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A four-point coupled boundary value problem of fractional differential equations is studied. Based on Mawhin’s coincidence degree
theory, some existence theorems are obtained in the case of resonance.

1. Introduction

In this paper, we are concerned with the following four-point
coupled boundary value problem for nonlinear fractional
differential equation. Consider

Di,u(t) = f(tu(®), D u®),v(t),Dh, v (),
Div(t) = g(tu(®),D5 u(t),v(t),Dh, v(®), o
u(l) =av(g),

v(1) =bu(y),

I u(t) o = 0,
Ly () ey = 0,

where 1 < a, 8 < 2, Dj, and I, are the standard Riemann-
Liouville differentiation and integration, f,g € C([0,1] x
R%R),a,b € R, &ne(0,1),and

abeP Tt = 1 (2)

The subject of fractional calculus has gained considerable
popularity and importance because of its intensive develop-
ment of the theory of fractional calculus itself and its varied
applications in many fields of science and engineering. As

a result, the subject of fractional differential equations has
attracted much attention; see [1-11] for a good overview.

At the same time, we notice that coupled boundary value
problems, which arise in the study of reaction-diffusion equa-
tions and Sturm-Liouville problems, have wide applications
in various fields of sciences and engineering, for example,
the heat equation [12-14] and mathematical biology [15, 16].
In [17], Asif and Khan used the Guo-Krasnosel'skii fixed-
point theorem to show the existence of positive solutions
to the nonlinear differential system with coupled four-point
boundary value conditions

%" (1) = f(Lx(®),y@®), te(1),

- O =g(tx®),y®), te(01), o
x(0) = y(0) =0,

x(M=ay@,  y@)=px(n),

where &, € (0,1),0 < affén < 1,and f, g : (0,1) x [0, +00) X
[0, +00) — [0, +00) are two given continuous functions.

In [18], the authors considered the existence of positive
solutions of four-point coupled boundary value problem for
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systems of the nonlinear semipositone fractional differential
equation

Dy, u+Af (t,u,v) =0, t€(0,1), >0,

Dy, v+ Ag (t,u,v) =0,

(1) (i) @)
u” (0)=v"(0)=0, 0<i<n-2,

u) =av@), v(1) =bu(n),

where A is a parameter, a,b,&, 7 satisty £, € (0,1), 0 <
abén < 1, € (n— 1,n] is a real number and n > 3, and
Dy, u is Riemann-Liouville’s fractional derivative.

Recently, Cui and Sun [19] showed the existence of
positive solutions of singular superlinear coupled integral
boundary value problems for differential systems

") = fi(t,x @),y (), te(0,1),
") = f,(t,x @),y (), te(0,1),
x(0)=y(0)=0, x(D)=aly], y(@1)=pIx],

©)

where a[x], f[x] are bounded linear functionals on C[0, 1]
given by

1 1
o [x] = jo x(MdA®),  Plx]= L x(t)dB(t)  (6)

with A, B being functions of bounded variation with positive
measures.

A key assumption in the above papers is that the case
studied is not at resonance; that is, the associated fractional
(or ordinary) linear differential operators are invertible. In
this paper, instead, we are interested in the resonance case
due to the critical condition (2). Boundary value problems
at resonance have been studied by several authors including
the most recent works [20-31]. In this paper, we establish new
results on the existence of a solution for the couple boundary
value problems at resonance. Our method is based on the
coincidence degree theorem of Mawhin [32, 33].

Now, we briefly recall some notations and an abstract
existence result.

Let Y, Z be real Banach spacesandletL : domL cY —
Z be a Fredholm operator of index zero. P : Y — Y and
Q:Z — Z are continuous projectors such that

ImP =KerlL, KerQ=1ImlL,
7)
Y = Ker L@ Ker P, Z=ImL&®ImQ.
It follows that L|jom raker P domL N KerP — ImL

is invertible. We denote the inverse of the mapping by K,
(generalized inverse operator of L). If ) is an open bounded
subset of Y such that dom LNQ # @, the mapping N : Y — Z

will be called L-compact on Q if QN(Q) is bounded and
Kp(I-Q)N : Q> Yis compact.

Theorem 1 (see [32, 33]). Let L be a Fredholm operator of

index zero and let N be L-compact on Q. Assume that the
following conditions are satisfied.
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(i) Lx # ANx for every (x,A) € [(dom L\ Ker L) N 0Q)] x
(0,1).

(ii) Nx ¢ Im L for every x € Ker L N 9Q).

(iii) deg(QNlgerr> Ker LN Q,0)#0, where Q : Z — Zis
a projector as above with Im L = Ker Q.

Then the equation Lx = Nx has at least one solution in dom LN
Q.

For convenience, let us set the following notations:
1 1
Al =max{1l+ —=, <1+—>
1 { r(p) [

X (1+a£ﬁll‘(oc) [% + ﬁ])}

T(B+1)T(a+1)

YT e DB -y
Aj = ﬁmax{aﬁﬁ_l (T(x) +1),T(B) + 1},

Ay =max{A ||, + Asfaf, Ao, +As]al,}

As = max {Ayfa ], +As]el, Afd], +As]d,}-

2. Preliminaries and Lemmas

In this section, first we provide recall of some basic definitions
and lemmas of the fractional calculus, which will be used in
this paper. For more details, we refer to books [1, 2, 4].

Definition 2 (see [1, 4]). The Riemann-Liouville fractional
integral of order &« > 0 of a function u : (0,00) — R is
given by

IFu(t) = ﬁ L (t—s)* 'u(s)ds, 9)

provided that the right-hand side is pointwise defined on
(0, 00).

Definition 3 (see [1, 4]). The Riemann-Liouville fractional
derivative of order « > 0 of a continuous function u :
(0,00) — R is given by

o)
I'(n—oa)\dt
where n — 1 < « < n, provided that the right-hand side is
pointwise defined on (0, 00).

Dl u(t) = jt _ 4o o)

o (t _ S)(X—‘rl+l ’

We use the classical Banach space C[0, 1] with the norm
lull = max,cpolu(t)l and L'10, 1] with the norm ful, =

jol |u(t)|dt. We also use the space AC"[0, 1] defined by

AC™[0,1] = {u: [0,1] — R [u™"
(11)

are absolutely continuous on [0,1]}
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and the Banach space C#[0, 1] (u > 0)

Cc*0,1]
={u@® lu@)=Ix®) +at" "+t 7+
(12)
+oy NV xeClo,1],t € [0,1],
GeR,i=12,...,N=[u+1}
. u u—(N-1)
with the norm [|ufl e = |IDg, ull  +---+1Dg, ull +lullg-

Lemma 4 (see [1]). Let « > 0, n = [«] + 1. Assume that u €
L'(0, 1) with a fractional integration of order n— a that belongs
to AC"[0, 1]. Then the equality

AN _ c ((Ig;“”) (t))(nii)|t=0 o—i
(IO+D0+u) () =u(t) - ; T(a—i+1) t (13)

holds almost everywhere on [0, 1].

In the following lemma, we use the unified notation
of both for fractional integrals and fractional derivatives
assuming that I, = D} for a < 0.

Lemma 5 (see [1]). Assume that o > 0; then

(i) let k € N. If D%, u(t) and (D" u)(t) exist, then
(DD, ) u (1) = (DSTFu) (1) (14)
(ii) if B > 0,a + B > 1, then
(15,28 ) ut) = (157Pu) () (15)

satisfies at any point on [a, b] for u € L,(a,b)and1 <

p < +00;
(iii) let u € Cla,b]. Then (D}, I} )u(t) = u(t) holds on
[a,b];
(iv) note that, for A > -1, A+ — l,a — 2,...,a — n, one
has
prt = LAFD e D=0, i=12,...,n
FrA-—a+1)
(16)

Remark 6. If 1 < a < 2 and u satisfies Df,u = f(t) € L'(0,1)
and Ig;“uItzo =0, thenu € C*'[0, 1]. In fact, with Lemma 4,
one has

u(t) =I5 f () + qt* " + % (17)

Combined with I7,“ul,_, = 0, there is ¢, = 0. So

u®) =I5 f () + et =I5 I, f ) +qT (@], (18)

Lemma 7 (see [34]). F ¢ C¥[0,1] is a sequentially compact
set if and only if F is uniformly bounded and equicontinuous.
Here to be uniformly bounded means that there exists M > 0
such that for every u € F

—(N-1)
lor = |Dh g+ + [N Vu|+ oo < M 19)

and to be equicontinuous means that for all € > 0, 36 > 0 and
forallt,,t, € [0,1], [t; —t,| <8, u € F,andi € {1,...,[ul},
the following holds:

|u(t) —u(t)| <e 'ng” (t:) - D 'u (t2)| <é&

(20)

We also use the following two Banach spaces Y =
C*7110, 1] x C#71[0, 1] with the norm

1Ge, )y = max {lixlicsrs [yl s} (21)
and Z = L'[0,1] x L'[0, 1] with the norm
1Ge, ) = max {llxlly, |y, }- (22)

Let the linear operator L : domL ¢ Y — Z with
domL={(uv) €Y : Iy, u(t) =0, u(l)=av(,
Iy ()l = 0, v(1) = bu (n)}

(23)
be defined by
L(u,v) = (Lu,L,v), (24)

where L, : C*'[0,1] — L'[0,1]and L, : CF'[0,1] —
L'[0,1] are defined by

Lyu=Dyu(t), Lyv= D0ﬁ+v(t). (25)

Let the nonlinear operator N : Y — Z be defined by
(N @) () = (N (,v) (1), N, (,v) (1)), (26)
where N}, N, : Y — L'[0,1] are defined by

Ny u,v) (0) = f (tu (), DS u(®),v(), Df, v (1)), -
27

N, (x,9) (8) = g (t.u (), D3, u (1), v (), DY, v (8).

Then four-point coupled boundary value problems (1) can be
written as

L(u,v) =N (u,v). (28)

Lemma 8. Let L be the linear operator defined as above. If (2)
holds, then

Ker L = {(u, v) €edomL: (u,v) = c(afﬁ_lt“_l,tﬁ_l) ,

ceR,te [0,1]},
(29)
ImL = {(x,y) €Z: aIéiy(E) - I5,x(1)
(30)
+aff! [blgﬁrx (n) - Iéiy(l)] = 0}.



Proof. Let u(t) = afﬁflt“fland let v(t) = P71 Then by
Lemma 5, we have Ig;“u(t)ltzo = Ig;ﬁv(t)ltzo =0, u(l) =

at?! = av(E),v(1) = 1 = bu(n), and D, u(t) = DE v(t) = 0.
So

{(u, v) edomL: (u,v) = c(afﬁ_lt“_l,t'g_l) ,C € IR}
(31)
C Ker L.

For every (u,v) € Ker L, if Dy, u(t) = D0’8+v(t) =0, then

u(t) = clt“_1 + ozt“_z, v(t) = %tﬁ_l + c4t’3_2. (32)

Considering that Ig;“u(t)h:o = Ig;ﬁv(t)ltzo =0,u(1) = av(é)
and v(1) = bu(n), we can obtain thatc, = ¢, =0and ¢, : ¢; =
a1t yields the following:

KerL c {(u,v) edomL: (u,v)
(33)
= c(a{ﬁflt‘x*l,tﬁ*l),c € [R{}.

Let (x, y) € Im L; then there is (u,v) € dom L such that
(x,¥) = L(u,v); that is, u € C*'[0,1], Dg,u(t) = x(t) and
veCPo,1], D{Lv(t) = y(t). By Lemma 4,

(OO
I'(x)

(50) ) o
T'(a-1)
(60,
I (B)
(L)
— —7t
r(B-1)

Ip,x () = u(t) -

(34)
Py =v)-

and by the couple boundary conditions, we have

u@ =IEx@)+at™,  v@E) =1 y(0) +of

u@) =I8x () +o =av® =a [,y @) + o], (35)

v(1) =I5y () + ¢ =bu(n) = b1y () + o]

It yields the following:

aléiy &) - Iy, x (1) + atP! [bl&x (n) - Iéiy (1)] =0.
(36)
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On the other hand, suppose that (x, y) € Z satisfy (36). Let
u(t) = I% x(t) + a& 1t and v(t) = IF, y(t) + [bI% x(y) -

+ 0+ +
18 y(1) + 1]t#}, and then D% u(t) = x(t), Db v(t) = y(),
and

I u(®) g = 1o v () g = 0,
u(l) = IS, x (1) + a&!
= alf,y §) +a [bI§,x () - I,y (1) + 1] &
=av(§),
v(1) =15y (1) + [bIS,x () - 16,y (1) + 1]

= blg,x (1) +abe" 'y = bu (y).
(37)

Therefore, (30) holds. ]
Lemma 9. If (2) holds, then L is a Fredholm operator of index

zero and dim Ker L = codimIm L = 1. Furthermore, the
linear operator K, : Im L — dom LN Ker P can be defined by

Kp (u,v) (£)

= {I&u (t) — afP 1! [bI&u (n) - Iéiv(l)] ,I(ﬁrv(t)} )

(38)
Also
I, )|, < Al vl (39)
Proof. Define operator Q : Z — Z as follows:
Q(u: V) = Ale (M,V)(l,l), (40)
where Q, : Z — R is defined by
Q (w,v) = alg,v(§) - Ip,u()
+ aE&1 [bl&u (n) - Iéiv(l)] ,

T(B+1)T(ax+1)

A T s ) E- DT (B ) (=1)

#0.
(41)

It is easy to see that Q*(u,v) = Q(u,v); thatis,Q : Z — Z
is a continuous linear projector. Furthermore, Ker Q = Im L.
For (u,v) € Z, set (u,v) = [(4,v) — Q(u, v)] + Q(u, v). Then
(u,v) — Q(u,v) € KerQ and Q(u,v) € ImQ. It follows from
Ker Q = Im Land Q*(u, v) = Q(u, v) that Im LNIm Q = (0, 0).
So we have

Z=ImLe®ImQ. (42)

Now, IndL = dim KerL - codim ImL = dim KerL -
dim Im Q = 0, and so L is a Fredholm operator of index 0.
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Let P: Y — Y be continuous linear operator defined by

DF v (0)
r(B)

Obviously, P is a linear projector and

P(u,v) = (aﬁﬁ_lta_l, tﬁ_l) ) (43)

Ker P = {(u,v) € Y : DF v (0) = o}. (44)

It is easy to know that Y = Ker P & Ker L.
Define Kp : ImL — dom L N Ker P by

Kp (u,v) (t)
= (Igiu(t) — gfP 1! [bIg:u (n) Iéiv(l)] ,Iéiv(t)).
(45)
Since
o _ B L n _ a—1
‘blo+”(’7) Io+V(1)] < ‘F(oc) L (n—s)" u(s)ds
1
F(/3) J (1-9)""v(s)ds
b
< — r@ ||u||1 r(ﬁ)llvlll;
DY IS u(t) = Jtu(s) ds, (46)
u(t) = T )J (t=s)* 'u(s)ds,
DR v (o) = jtv(s) ds,
I v(t) = (ﬁ)j (t — )P v (s)ds,
then
IKp (1, )|y < ALl V)12 (47)

In fact, if (4, v) € Im L, then
LKp (u,v) (t)
= {Dg+ [Igﬁru (t) — afF 1! [bI u(n) -

DL IEv (D)} = ).

5y ()],

(48)
By Lemma 4, for (1, v) € dom L N Ker P,
KpL (u,v) ()
= (18, D, u (t)-ak* "7 b1, D§,u (n)~15,Dh,v (1)],

I5,Dhv (1))

5
~ Di'u(0) oo Iu(0) on gt e
_<u(t)—Wt _F((x_l)t —aE t
DG u(0) oy I u(0) 4,
X [bu(n)—bwrl " T(ao 1)’7
D (0) Dy v (0)
T ]’V“’ T
~ D3 u(0) 4y
= (M (t) - Wt
+a€l3—1toc—1b 0;(”)(0) ol (t))
= (u(t),v(t)
(49)

(Dgfv(o) = 0 since (u,v) € Ker P and Ié;"‘u(O) = 0 since
(u,v) € dom L). Hence,

-1
Kp = (leoanKerP) . (50)

The proof is complete. O

3. Main Results

In this section, we will use Theorem 1 to prove the existence
of solutions to BVP (1). To obtain our main theorem, we use
the following assumptions.

(H1) There exist functions a;,b, ¢, d;,e; € L'[0,1] (i =
1,2) such that for all (x, y,z, w) € Rt € [0,1],
|f (t.x, y.2, w)l e (t) +ay (t) x| +b () |)’|

+¢ () |zl +d, () wl,

|9 (t,x, y,z,w)| < e, (t) +a, () |x] + b, (t) |y]
+6 (1) ]z] +d, (1) lw] .

(H2) There exists a constant A > 0 such that, for (u,v) €
dom L, if [DE'w(t)] > A forallt € [0,1], then
Q;(N;(u,v)) #0 or Q;(N,(u,v)) #0.

(H3) There exists a constant B > 0 such that either, for each
ceR:|c| > B,

N, (cad? et ) > 0, o, (cat e et ) > 0

(52)

or, foreacha € R : |a| > B,
cN, (ca{ﬁ_lta_l,ctﬁ_l) <0,

(53)
cN, (caﬁﬁ_lt“_l,ctﬁ_l) <0.



Theorem 10. Suppose (2) and (H1)-(H3) hold. Then (1) has
at least one solution in 'Y, provided that

max {(A, +A3) max {ay,, 8] e, ol }o A A5}
<1l
(54)
Proof. Set
Q, = {(u,v) edomL\KerL:L(u,v)=AN (u,v)
for some A € [0,1]}. 59

Take (u,v) € Q. Since Lu = ANu, so A#0 and N(u,v) €
Im L = Ker Q; hence,

QN (u,v) = Q; (Ny (u,v), N, (u,v)) (1,1) = 0. (56)
Thus, from (H2), there exist t, € [0, 1] such that
D81 (8)] = A (57)

Noticing that
t
Df;lv(t) = Df;lv(to) + I Dg+v(s) ds (58)
t,

0

SO
|D§;1v(0)| < ||D§;1v(t)||m < |D{f;2v(to)| + ||D§+v(t)||1

<A+|Ly||, < A+|N, W),
(59)
Thus
DY v (0)

qEF1ol B
iy )

= 8, D5 @) < Ay (A N, @ )],).

1P (u, v)lly = l

Y (60)

Forall (u,v) € Q,, (I-P)(u,v) € dom LNKer P. Considering
Lemma 9, we get LP(u,v) = (0,0). Together with (39), we
have

I(T = P) (u, W)lly = [KpL (I = P) (u,v)]y
<SAILA-P)wWl,  (6])
< AN @)l

From (60) and (61), we have
G, )l
<P @)y + 1 = P) (. )lly
<A (A+ ||N2 (u, v)||1) + AL|IN (u, v)||
= AA; + max {(A; +A3) [Ny )|, ANy w,v)],

+A 5N, (w, )|}
(62)
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From (62), we discuss various cases.

Case 1 ([[(u,v)lly < AA5+ (A + AN, (u,v)|,). From (H1),
we have

G Wlly

<AA+ (A +A5)
% (flaa)l Nerlleo + 1o |57 2], + el IV

sl |5 +leal, )
S AN+ (A +A3) e,
+ (A1 +Ag) max {[lay| ), 6]} lleell o
+ (A, +Az) max {lle ] s |, } IVl
SAA;+ (A +A3) e,

+ (8 + As)max{a] s [&.]s el Ida] G vl
(63)

which yield
[l VIl
< ADy + (AL +45) e, (64)
T 1= (A + Ay) max {flay,s 6] el o]l
Thus, Q, is bounded.

Case 2 (|(u,V)lly < AA; + ALINy(u, V)]l + A5[INy(w v)).
From (HI), we have

(e, VI
< AAs + A (o el + Il [ D55 w L + el IVl
+||d1||1||D§;1v||oo + ||e1||1)
+ 85 (laall oo + 1011 D5 ], + el IV
+||dz||1||D€+_1V"00 + ||ez||1)
S AA+ A ey, + Asles], + Agllullcer + Aslvligs

< A8y + Al + Al + max (A, A} 1wy

(65)
which yield
e Wl < 22 31+_Arﬂil{||;:§j|62||‘- (66)
Thus, Q, is bounded. Let
Q, ={(u,v) e KerL: N (u,v) € ImL}. (67)

For (u,v) € Q, and (u,v) € KerL, so (u,v) = c(afﬁflt“fl,
tﬁfl), t € [0,1], c € R. Noticing that Im L = Ker Q, then we
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get QN (u,v) = 0, and thus Q,; N, (caEﬁflt"‘*l, ctﬁfl) =0and
QlNz(caﬁﬁ_lt“_l,ctﬁ_l) = 0. From (H2), we get|c| < A/T(),
and thus Q, is bounded.

We define the isomorphism J : Ker L — ImQ by

J (cafﬁflt'x*l,ctﬁfl) = (¢, 0). (68)
If the first part of (H3) is satisfied, then let

Q; = {(u,v) ekerL: AJ (u,v)
69
+(1-21)QN (u,v) =0,A € [0,1]}. )

For (u,v) = (ca’q’ﬁ*lt“fl,ctﬁfl) €Q,,
Ae,e) == (1 =) AQN (a7 ctP1) (1,1). (70)

If A = 1, then ¢ = 0. Otherwise, if |c| > B, in view of (H3) and
A, <0, one has

(1-2)A3QN (cad 1%, ctP 1) <0 (71)

which contradict Ac? > 0. Thus Q; c {(u,v) e KerL | (u,v) =
(ca&® 1>, ctP™), |c| < B} is bounded.
If the second part of (H3) holds, then define the set

Q; = {(u,v) e KerL: -AJ (u,v)
72
+(1-A)QN (u,v) =0,A € [0,1]}, 7

and here ] is as above. Similar to the above argument, we can
show that Q)5 is bounded too.

In the following, we will prove that all conditions of
Theorem 1 are satisfied. Let Q) be a bounded open subset of Y

such that U?_| Q; ¢ Q. By standard arguments, we can prove
that Kp(I - Q)N : Q — Y is compact, and thus N is L-
compact on Q. Then by the above argument we have

(i) Lu# ANu, for every (u, A) € [(dom L\ Ker L) N 9Q)] x
(0,1),
(ii) Nu ¢ Im L for u € Ker L N 0€).

Finally, we will prove that (iii) of Theorem 1 is satisfied. Let
Hw,A) = tAJu + (1 — A)QNu. According to the above
argument, we know that

H (u,A) #0 for u € Ker L N 0Q. (73)
Thus, by the homotopy property of degree,

deg (QN ke, 1 Ker LN Q,0)

=deg(H (-,0),Ker LN Q,0)
(74)
=deg(H(-,1),Ker LN Q,0)

=deg(+J,Ker LN Q,0) #0.

Then by Theorem 1, L(u, v) = N(u, v) has at least one solution
in dom L N Q so that BVP (1) has a solution in C*™[0,1] x
CP7110, 1]. The proof is complete. O
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