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We study the existence of positive solution for the eigenvalue problem of semipositone fractional order differential equation with
multipoint boundary conditions by using known Krasnosel'skii’s fixed point theorem. Some sufficient conditions that guarantee the
existence of at least one positive solution for eigenvalues A > 0 sufficiently small and A > 0 sufficiently large are established.

1. Introduction

In this paper, we study the existence of positive solutions to
the following eigenvalue problem of semipositone fractional
order differential equation with multipoint boundary condi-
tions:

D x) =AM (t,x (), D x(@), te(0,1),

Dx0)=0, D"'x(0)=0,
¢y
m—2
D)x(1) =Y a,Dx(;),
=1
where3 < a < 4,0 <y <a-20<§& <& <o <

i
a positive parameter, and D, D! are the standard Rieman-
Liouville derivative. Throughout the paper, we assume that
f is semipositone; that is, f : [0,1] x [0,+00) — R is
continuous and there exists M > 0, such that f(¢,x) > —-M,
for any (¢, x) € [0, 1] x [0, 00).

The multipoint boundary value problems (BVPs for
short) for ordinary differential equations arise in a variety
of different applied mathematics and physics. Recently, Feng
and Bai [1] investigated the existence of positive solutions

£, , < 1,a; € [0,+00) with 0 < z;?“jajf;“y‘l < 1,Ais

for a semipositone second-order multipoint boundary value
problem:

x" () + Af (t,x (t)) = 0,

m—2 m—2
x' (0): Z“jx(gj)’ X(1)= Zb]X(E])
j=1 j=1

te(0,1),
()

By using Krasnoselskii’s fixed point theorem, some sufficient
conditions that guarantee the existence of at least one positive
solution are obtained. In [2], a (n — 1, 1)-type conjugate
boundary value problem for the nonlinear fractional differ-
ential equation,

D Ox )+ Af (t,x(t) =0, te(01),
. 3)
x(0) =0,

0<j<n-2, x(1)=0,

is considered. Based on the nonlinear alternative of Leray-
Schauder type and Krasnosel’skii’s fixed-point theorems, the
existence of positive solution of the semipositone boundary
value problems (3) for a sufficiently small A > 0 was
given. In recent paper [3], Zhang et al. established the
existence of multiple positive solutions for a general higher
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order fractional differential equation with derivatives and a
negatively Carathéodory perturbed term:

- D% (1)
= p(t)f(t,x(t),@”lx(t),szzx(t),...,gﬂ”‘lx(t))
-g(tx®), D" x1),D"x(t),..., D" 'x (1)),

D'x(0)=0, 1<i<n-1,

m—2
Gty (0) = 0, gﬂnflx(l) = Zajgﬂn—lx (f]) .
Jj=1

(4)

Some local and nonlocal growth conditions were adopted to
guarantee the existence of at least two positive solutions for
the higher order fractional differential equation (4). For the
recent work in application, the reader is referred to [4-20].
Inspired by the above work, in this paper we study the
existence of positive solutions to the semipositone BVP (1).
Here we also emphasize that the main results of this paper
contain not only the cases for A > 0 sufficiently small, but
also for A > 0 sufficiently large, which is different from [2, 3].

2. Preliminaries and Lemmas
Definition I (see [21-24]). The fractional integral of order a >

0 of a function x : (a,+00) — Ris given by

t
I“x(t) = ﬁ J (t—s)* 'x(s)ds, (5)

provided that the right-hand side is pointwisely on (a, +00).

Definition 2 (see [21-24]). The Riemann-Liouville fractional
derivative of order « > 0 of a function x: (a,+00) — R is
given by

a oy L (dY
Dix(®) = F(n—oc)(dt)

where n = [a] + 1, [«] denotes the integer part of the number
«,and t > a, provided that the right-hand side is defined on
(a, +00).

,[t (t-s)""'x(s)ds, (6)

a

Lemma 3 (see [21-24]). Assuming that x € L'[0,1] with a
fractional derivative of order o > 0, then

Dix () =x () + ot + ot Pt gt (7)
wherec; € R,i=1,2,...,n,n=[a] + L.

Lemma 4 (see [3]). Suppose that h ¢ L'[0,1]. Then the
following boundary value problem
D Txt)+h(t)=0, te(0,1),

, m—2 (8)
x@©=x'©=0, x1)=Yax()
jil
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has a unique solution

x(t) = Jl G (t,s) h(s)ds, 9

0
where
a—y-1

m—2
G(tx ): (ta )+—__ . E" 10
Pot g o) W

is the Green function of the boundary value problem (8) and
() GO L

, 0<s<t<l,

_ [(a~7y)
90 M 0<t<s<l1.
T(ax-y) S
(11)

Lemma 5 (see [2]). The function g(t,s) in Lemma 4 has the
following properties:
(R1) g(t,s) = g(1 —s,1 1), fort,s € [0,1];
(R2) T(ex — p)k(t)gq(s) < g(t,s) < (@ —y — 1)g(s), fort,s €
[0,1];

(R3) T'(ax — p)k(t)q(s) < g(t,s) < (a —y — Dk(t), fort,s €
[0, 1], where

k(t) = t‘x;}_l&, q(t) = M (12)
(@-y) I(a-y)
Lemma 6. The following boundary value problem
D Tx()+AM =0, te(0,1),
(13)

m—2
x©O)=x'(0=0,  x(1)= ) ax(§)
j=1

has a unique solution w, which satisfies
4AMo (t)

m—2 a—y-1’
1= a8

m—2
o(t)= (1 - Yag > k(t) (14)
j=1

w(t) <

m—=2
a—y-1 a—y-1
+ Y ak (&)t < e
=1
Proof. By Lemma 4, the unique solution of (13) is

w(t) =AM Jl G (t,s)ds. (15)
0

So
1

w(t)=/\MJ G(t,s)ds < AM (a—y 1)
0

! I ak ()
. (k(t”Wf s e

j=1 7j5j
4AMo (t)

S e
L= ad;
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and by « —y > 2, we have I'(a — y) > 1, so

m-2 m—2
o(t) = <1 - Zajﬁ;‘_y_1>k )+ Y ak (&)
j=1 j=1

a—y—1 a—y-1 1-
s y)< ]Zlaf )t (1-1)

Ea y-1 oc y-1 (17)
) Lo )
m—2
< 1- a] (x y-1 a y-1
j=1
m=2 )
a—y=1 a-y-1 _ ja-y-1
+ Zajfj t = >
j=1 O

The basic space used in this paperis E = C([0, 1]; R), where R
is the set of real numbers. Obviously, the space E is a Banach
space if it is endowed with the norm as follows:

Iy = max |y )] (18)
forany y € E. Let
1
:{yeE:y(t)zga(t)"y"}, 19)

and then P is a cone of E.

Now let v(t) = D, x(t); then the boundary value problem
(1) is equivalent to the following boundary value problem:
- Tv(t) =AM (£ T"v(),v(®), te(0,1),
m=2 (20)
v(0) =+ (0) =0, v(l) = j_zlajv(sj).
Define a modified function [-]* for any ¢ € C[0, 1] by
[p 0]’ = {f)”’(t) 28 Zo ()
and consider
-2y ()
=Al (B O-wo] [y O - w®]") + M],
te(0,1),
m=2
YO =y =0,  y1)=}ay(E).
a (22)

Lemma 7. The BVP (1) and the BVP (22) are equivalent.
Moreover, if y is a positive solution of the problem (22) and
satisfies y(t) > w(t), t € [0,1], then I"[y(t)—w(t)] is a positive
solution of the boundary value problem (1).

Proof. Since y is a positive solution of the BVP (22) such that
y(t) > w(t) for any t € [0, 1], we have

- gtaiyy (1)
=AY [y -w®)], [y () -w®)])+M],
te(0,1), (23)

m—2

YO =y =0,  y1)=Yay(E).
=1

Letv = y — w, and then we have

DV =Dy () - DT w (),

m—2
w(l) = Zajw (EJ) .
j=1
Substitute (24) into (23), that is (20), which implies that
I"[y(¢) — w(t)] is a positive solution of the BVP (1). O

It follows from Lemma 4 that the BVP (22) is equivalent
to the integral equation

(24)

1

y(t) = AL G(t,s) [f(s,Iy[y(s) ~w ()], [y (s) —w(s)]*)
+M].

(25)

Thus it is sufficient to find fixed points y(t) > w(t), t € [0, 1]
for the mapping T' defined by

(Ty) )
! * *
=\ Jo G(t,s) [f (s,IV[y(s) —w ()] [y () -w(s)] )
+M] .
(26)
Lemma8. T : P — P isa completely continuous operator.

Proof. For any fixed y € P, there exists a constant L > 0 such
that ||yl < L, and

0<[y)-w©)] <y <y <L,

» )
0<I"ys)-w(s)]” :Lt (t =) [I{((;;—w(s)] i

L

T(y)

<

Take

N = max

[0,11x[0,L/T(y)]xI0, L]f (u9), (28)
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then X [f (s,Iy[y(s)—w(s)]*,
(Ty) ® (&) -w©])
1
:ALG(t,s) [f(s,]y[y(s)—w(s)]*, +M] ds}.
(29)
[y ) -w()]) + M] 0
1 On the other hand, it follows from Lemma 5, T'( — y) > 1,
SAM+N) [ Glesds < oo and o(¢) < £V that
0
o : (Ty) (®)
This implies that the operator T': P — E is bounded.
Next for any y € P, by Lemma 5, we have > AT (a—p)k(t)
1
ITy| xj q(s) [f(s,ly[y(s)—w(s)]*,
0
1
= max {/\ L G () [f (S’IY[J’ (&) ~w©)], [y(s) - w(s)]*) + M] ds
. Ata_y_l
- M R ——
[J’ (S) w(s)] ) + ] } 1-— z;n:—IZ ajgj y-1
1
* m—2
<Ay 4Ol (IO -w ol Y[ (69 [ (1 -wel
=1
[y(s)—w(s)]*)+M] .
N [y(s) —w(s)] )+M]ds
m— a—y— 1
=Y a 2§Wquuwf@ﬂUu%w@W,
m—2 1
Y (&) [F (5P -wo ()~ w ') + M]ds
j=1 * ) jp—
[y(s) —w(s)] ) + M] ds 1 - Z;n:-lz ajg;t—y—l
1
< 44 it - , ol .
] a0l -vo S o6 (16w
=1
[y(s)—w(s)]*)+M] ’ .
. [y(s) —w(s)] )+M]ds
=1 455 = {/\k(t) L A [f(sT[y ) -wE)],
m—2 1
X ajJ.o g(Ej,s) [f(s,ly[y(s)—w(s)]*, [y(s)—w(s)]*)+M]ds
=1
J Ayt
[y@—wuﬂﬂ+wdw} e
4) m=2 1 .
e S oo wor
1
« “O 4@ [ (s w6 [y © -wE)]) () -w©)]") + M] ds}
Ater1

j=1

]+ Yo [ 969

+
2(1- ¥ e )
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m-2

X _a]I ( )[ (sly[y(s) w(s)]",

j
[y(s)—w(s)]*) +M] ds

%aﬂ a®) [f(sT [y ) -wE)],

NI»—-

[y(s) - w(s)]*) + M] ds
+ T ak ()
Yt

1
xLﬁ@U@ﬂUw—wwﬁ

[y(s) —w(s)] )+M] ds}

Ata_y_l

(- yaE )

m—2 1
<Ya | 96 (IhO-wOl,

[y(s)—w(s)]*) +M] ds

Ao (t)
2(1- )i ajf‘j*‘y‘l)

1
xLﬁﬂU@ﬂU@—w@R

[y(s) - w(s)]*) +M] ds
N Ao (t)
2(1-2 e )

-2

N[ 0 [ ryo-wor

j=1

3

[y(s) - w(s)]*) + M] ds
Ao ()
2(1-2i e )

1 *
X(Lq@HfGJWMQ—wGH,

[y(s)—w(s)]*)+M]ds
m—2 1
+ 3| 96 IhO-wol
=10
[y(s)—w(s)] )+M]ds>
(31)

So, by (30) and (31), we have

()= mlo®, tel, G

which yields that T'(P) c P.

At the end, using standard arguments, according to the
Ascoli-Arzela Theorem, one can show that T : P — P is
completely continuous. Thus T : P — P is a completely
continuous operator. U

Lemma 9 (see [25]). Let E be a real Banach space, and let P C
E be a cone. Assume that Q, Q), are two bounded open subsets

of Ewith0 € Q,,Q, ¢ Qy, andlet T: Pn(Q,\Q,) — Pbe
a completely continuous operator such that either

(D) I Tx|l < Ix]l, x € PNOQ, and | Tx[| = || x|, x € PNOQ,,
or

) ITx]l = lIxll, x € PNoQ, and |Tx|| < [x]l, x € PNOQ,.
Then T has a fixed point in P N (52 \ Q).

3. Main Result

Define

t,
£ = limsup maxf( ),

x|+] | 5 oot €l01] x| + |y|

(33)
t
foo = liminf m M
x|+[yl > cote[1/4,3/4] |x| + |y|
Theorem 10. Suppose that
foo = 00. (34)

Then there exists a constant A > 0 such that, for any A € (0, A],
the BVP (1) has at least one positive solution.

Proof. Choosing y € P with |y|| = 1, then

0< [y(s)—w(s)]* <y(s) < ||y|| <1,

0< Iy (s) - w(s)]"

(35)
C(t-9)" My () -w(s)] 1
= ds < .
| () TT()
Let
N = 6Lx,Y),
(txy)e[Ol]ril[oa)l(/l"(y)]x[OI]f( * y)

a—y-1 m=2 a—y-1 (36)
A = min -2 J l_zj:1 ajgj .
34M 4y a;(M+N)



Forany y € 0B, B, = {y ¢ P : |yl < 1},and A > 0
sufficiently small such that A € (0, A], we have

1
51 = pax 2| 69 [F (5Pl -wol

r©-wEl)+ M|

<Aa—y-1)

1
X L q(s) [f (s,Iy[y(s) —w(s)]" [y (s) - w(s)]*)

AMa-y-1)

+M] + m-=2 a—y-1
1-2j a8

m-2

1
<Y | a@[f (PO -wO),
=1 0

J

[y(s)—w(s)]*) +M] ds

4/\211 ](M+N) " "
- m o~ - y
l ZJ_lz a]E v !
(37)
Therefore,
1Tyl < |yll. »eo0B,. (38)

On the other hand, take

_ <1 - rj_z_lzajgjf‘y> <‘_11>“_y, (39)

and choose a large enough L > 0 such that

A6L4€< ) o f//:q(s) ds> 1. (40)

By (33), we know that f is an unbounded continuous
function. Therefore, for any t € [1/4,3/4], there exists a
constant K > 0 such that

ftx,y)=L(Ixl+|y]), if [x|+]y]>K. (41

Choosing

R>max<lz64$,l+l< ﬁ}, (42)

_ym-2 a—yp-1 S
=1 %)
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then R > K > 1. Let By = {y € P : ||yl < R}. Then for any
y € 0By and for any t € [1/4,3/4], we have

4AMo (t)
-y la e
32AMy (t)
(1= 37 a7

y) -—w®)z y)-

(43)

> y(t) -

1
>=y() > — tR>—R>K>0
2y() 160() €

Consequently, for s € [1/4,3/4], it follows from (43) that

My -wE] |+ |y -w©)]]
(44)
>y -wE]| > K

and then by (41) and (44), for s € [1/4, 3/4], we get
f(s,IV[y (s)—w(s)]" [y (s) - w(s)]*)
2L(|I”[y(s)—w(s)]*'+|[y(s)—w(s)]*|) (45)
>L|[y(s)-w(s)]| = 6—14L€R.

So forany y € 0B and t € [0, 1], by (45), we have

Iy
1
2] () (o -wel,
[y(s)—w(s)] )+M]ds
1
21 [ 6(Le) £ PE v,
[y(s)—w(s)]*)ds
1
ZAL 9(59)F (PO -wl,
[y(s)—w(s)]*)ds (46)
Z)tl"(oc—y)k(}l)
1 *
X L q(s)f(s,Iy[y(s) —w(s)],
[y(s)—w(s)]*)ds
1\*V 3/4 , .
2)\(—) -[1/4 q(s)f(s,] [y(s)—w(s)],
[y(s)—w(s)]*)ds

3/4
2)\(—) J q(s) —LeRds>R vl -
1/4
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Thus, we have
Tyl = |yl. » € 0B (47)

By Lemma 9, T has a fixed point y such that 1 < ||y < R.

From
_ym-2 ) a—y-1
A<AL M’ (48)
32M
we have
32AM -
D " 49
1—Zj=12€lj5j y-1 ( )
Thus
y® = o2 2o @)
8 8
(50)

4AMo (t
———73—%;:2w0%
L= e

By Lemma 7 and (50), the boundary value problem (1) has
at least one positive solution. The proof of Theorem 10 is
completed. O

Theorem 11. Suppose that
f =0, (51)
and there exist constants k > 0 and 6 > 0 such that
ftxy) zx(lxl+|y]),

13 0 (52)
(t,X,y) € [A_L’A_}] X [m,%) X [G,OO)

Then there exists a constant A > 0 such that, for any A €
[A, +00), the BVP (1) has at least one positive solution.

Proof. Choosing

3/4 -1
A= & 1+; J q(s)yds| ,
407y+2 2T (y+1) ) hya

64AM 166 }

(53)
Rl = max I ——)
{1—zﬁl%§y ¢

andletBRl ={y e P: |yl <R,}. Thenforany € [A,00),y €
OBy ,and t € [1/4,3/4], we have
y () —w(t)
4AMo (t)
32AMy (t)
(ST

> y(t) -

(54)

2 y(t) -

1 1 1
>—-y(t)>—0 ()R, > —€eR, 20> 0,
(02 o OR 2 eR,

Iy -w@®)]

1 € t _
2ﬂ«—R>2———Jt— Y dsR
60) 2 Tery LT AR (s
> ek, > 0 >0,
16x4'T(y+1)  4T(y+1)

so forany y € 9By and ¢ € [0, 1], by (52)-(55), we have
Iyl
A [ 6(Lo) U (o -wel
[y(s)—w(s)]") + M]ds
zAJlG(iJ>f@JWyS)—wBHi
[y (&) —w(s)]")ds
2AEg<iJ>f@qu@%%N9r>
() -w(©]")ds
zAI(a—y)k(i)L;q@)f(&pﬁy@)—w(ﬂr»
[y(s) —w(s)]")ds
ZA(if“fEfquxf@Jﬂy@)—w@ﬂi

[y(s)—w(s)]*)ds

3/4
L PR j q(s)dsR, > R,
4o-y+2 T (y+1) ) s

= Iyl

(56)
Thus, we have

Iyl =l y € 0Bg,. (57)



According to (51), it is clear that

t >
£ = limsup maxM
beielyl — cot€l0] [ + |y]

] ftx,y)+M
= limsup max —————— =
Ixl+lyl » cot€l0l] |x| +]y]

Let us choose ¢ > 0 such that

AT (y+1)+1)e -1
F(y+1)

Then there exists a large enough K > R, such that

ftxy)+M<e(lxl+|y]),

for any t € [0,1], |x| +|y| > K.

Thus, by (60), if

|I”[y(s)—w(s)]*' + |[y(s)—w(s)]*' > K,

then
Iy -we] L yE -we)])+M
s(|IVy(s) w(s)] '+|y(s) w(s)]” |)

( (t—s)y 1ds+1)||y||

(y+1 )+1

b,

IN

for any t € [0,1], |x|+|y|>K
Now denote that

ftxy),

= max
te[0,1],|x[+|y|<K

and choose

40 (D + M) K
1-4A(T(y+1)+1)e/T(y+1)

R, =

Then R, > K > R;.

(58)

(59)

(60)

(61)

(62)

(63)

(64)
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Nextlet By ={y € P:||yl| < R,}. Then for any y € 0Bp,
and for any ¢ € [0, 1], we have

= max (Ty) (1)

=)tmaxJ' G(t,s) [f(s I'"y@s)-w(s)],

te[0,1]

[y(s)—w(s)]*) +M] ds

1
<Ma-y- 1)]0 9O [f (s -wE)],

[y(s) —w(s)] ) +M] ds

<Ala-y-1)
1
- <t€[0>1{,rlla?l-)+(lylsl<f () + M) Jo 9(9)ds

FAa-y-1) [ T

< 4A(D+M)qu(s)ds
0

T(y+1)+1
T(y+1)
AAD+M) 4A(T(y+1)+1)e
Tla-y)  Tla-prp+n)
AT (y+1)+1)e

T(y+1)

1
+4A € J q (s)dsR,
0

<4A(D+ M)+ R,

< Ry = lul,
(65)

which implies that

ITyl <y, y € 0B, (66)

By Lemma 9, T has at least a fixed points y € (PN B_Rz) \ By,
such that R, < ||yl| £ R,.
It follows from R; > 64AM/(1 - Z;':lz ajf?_y_l) that

y (&) —w(t)
4A\Mo (t)
>y - ——5 T
Y 1_2?1:712%511 y-1
(67)
> y(t) - 32AMy (t)

(1 - Z;r:lz aj£?7Y7l> R,

1 1
>—y(t)=> —0o({t)R =0.
SIOEE2A00

By Lemma 7 and (67), the boundary value problem (1) has
at least one positive solution. The proof of Theorem 11 is
completed. O
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