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We deal with the existence and uniqueness of positive solutions to a class of nonlinear parabolic partial differential equations, by
using some fixed point theorems for mixed monotone operators with perturbation.

1. Introduction

In this paper, we consider a class of nonlinear parabolic
partial differential equations of the form

u, —20u= f(t,u,u)+gtu), (xt)eQx(0,T),

u(x,t)=0, (x,t)eQx{0}UuadQx(0,T),
where Q) is a bounded smooth domain in R” and 0 < T <
+00; we denote Qp = Q x (0, T).

Problems related to nonlinear parabolic equations arise
in many mathematical models of applied science, such as
nuclear science, chemical reactions, heat transfer, population
dynamics, and biological sciences, and have attracted a
great deal of attention in the literature; see [1-6] and the
references therein. In recent years, there are many results
about existence, uniqueness, blowing-up, global existence,
critical exponent, and other properties of the solution; see [4,
5,7-12], among others. Some of the authors who investigated
parabolic equations were using the method of upper and
lower solutions; see [11], for example. Different from the
works mentioned above, in the present paper, we will utilize
some fixed point theorems for mixed monotone operators
with perturbation to study the existence and uniqueness of
positive solutions to the nonlinear parabolic partial differen-
tial equation (1).

With this context in mind, the outline of this paper is
as follows. In Section 2 we will recall certain results from
the theory of notations and results of monotone operators.

In Section 3, we will provide some conditions under which
problem (1) will have a unique positive solution. Finally, in
Section 4, we will provide an example, which explicates the
applicability of our result.

2. Preliminaries

In this sequel, we present some basic concepts in ordered
Banach spaces and two fixed point theorems which we will
use later. For convenience, we suggest that one refers to [13-
16] for details.

Suppose that (E, | - |) is a real Banach space which is
partially ordered by a cone P C E; that is, x < y if and only
ify—x e P.If x < yand x# y, then we denote x < y
or y > x. By 6 we denote the zero element of E. Recall that
a nonempty closed convex set P C E is a cone if it satisfies
i) xe PA>0> Ax e P;(ii) x€e P,—x e P= x=0.Pis
called normal if there exists a constant N > 0 such that, for all
x,y € E,0 < x < y implies that ||x|| < N||y|; in this case N
is called the normality constant of P. We say that an operator
A : E — Eisincreasing (decreasing) if x < y implies that
Ax < Ay (Ax > Ay). Forall x, y € E, the notation x ~ y
means that there exist A > 0 and y > O such that Ax < y < px.
Clearly, ~ is an equivalence relation. Given h > 0 (i.e., h > 0
and h #0), we denote by P, theset P, = {x € E | x ~ h}. Itis
easy to see that P, C P.

Definition 1 (see [13,14]). A : P x P — P is said to be a
mixed monotone operator if A(x, y) is increasing in x and
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decreasing in y; thatis, u;,v; (i = 1,2) € P,u; < u,, vy 2 v,
imply that A(u;,v;) < A(u,,v,). Element x € P is called a
fixed point of A if A(x, x) = x.

Definition 2. An operator A P — P is said to be
subhomogeneous if it satisfies A(tx) > tAx, Vt € (0,1),x € P.

Definition 3. Let D = P and let 3 be a real number with 0 <
B < 1. An operator A : D — D is said to be 3-concave if it

satisfies A(tx) > tP A(x), Vt € (0,1), x € D.

Lemma 4 (see Theorem 2.1 in [16]). Let f € (0,1). A :
P x P — P is a mixed monotone operator and satisfies
Altx, tily) > tﬁA(x,y), vVt € (0,1),x,y € P.B:P — Pis
an increasing subhomogeneous operator. Assume that (i) there
is hy € Py, such that A(hy, h,) € P, and Bh,, € P, and (ii) there
exists a constant §, > 0 such that A(x, y) > 6,Bx, Vx, y € P.
Then we have the following:

(l)A:PhXPh g Phal’ldBIPh i Ph,'
(2) there exist uy, vy € Py, andr € (0, 1) such that

vy < Uy <V,

)

uy < A(ug,vy) + Bug < A (v, i) + By < 3

(3) the operator equation A(x,x) + Bx = x has a unique
solution x™ in Py;

(4) for any initial values x,, y, €
successively the sequences

P,, constructing

Xn = A(xn—l’ yn—l) + an—l’

Vo= AYno1>%5-1) + By 3)
n=12,...,

* *
one has x, — x" and y, — x" asn — oo.

Lemma 5 (see Theorem 2.4 in [16]). Let B € (0,1). A :
P x P — P is a mixed monotone operator and satisfies
Altx, t_ly) > tA(x,y),Vt € (0,1),x,y € P.B: P — Pisan
increasing 3-concave operator. Assume that (i) there is h, € P,
such that A(hy, hy) € P, and Bh, € P, and (ii) there exists a
constant 8, > 0 such that A(x, y) < 8,Bx, Vx, y € P. Then we
have the following:

(1) A:PhXPh — PhandBIPh — Ph,'
(2) there exist uy, vy € P, andr € (0, 1) such that

vy < Uy < Vv,

(4)

uy < A(ug,vy) + Bug < A (v, 1) + By < vy

(3) the operator equation A(x,x) + Bx = x has a unique
solution x* in Py;
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(4) for any initial values x,, y, €
successively the sequences

P,, constructing

Xp = A (xn—l’ yn—l) + an—l’

yn = A(yn—l’xn—l) +Byn—1’ (5)
n=12,...,

one has x,, — x" and y, — x" asn — oo.

3. Existence and Uniqueness
of Positive Solutions

In this section, we will apply Lemmas 4 and 5 to study the
problem (1), and we obtain some new results on the existence
and uniqueness of positive solutions. The method used here
is relatively new to the literature and so are the existence
and uniqueness results of the nonlinear parabolic partial
differential equations.

In our considerations, we work in the Banach space E =
C(Qp) = {u : Qf — R s continuous} with the standard
norm |lu| = max{|u(x,t)| : (x,t) € Q_T}. Notice that this
space can be equipped with a partial order given by

(x,t) € Qp. (6)

Set P = {u € C(Qp) | ulx,t) = 0,(x,t) € Qp}, as the
standard cone. It is clear that P is a normal cone in C(Q;)
and the normality constant is 1.

The following assumptions on the nonlinear functions
f(x,u,v) and g(x, u) are as follows:

(H) f : [0,T] x [0,400) x [0,+00) — [0,+00) is
continuous and g : [0,T] x [0,+00) — [0, +00) is
continuous;

u,v€ E, u<ve u(xt)<vixt),

(H,) f(t,u,v) is increasing in u € [0, +00), for fixed t €
[0,T]and v € [0, +00), and decreasingin v € [0, +00),
for fixed t € [0,T] and u € [0,+00), and g(t,u) is
increasing in u € [0, +00), for fixed ¢ € [0, T];

(H;) g(t, Au) > Ag(t,u), for A € (0,1),¢t € [0,T], and
u € [0,+00), and there exists a constant § € (0, 1)
such that f(t, A, A"'v) > AP f(t,u,v), vt € [0,T],
A€ (0,1), u,v € [0,+00);

(H,) there exists a constant §, > 0 such that f(¢t,u,v) >
8pg(t,u),t € [0,T], u,v = 0;

(HS) min(x’t)E@f(t, gD> (P) > 03 min(X’t)E@g(t; (P) > O>
where ¢ is the positive solution of the equation

u—-Au=1, (x,t)eQx(0,7T),

u(x,t)=0, (x,t) e Qx{0}UuoQx(0,T);
that is, ¢(x,t) > 0 for (x,t) € Q_T The existence of ¢ follows
from Theorem 7 in [17, Chapter 7].

Theorem 6. Assume that (H,)-(Hs) are satisfied. Then the
nonlinear parabolic partial differential equation (1) has a
unique positive solution u™ in P,.
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Proof. We divide the proof into three steps.

Step 1. By the existence and uniqueness of linear parabolic
partial differential equations, we consider the operator A :
ExE — Easthesolution of (8) for givenu, v € P, as follows:

% -AA(u,v) = f(t,u,v) inQy, -
A (u,v) = on QO x{0}uoQx(0,T).

Indeed, for t € [0,T], u,v € E, we have f(t,u,v) € L”(Q_T).
From the regularity theory of the heat equation, we conclude
that A(u,v) € WZ’I(Q_T), and there exists some o > 0 such
that W>'(Qp) ¢ C***(Qy), so the operator A(u,v) is well
defined as the solution of (8) for givenu, v € P,.Foru,v € P,
3r,,r, € (0,1) such that

r,@ (x,t) <u(x,t) < l(p (x,1),
r

u

: )
1@ (x,1) < v(x,t) < r—go(x, t),
for (x,t) € Qr. Let ry = min{r,, r,}. Then from (H;),
ftu(xt),v(xt) > f <t, 0@ (x,1), rltp(x, t))
0
> rof(t ¢ (xt),9(x1),
(10)

ftulxt),v(xt) < f <t, rl(P (x, 1), 109 (x, t))
0

< Lilhotan o),

?

for (x,t) € Q_T, u,v € P(P. By (H;) and the above inequalities,
we have

0A (u,v)

Fra AA (u,v)
= ftouv) 21l f(t.g.g) > ro(mlry’(t P )
xt)€Qr

B 99
=1, min f(t, ¢, ¢) -Ap ),

(o1eQr ot

(11)
% ~AA (u,v)

TS f(tso,) < 5 max £ (69.9)

T

iﬁ max_f (t,¢,¢ )<?;f A<P>’

rh (xD€Qr

for (x,t) € Qp, u,v € P,. By the comparison principle for
parabolic partial differential equations [18, Lemma 3.1.8, page
108], we know that

l[; max_f(tg.¢)p>Aw,v) 275 min_f(t,9.0)9 >0,

1y (oDEQr (x,1)eQr
(12)
foru,v € P, which is satisfied by (H;). So A : P,xP, — P.
Let r; = rfmin(x,t)leTf(t, @,¢) and r, (1/1’5)

max, ».q-f (t: ¢, ¢); we get that r,9 > A(u,v) 2 1,9, for
u,v € Py that is, A, ¢) € P,. By (H,), we have

w -AA, (u,v) = f,(tu,v) >0,
5 (13)
% -AA, (u,v) = f,(t,u,v) <0,

for (x,t) € Qp, u,v € P,. Also, by the comparison principle
for parabolic partial differential equations, we observe that
A, > 0,A, < 0; that is, A is a mixed monotone operator.
Moreover, by (H;), we have

0A (Au, A7)
ot
=f (t, Au, A_lv) > /\ﬁf (t,u,v) (14)

- AA (Au, /\_lv)

B(AﬁA(u,v)) s
= —A(A A(u,v)),

for (x,t) € Qp, u,v € P,. Also, by the comparison principle
for parabolic partial dlﬂ%rentlal equations, we conclude that
A, A7) = M A, v), foru, v € P,.

Step 2. Similar to Step 1, we can also construct the operator
B:E — E as the solution of (15) for given u € P,

O0Bu

— —ABu=g(t,u) in Q,

ot g r (15)
Bu=0 on Qx{0}uoQx(0,T),

and we get the fact that the operator Bu is well defined as the
solution of (15) for given u € P,. From (H;), we get

gtu(x,t) = g(t,ryp(xt) 2ryg(te(x,1)),

1 1 (16)
gtu(x,t)) < g(lf, —¢(x, t)> < —g(to(xt),
L) Ty



for (x,t) € Q_T, u € Pq,. By (H,) and the above inequalities,
we have

aa'% —ABu = g(t,u)
> 109 (t:9) = 1 min_g(t,¢)
(x,1)€Qr
=r, min_g(t, go)( A(p),
(xHeQr
(17)
aa'% —ABu = g(t,u)
< —g(t ¢) < — max g (t,¢)
o (x,t)eQr
1
= — max g(tsv)( A<P>’
7o (x,t)eQr

for (x,t) € Qp, u € P,,. Also, by the comparison principle for
parabolic partial differential equations, we know that

1
— max g(tg)g=Buzry min g(tp)p20, (18)
To (xt)eQr (DeQr
for u € Py, which is satisfied by (Hs). So B: P, — P.
Let r, = romin(x’t)eaTg(t, @) and r, = (1/ry)
max, ».5-g(f, ¢); we get that r,¢ > Bu > 3¢, where u € P;
that is, B € P,,. By (H,), we have

0B, u
ot

=g, (t,u) >0, (19)

for (x,t) € Qp, u € P,. By the comparison principle for
parabolic partial differential equations, we observe that B,, >
0; that is, B is an increasing operator. Moreover, by (H;), we
have

aB;iw) ~ AB(Au) = g (t, Au) = Ag (£, u)
9 (ABu) 0
u
=5 A (ABu),

for (x,f) € Qp,u € P, By the comparison principle
for parabolic partial differential equations, we conclude that
B(Au) > ABu, foru € P,
Step 3. By (H,), we have

0A (u,v)

T AA(u,v) = f(t,u,v) > Sog (t, 1)
0(6,Bu) ey
= Z;)t YA (84Bu),

for (x,t) € Qp, u,v € P,. By the comparison principle
for parabolic partial differential equations, we know that
A(u,v) 2 6yBu, where u,v € P,,.
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Therefore, the operators A and B satisfy all the conditions
in Lemma 4. Thus, the operator equation A(u,u) + Bu = u
has a unique solution u” in P,,. By

ou* O0A(u",u") 0Bu*

ot o ot
= (AA(u"u")+ f(tu",u)) +
=20u" + f(tLu"u") +g(t,u”),

(ABu™ + g (t,u"))

(x,1) € Qx(0,T),
u" =AW, u")+Bu" =0,

(x,t) € QA x {0} uoQ x(0,T),
(22)

we obtain that the nonlinear parabolic partial differential
equation (1) has a unique positive solution u™ in P,,. The proof
is complete. O

Further, we make some other assumptions on the nonlin-
ear functions f(t,u,v) and g(t, u):

(Hg) there exists a constant 8 € (0, 1) such that g(t, Au) >
AMg(t,u), vt € [0,T], A € (0,1), u € [0,+00), and
f(t, Au, A7) > Af(t,u,v), for A € (0,1),¢ € [0,T],
u, v € [0, +00);

(H,) there exists a constant §, > 0 such that f(t,u,v) <
Spg(t,u),t € [0,T], u,v>0.

By using Lemma 5, we can also easily prove the following
conclusion.

Theorem 7. Assume that (H,), (H,), (Hs), (Hg), and (H;)
are satisfied. Then the nonlinear parabolic partial differential
equation (1) has a unique positive solution u” in P,,.

4. An Example

We now present one example to illustrate Theorem 6.

Example 1. Consider the following parabolic partial differen-
tial equation:

u, —2Au = u'? + (u+ 1)_1/3 + La (t)
u+1l

+b(t)+c, (x1)€Qx(0,1), (23)

u(x,t)=0, (x,t) e Qx{0juoQx(0,1),

where ¢ > 0 is a constant, a,b : [0,1] — (0,+00) are
continuous, and Q is a bounded smooth domain in R”; we

denote Q, = Q% (0, 1). Set ¢ to be the positive solution of the
following:
—Au=1, (xt)eQx(01),
(24)
u(x,t)=0, (xt)eQx{0juoQx(0,1);
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that is, ¢(x,t) > 0, for (x,t) € Q_1 We can conclude that
the nonlinear parabolic partial differential equation (23) has
a unique positive solution u™ in P,.

Proof. In this example, we take 0 < d < c and let

ftouwv)=u+ v+ 1) +b(t)+d,

g(t,u):uzla(t)+c—d, (25)

ﬁ:%, a” =max{a(t):te0,1]}.
Obviously,a® > 0, f: [0,1] X [0, +00) X [0, +00) — [0, +00)
is continuous, and g [0,1] x [0,+00) — [0,+00) is
continuous. And f(t,u,v) is increasing in u € [0, +00), for
fixedt € [0,1] and v € [0,+00), and decreasing in v €
[0, +00), for fixed t € [0,1] and u € [0, +00), and g(t,u) is
increasing in u € [0,+00), for fixed t € [0, 1]. Besides, for
A€ (0,1),t € [0,1],and u,v € [0, +00), we have

A
Au+1a(t)+c—d

Au
+1

gt Au) =

\%

at)+A(c—-d)=Ag(t,u),
FlEAw ™) = 0w+ (A v+1) P rb@y+a @0
> \1/? [u”z + v+ 1)_1/3 +b(t)+ d]

= A2 f ().
Moreover, if we take 8, € (0,d/(a” + ¢ — d)], then we obtain
fhuv)=u”?+@+ )P rbt)+d=d

d

“Tre—a @red @)

S

ula(t)+c—d = 8,9 (t,u) .

Further, min, ) 5-f(£,¢,¢) > d > 0and min, ;) 5-g(t, ¢) >
c—d>0.

Hence, all the conditions of Theorem 6 are satisfied. An
application of Theorem 6 implies that the nonlinear parabolic
partial differential equation (23) has a unique positive solu-
tion u* in P,, where P, = {u € C(Q,) | there exist A =
Mu, @), p = pu(u, @) > 0 such that Ap < u < pg}. O
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