], and Li and Wei [12]
improved and generalized the results of [9] by using different
methods.

On the other hand, much effort has been devoted to
the study of the existence of positive solutions for systems
of nonlinear differential equations (see [13-16] and the
references therein). In [13], by applying Krasnoselskii fixed
point theorem in a cone, Hu and Wang obtained multiple
positive solutions of boundary value problems for systems
of nonlinear second-order differential equations. In [14],
Henderson and Ntouyas extended the results of [13] to
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systems of nonlinear nth-order three-point boundary value
problems:

@)+ Aat) fv(E) =0, te(0,1),
VO + A O R(Eu) =0, te(01),
u© =1 0 = =u"20)=0, u(l)=au(y)),
v(©0)=v (0)=--=v"20) =0, v(1)=av(y).

(3)

In [15], by using fixed point index theory, Xie and Zhu
improved the results of [14]. At the same time, boundary value
problems with integral boundary conditions have received
attention [16, 17].

Motivated by the work of the abovementioned papers, our
aim in this paper is to study the existence of positive solutions
associated with systems (1) by applying fixed point theorem in
cone. Further, we present some general type conditions (H,)-
(H;) instead of the sublinear or superlinear conditions which
are used in [4, 5, 8, 10, 12-14]. Our conditions are applicable
for more general functions.

2. Several Lemmas

For convenience, we make the following notations. Let
! 1
B = J n; (1)t dt,
0

;(s)a; (s)ds,
(4)

ws
J K; (s)a; (s)ds,
i=1,2,

where K;(s) is defined by Lemma 6 and [a, b] is some subset
of (0, 1).
List the following assumptions:

(H,) g; € C([0, 1], [0, +00)), a;(t) do not vanish identically
fort € [a,b],i=1,2;

(H,) fi € C([0,1] x [0,+00) x [0,+00), [0,+00)), f, €
C([0,1] x [0, +00), [0, +00));

(H3) ﬁpﬁz € [0» 1);

(H,) there exist &« € (0,1], A; > 0 and a sufficiently large
M, > 1 such that

1) fit,u,v) = A, for all (t,u,v) € [0,1] x
[0, +00) X [M, +00),

Q@) f,(tb,u) = Cu* for all (t,u) € [0,1] x
[M;, +00),

where C, = max{(ys,)”", (Y52)71(Y2)t151)71/a}§ y is
defined by (21).
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(Hs) There exist § € (0,+00), A, > 0 and a sufficiently
small p, € (0, 1) such that

) filt,u,v) < AP, for all (t,u,v) € [0,1] x
[Or +OO) X [0) PZ]’

) f,(t,u) < Cu*P, forall (t,u) € [0,1] x [0, p,],

where C, = min{p,u; ", 15 /P (, 1,) 7).
(Hg) There exist p € (0,+00), A; > 0, and M, > 0 such
that
(1) fit,u,v) < AP + M,, for all (¢, u,v) € [0,1] x
[0, +oo) x [0, +oo)
) fylt,u) < Cyu? + M,, for all (t,u) € [0,1] x
[0, +00),
where Cy = (2, A3) P!

(H,) There exist g € (0,1], A, > 0 and a sufficiently small
& > 0 such that

1) fitt,u,v) = A, for all (f,u,v) € [0,1] X
[0, +00) x [0, €],
(2) f,(t,u) = C4u1/q, for all (t,u) € [0,1] x [0, €],

where C, = y”M/P® (), 5,)715] ",

(Hg) f1(t,u,v)and f,(t, u) are increasing on u, v and there
exists R > 0 such that

f1(s, R, Jol K, (r)ay(r) f,(r, R)dr) < yl_lR, for all
s,r € [0,1].

Lemma 1. If 5; € [0, 1), for any y(t) € C[0, 1], higher order
differential equations

w(”i) ) + y(t) =0, te(0,1),
= ‘LU, (0) =

w(0) ~=w" () =0, (5)

1
w(l) = L n; () w(t)dt

have a unique solution

1
w(t) = J K; (t,s) y(s)ds, (6)
0
where
K;(t,s) = K;; (t,5) + K, (£, ), (7)
K; (t,s)
1 L) T (-, 0<s<t<],
S (- - 0<t<s<l,
(8)
n;—1 1
K, (t,s) = J n; (t) K, (t,s) dt. 9)
- B )
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Proof. By Taylor’s formula, we get

1 ! -
U)(t): —mjo(t—s) 1y(S)dS
(10)
A
+ £

(m; = 1)

Letting t = 1 in (10), we have
1
A=(-Dw+ [ a-9"y@ds. @
0

Substituting w(1) = |, m(H)w(t)dt and (11) into (10), we
obtain

! Jt (t—s)""y(s)ds

R Py

1 v o
' (n-—l)' Jo v 1(1 s ly(s)ds

1
+ ¢ J n, (s) w(s)ds
0

- o ! 5 L [ (1 - 9" = (- 5]y (s) ds

1
+ ! J n; (s)w(s)ds
0

1

1
m=l,1 -1
+mjt t (1 S) y(s)ds

_ Jl Ky (t,s) y(s)ds + £ Jl 1 (s) w (s) ds.
0

0
(12)
Multiplying (12) with #;(¢) and integrating it, we have
1 1 1
J n () w(t) dt = J n (t) j Ky (t,5) y (s)dsdt
0 0 0 1)
1 1
+ J n ()" dt J n; (s) w(s) ds,
0 0
0
1
J n; (Hw(t)dt
’ (14)

1 1
1 _1[3 L n; (t) L Ki (t,s) y (s)dsdt.

Substituting (14) into (12), we have

1
w(t) = JO K, (t,s) y(s)ds

ol 1
128, L m; (£) L K;; (t,5) y (s)dsdt

1
= J K (t,s) y(s)ds

0

1 n;—1 1
+ L (1t_ 5 JO n; (1) Ky (t, ) dt) y(s)ds

(15)

1
= J [Kil (t,s) + Ky (¢, S)] y(s)ds

0
1

= J K; (t,s) y (s)ds,

0

where K;(t, s) is defined by (7). O

Definition 2. (u,v) € C"(0,1)NC[0,1]xC™(0,1)NC[0,1] is
said to be a positive solution of systems (1) if and only if (1, v)
satisfies systems (1) and u(t) > 0, v(t) > 0, for any ¢ € [0, 1].

Lemma 3 (see [6]). If B; € [0,1), the continuous function
K; (t,s),i = 1,2, has the following properties:

(i) 0 < K;(ts) < K;(s), for all t,s € [0,1], where
Ky (s) := s(1 =) /(n; = 2)};

(i) Kj; (t,s) = y;,(H)K;, (), for allt, s € [0, 1], where y,(t) :=
(1/(n; = 1)) min{t ™!, (1 - )" 2},

Remark 4. Combining (i) and (ii), we can easily see

min K;; (t,s) 2 y,K;; (s) 2 9K (£, 5),
telab] (16)
Vt,s € [0,1],
where y; = min{y,(t) : t € [a, b]}.

Lemma 5. If ; € [0, 1), the continuous function K;,(t, s) has
the following property:

0<K,(Hs) <K, (1,s):= ﬁ Jol n () K, () dt, -

Vt,s € [0,1].

Proof. From the properties of K;,(t, s) and the definition of
K, (t, s), we can prove easily the results of Lemma 5. O

Lemma 6. If ; € [0,1), the continuous function K(t,s)
defined by (7) satisfies

(i) K;(t,s) = 0, forall t,s € [0,1],
(ii) Ki(t,s) < Ki(s) for each t,s € [0,1], and
min, e, Ki(t, s) =y K;(s), for all s € [0,1],

where y! = min{y;,a""}, y; is defined in Remark 4 and
KI(S) = Kil (S) + Kiz(l, S).



Proof. (1) From Lemma 5 and (i) of Lemma 3, we get the
proof of (i) immediately.

(2) From Lemma 5 and (i) of Lemma 3, it is obvious that
K;(t,s) < K;(s) for each t,s € [0, 1].

Now, we show that the form (ii) holds. In fact, from (16)
and (9), we have

min K; (t,s) 2 y,K;; ()

tela,b)
!
+ =5 Jo n; (t) K, (t,s) dt 18)
2y, [Kiy () + Kip (1,9)]
=y'K;(s), Vse[0,1].
Then, the proof of Lemma 6 is completed. O

Remark 7. From the definition of y;", it is obvious that 0 <
yr <L

It is easy to prove that (u,v) € C™"(0,1) n C[0,1] x
C™(0,1) N C[0,1] is a positive solution of systems (1) if and
onlyif (4, v) € C[0, 1]xCI0, 1] isa positive solution of systems
of integral equations

1
u(t) = Jo K, (t,8)a, (s) f, (s,u(s),v(s))ds,
(19)

1
v(t) = J K, (t,8)a, (s) f, (s,u(s))ds,

0

where K;(t, s), i = 1,2, are Green’s functions defined by (7).
It follows from (19) that we can obtain the integral
equation:

1
w = [ Kit9a©
1
x f (s, u(s), JO K, (s,r)ay (r) f, (r,u(r)) dr) ds.
(20)

In a real Banach space C[0, 1], the norm is defined by
llull = maX;eo,1] |u(t)]. Set

p- {u(t) €Cl0,1] | ut) > 0,t € [0,1],
(21)
i t) = )
tlg[li,rb‘]“( )=y IIMII}
where y = min{y,,y;}. Obviously, P is a positive cone in

C[0,1].
Define the operator T : P — E by

1

Tu(t) = Jo K, (t,s)a,(s)

1
X f1<s,u(s),J0 K, (s,r)a, (1) f, (r,u(r))dr> ds,

Vvt € [0,1].
(22)
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Lemma 8. Suppose that (H,)-(H,) are satisfied; then the
operator T : P — P is completely continuous.

Proof. Let u € P; consider (22); from Lemma 3 and (21), we
have

0<Tu(t) < |Tul

1
sj K, (s)ay (s)

0

1
X fi (s,u(s),J K, (s,r)a, (1) f, (r,u(r))dr) ds

0

min Tu (t)
telab]

1
>y jo K, (s)ay (5)

1
x fi <s, u(s), L K, (s,r)a, (r) f, (r,u(r)) dr) ds.
(23)

It follows from (23) that we have min,(,;, Tu(t) > y[Tul;
therefore, operator T P — P. It is easy to prove
that operator T P — P is completely continuous
since K, (t,s), K, (t,5), f1(t,u,v), f,(t,u), a,(t), and a,(t) are
continuous. O

Lemma 9 (see [18]). Suppose E is a real Banach space and P
is cone in E, and let Q, Q, be bounded open sets in E such
that0 € Q,, Q, c Q,. Let operator T : PN (Q, \ Q,) — P
be completely continuous. Suppose that one of two conditions
holds

@) ITull < llull, for all u € P noQy; |Tull = ul, for all
u € PnNoQ,;
(ii) |Tull = ul, for allu € P 0 oQy; (Tull < llull, for all
u € PnoQ,.
Then, operator T has at least one fixed point in P N (Q, \ Q).

Lemma 10 (see [18]). Suppose E is a real Banach space and
P is cone in E, and let Q,, Q,, and Q; be bounded open sets

in E such that 0 € Q, Q, ¢ Q,, and Q, ¢ Q,. Let operator
T:Pn(Q;\Q,) — P becompletely continuous, such that
D) 1Tull = llull, for allu € P N 0Qy;
(2) ITull < lull, Tu#u, for allu € P N 0Q,;
(3) ITull = llull, for allu € P N 0Q;.

Then, operator T has at least two fixed points u, and u, in PN
(Q\ Q) withu, € (Q,\ Q) andu, € (Q3\ Q).

3. Main Results

Theorem 11. Suppose that assumptions (H,)-(H;) are satis-
fied; then systems (1) have at least one positive solution (u,v)
satisfying u(t) > 0, v(t) > 0.
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Proof. At first, let p, = M,y ™', and set Q, = {u € C[0,1] :
lull < pi} and u € P N 0Qy; then min, g, u(t) > yllull = M;.
By Lemma 6 and the assumption (H,), we have

1
v(t) = L K, (t,s)a, (s) f, (t,u(s))ds

> C, Jol K, (t,8) a, (s) u'® (s) ds

b
> G [ K a1 (9 ds

a

b
216G [ K@@ @dsylal)’ o

a

= yC,8,M\* > M,, telab],

1
min (Tu) (t) > yj K, (s)ay (s) f (s,u(s),v(s))ds
telab] 0

b
> y\ I K, (s)ay (s)v* (s)ds

a

> yA8,(yCi8,)" (v llull) = lul].
Therefore, we have

ITull > ul, uePnaqQ,. (25)

Further, set Q, = {u € C[0,1] : ull < p,}, for u € P N 0Q,;
by the assumption (Hjg), we have

1

v(t) < C, L K, (s)a, (s)u"P (s)ds

< Cophylul P

<p P <p, telo], (26)

1
(Tu) (1) < L K, (9)a, () f, (s, u(5), v (s) s
< AP < s A (Cotty)P Nudll < ]
Therefore, we have

ITull < llull,  uePnow,. (27)

Thus, from (25), (27), Lemma 8, and Lemma 9, operator T has
a fixed point u in P N (Q; \ Q,). This means that systems (1)
have at least one positive solution (u, v) satisfying u(t) > 0,
v(t) > 0.

Theorem 12. Suppose that assumptions (H,)-(H;) and (Hg)-
(H,) are satisfied; then systems (1) have at least one positive
solution (u, v) satisfying u(t) > 0, v(t) > 0.

Proof. At first, it follows from the assumption (Hg) that we
have

(Tu) (1)

1
= J Kl (t, S) a, (5) f1 (t,u (S) 7V(S)) ds

0

< Jl K, (s)a; (s) (A3vF (s) + M) ds
0

1 1 p
< Jo K, (s)a, (s) [A3<L K, (s)a, (s) f, (s,u(s))ds)
+M2] ds

p
< V1A3V§(C3“1/P + Mz) + M,

P
< V1A3P‘§(C3 "”Hl/p + Mz) + M.

(28)
By means of simple calculation, we have
p

(.”1A3I”2P(C3 "””1/‘0 + Mz) + !41M2> 1 (29)

lim =,

U= oo (] 2
Then, there exists a sufficiently large M > 0 such that
p

Al (Collull P + My)" + My < Jlull.— (30)

Set Q3 = {u € C[0,1] : |lu|l < M}. Foru € P n 0Q,, by
(28),(30), we obtain that
ITull < ull, uePnoQs,. (31)

Further, since f,(t,0) = 0and f,(t, u) is continuous in [0, 1] x
[0, +00), there exists p € (0, €) such that

f(tu) <u'p,  (Hu)e[0,1]x(0,p). (32)

Set Q, = {u € C[0,1] : lul < p}. For u € P N o<, we have

1
v(t) = L K, (t,s)a, (s) f, (t,u(s))ds
(33)

1
<u'p Jo K, (s)a, (s)ds = p.

It follows from the assumption (H,) and Lemma 6 that we
have

in (Tu) (¢
tlg{lﬂl};](u)()

1
>y Jo K, (s)ay (s) f (s,u(s),v(s))ds



b
> YA, J K, (s)a, (s)ds

a

a

b q
X (J K, (s,r)ay (1) f, (r,u(r))dr)

b q
2 )”‘481()’ J K, (r)a, (r) C4“1/q (r) d")
> Y 048,(C48,)" llull = lul -
(34)
Hence, we have

ITull = |lull, uePnoQy. (35)

Thus, from (31),(35), Lemmas 8 and 9, operator T has a fixed
point u in P N (Q; \ Q). This means that systems (1) have
at least one positive solution (u, v) satisfying u(t) > 0, v(t) >
0. O

Theorem 13. Suppose that assumptions (H,)-(H,) and (H,)-
(Hg) hold. Then, systems (1) have at least two positive solutions

(uy,vy) and (u,, v,).

Proof. Set Q5 = {u € E : |lu|| < R}. For u € P N 9Qs, from
(Hg), we obtain that

(Tu) (t)

1 1
< J K, (s)a, (s) f; (s, R, J K, (r)ay(r) f, (r,R) dr) ds

0 0

1
< yIIR L K, (s)a, (s)ds =R.

(36)
Thus, we have
ITull < llull, wePnoQs. (37)
By (H,) and (H;), we can get
ITull = lul, uePnoQ,
(38)
ITull = ull, uePnoQ,.

So, we can choose p, R, and p; such that p < R < p,
and satisfying the above three inequalities. By Lemma 8 and
Lemma 10, we guarantee that operator T has two fixed points
u, € Pn(Q, \ Qs)and u, € PN (Q5\ Q,). This means that
systems (1) have at least two positive solutions (u,,v,) and

(uy, v,).
In order to illustrate that our assumptions (H,)-(H,) are
suitable for more general functions, we give some examples.
O

Example 14. In systems (1), letn; = 3,n, =4, a,(t) = a,(t) =
L) = n@t) =t fitttu,v) = 1+t + e and
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ftu) = 4”2, so the assumptions (H,)-(H;) are satisfied.
Choose o = 1/2, f = 3/2; then

t)
liminffz( “ = +00,
u—+oo ylla

t) tl
limineL &%V,
v — 400 &

39

lim su f(tw) =0 )
u—>0+p ul//'; ’

t’ bl
lim supM < +00
v— 0" Vﬁ

uniformly with respect to t € [0,1] and (t,u) € [0,1] x
[0, +00). It is easy to verify that the assumptions (H,)-(Hs)
hold. By Theorem 11, systems (1) have at least one position
solution.

Example 15. In systems (1), letn; = 3,n, =4, a,(t) = a,(t) =
Ln () =ny(t) =t, f1(t,u,v) = (1+t+e_”)v1/2,andf2(t, u) =
1'%, so the assumptions (H, )-(H,) are satisfied. Choose p =
q = 1/2; then

lim sup S (b)

Uu— +00 ul/P

t,u,v
lim supM <
v — +00 14

t,u
lim inff2 (t,u) =
u—0t  ylla

:0)

+00,

(40)

>

t, bl
lim supM >0
v—0* v

uniformly with respect to t € [0,1] and (f,u) € [0,1] x
[0, +00). It is easy to verify that the assumptions (Hg)-(H;)
hold. By Theorem 12, systems (1) have at least one position
solution.
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