Hindawi Publishing Corporation
Abstract and Applied Analysis

Volume 2014, Article ID 916423, 12 pages
http://dx.doi.org/10.1155/2014/916423

Research Article

Analogues of Conditional Wiener Integrals with Drift and
Initial Distribution on a Function Space

Dong Hyun Cho

Department of Mathematics, Kyonggi University, Suwon 443-760, Republic of Korea
Correspondence should be addressed to Dong Hyun Cho; j94385@kyonggi.ac.kr
Received 4 April 2014; Accepted 27 May 2014; Published 18 June 2014

Academic Editor: Allan Peterson

Copyright © 2014 Dong Hyun Cho. This is an open access article distributed under the Creative Commons Attribution License,
which permits unrestricted use, distribution, and reproduction in any medium, provided the original work is properly cited.

Let C[0, T] denote a generalized Wiener space, the space of real-valued continuous functions on the interval [0, T], and define a
stochastic process Z : C[0, T]x[0,T] — RbyZ(x,t) = _[Ot h(u)dx(u)+x(0)+a(t), for x € C[0,T] and ¢t € [0,T], whereh € L,[0,T]
with h#0 a.e. and a is a continuous function on [0, T]. Let Z, : C[0,T] — R™! and Z,.,:C[0,T] — R™? be given by Z,(x) =
(Z(x,ty), Z(x, ), ..., Z(x,t,)) and Z, ., (x) = (Z(x, ty), Z(x,t)), ..., Z(x,t,), Z(x, t,,1)), Where 0 = ) < t; <--- <t,<t,, =Tis
a partition of [0, T']. In this paper we derive two simple formulas for generalized conditional Wiener integrals of functions on C[0, T']
with the conditioning functions Z, and Z, , which contain drift and initial distribution. As applications of these simple formulas

we evaluate generalized conditional Wiener integrals of the function exp{_[OTZ (x, t)dmy(t)} including the time integral on C[0, T].

1. Introduction

A time integral is simply the Riemann integral of a function of
the continuous random variable X (x,t) = x(t) with respect
to the parameter t for x € C,[0, T] which is the Wiener space,
the space of continuous real-valued functions x on [0, T] with
x(0) = 0 [1]. This means that the time integral of X(x,t) isa
random variable Y on C,[0, T] satisfying

T
Y (x) = J F(t, X (x, 1)) dmy (1), ®
0
where F(t, X(x,t)) is Riemann integrable on [0, T'] and m is
the Lebesgue measure on R. A study of the Feynman integral
provides ready examples of the utility of the time integral.
The Feynman-Kac formula represents an important step in
the process of providing a rigorous definition of the Feynman
integral. A detailed explanation of this formula can be found
in [2]. The Feynman-Kac functional is given by

T
exp {— Jo V(t, X (x,t))dmy, (t)} 2)

including the time integral, where X(x,t) is a standard
Brownian motion process on C,[0,T] x [0,T] and V is

a complex-valued potential. Calculations involving the con-
ditional expectations of the functional are important in the
study of the Feynman integral. More examples of functionals
involving time integrals are found in [2-4]. In [5] Park and
Skoug introduced a generalized Brownian motion process
X :Cy[0,T] x [0,T] — R defined by

X (x,t) = Lth(u)dx(u) for x € C,[0,T], t €[0,T],
3)

where h is of bounded variation with 4+ 0 a.e. on [0, T] and
the integral denotes the Paley-Wiener-Zygmund stochastic
integral of h according to x [6], and then they generalized
various theories related to the conditional Wiener integrals
on C,[0,T1].

On the other hand let C[0,T] denote the space of
continuous real-valued functions on the interval [0, T]. Im
et al. [6-8] introduced a probability measure w, on C [0,T7,
where ¢ is a probability measure on the Borel class of R.
We note that w, is exactly the Wiener measure on C, [0, T]
if ¢ = §,, the Dirac measure concentrated at 0. Let a be
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a continuous function on [0, T]. Define stochastic processes
X,Y,Z:C[0,T] x [0,T] — R by

X(x,t)zjoth(u)dx(u), Y (x,t) = X (x,t) +a(t),

Z (x,t) =Y (x,t) + x(0)
(4)

for x € C[0,T] and for t € [0,T]. Let Z, : C[0,T] — R""
and Z,,, : C[0,T] — R be given by

Z,(x) = (Z(x:10), Z(x,1)) .. Z (x:1,)).

Zy () = (Z(x:t0), Z (x:11) - Z(%61,), Z (%, L1)) 5
©)

where 0 = ¢, < t; < --- < t, < t,,; = T is a partition of
[0, T']. The author [9-11] derived various properties of X and
then extended his works on X to Y. In fact he [9] established
that X is a generalized Brownian process and derived a
simple formula for a conditional expectation which evaluates
conditional expectations in terms of ordinary expectations.
Moreover he [10] extended the results on X to those on Y
with drift using only a translation theorem [6, Theorem 3.1].
In [11] he investigated the distribution of Z and proved that
Z is a generalized Brownian motion process if the initial
distribution is degenerated. He also established a generalized
Wiener integration theorem which extends Lemma 2.1 of [6].
Furthermore he derived a generalized Paley-Wiener theorem
which generalizes Theorem 3.5 of [6]. As applications of
the theorems he evaluated generalized Wiener integrals of
various functions including

Z(x,8)) Z(x,8) - Z(x,8,),

exp {LTZ (x,t)dmy (t)]» ©

for x € C[0,T], where0 <5, <s, <-:-<s, <Tandmisa
positive integer.

In this paper, using the results in [11], we derive two
simple formulas for generalized conditional Wiener integrals
of functions on C[0, T] with the conditioning functions Z,
and Z,,, which contain drift and initial distribution. As
applications of these simple formulas we evaluate several
generalized conditional Wiener integrals of the functions
given by (6). We note thatif h = 1 and a = 0 on [0, T],
then X as above is exactly the stochastic process given by
X(x,t) = x(t) so that these works generalize the results of
[5,9,10,12-15] in which the works are the first results among
them.

2. Simple Formulas for Generalized
Conditional Wiener Integrals

In this section we derive two simple formulas for generalized
conditional Wiener integrals on the space (C[0, T], w,,) which
is introduced in the previous section.
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Let m; denote the Lebesgue measure on the Borel class
HB(R) of R and let (-,-)r denote the dot product on R. Let
(Clo, T], &8(C|0, T]),wq,) be the analogue of Wiener space
associated with a probability measure ¢ on B(R), where
AB(C[0,T]) denotes the Borel class of C[0,T] [6-8]. Let F :
C[0,T] — C be integrable and X, be a random vector
on C[0, T] assuming that the value space of X, is a normed
space equipped with the Borel o-algebra. Then we have the
conditional expectation E[F | X.] of F given X from a
well-known probability theory. Furthermore there exists a
Py _-integrable complex valued function y on the value space
of X, such that E[F | X,](x) = (v o X,)(x) for w, a.e.
x € C[0,T], where Py _is the probability distribution of X..
The function y is called the conditional w, -integral of F given
X, and it is also denoted by E[F | X.].

For v in L,[0,T] and x in C[0,T] let (v, x) denote the
Paley-Wiener-Zygmund integral of v according to x [6] and
let (-,-), denote the inner product over L,[0,T]. Let h €
L,[0,T] be of bounded variation with 4 # 0 a.e. on [0, T] and
let a € C[0,T]. Define X,(x) = x(0) for x € C[0,T] and
define stochastic processes X, Y, Z : C[0,T] x [0,T] — R by

X (1) = (XM %) »
Z(x,1) = (Xjohx) + X, (%) + a(t)

Y (x,t) = (X0l x) +a(t),

7)

for x € C[0,T] and for € [0, T]. Let b(t) = |, (h(u))*du and
let0=t, <t <---<t, <t,, =T bea partition of [0, T].
Forj=1,...,n+1let

b(t;)-b()

b(t;)~b(t;)

_ b(t)-b(t;,)

(8)

of () =

B ()

fort € [tj-1>t;] and

o () =a] OB &) (b(1) ~b(t1)) O

for s,t € [tj,l,tj]. Define random vectors Z, : C[0,T] —
R™!'and Z,,, : C[0,T] — R™?*by

Z,(x)=(Z(x,ty),Z(x,t;),.... Z(x,t,)),

Zpyn (%) = (Z(x,t0), Z (1)) 5. s Z(x,1,) s Z (%, 841))
(10)

for x e C[0,T]. For any function f on [0,T] define the
polygonal function P,,,,,(f) of f by

Pb,n+1 (f) (t)
n+l

= ZX(tj—l)tj] (t) (“? ® f (tj—l) 1)
=1

+B5 0.1 (£)) + Xiey () £ (t0)
for t € [0,T], where y . and y,; denote the indicator
functions. For &,,; = (E5.&p.. ., EpE,,) € R™? define
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the polygonal function B, ,,, (£,,,) of €., by (11), where f(t)
isreplaced by 51-, respectively, for j = 0,1,...,n+1. Ifgn = (&,

&,...,&) e R™, Pb,n(gn) is interpreted as X[O,tn]Pb,,,H(Em)
on [0, T]. For x € C[0,T] and for ¢ € [0,T] let

Zb,n+1 (x’ t) =Z (x’ t) - Pb,n+1 (Z (X, )) (t) >
At =a (t) - Pb,n+1 (a) (t)

and fort € [t;-1,t;] let

(12)

g () = [0 (6) X6, 00) = B (0) Koy 0] B0 (13)

for u € [0, T]. It is not difficult to show that

Zppi1 (1) = (hj)t,x) +A, forte [tj,l,tj] , (14)
Pb,n+1 (Y (x,7) = Pb,n+1 (X (x,) + pb,n+1 (@),
Pppi1 (Z(%,4)) = Pypyy (Y (x,°)) + X, (%) (15)

for x e C[0,T].
Now we have the following theorem [11].

Theorem 1. Fort € [0,T], X, and X(-,t) are independent so
that X, and Y (-, t) are also independent.

Theorem 2. Lett; | <t <t; forsomej € {l,...,n+1}. Then
Zy pi1 (5 t) is normally distributed with mean A, and variance

b
0; (t,1).

Proof. By (14) and Theorem 3.4 of [6], Z,, ., (-, ) is normally
distributed with mean A, and variance [|h j,tlli. A simple
calculation with an aid of (13) shows that

el = (0 (5)) - ) (b0 - (t,1))
+ (O -b(t)) (b(t) -b®))

N (16)
x((b(t)-0(t14)))
=0} (t,1)
which completes the proof. O

Remark 3. (1) We can prove Theorem 2 using the Fourier
transform of Z;,,,,(-,t), Lemma 2.4 of [11], and Corollaries
2.11, 2.12 of [11], but the proof is tedious.

(2) We can also prove Theorem 2 using Theorem 2.9 of [9]
and Theorem 2.13 of [11].

Theorem 4. The process{Zy,,,,,(~t):0<t <T}and Z, ., are
stochastically independent.

Proof. Note that
Zb,n+1 (x’ t) =X (x’ t) - Pb,n+1 (X (X, )) (t) + Ap

Zn+l (X) = (X ('x’ tO) e ’X (x’ tn+1))

+ (a (tO) + XO (X) e @ (tn+1) + XO (x))
17)

for x € C[0,T]. X(x,t) = By,,,1(X(x,-))(t) and X(x, tj) are
independent by Theorem 2.10 of [9] for j = 1,...,n + 1,
and X(-,t) = P, ., (X(--))(¢) and X, are also independent by
Theorem 1 which completes the proof of the theorem. O

Since Z,,,,(x,t) = Y(x,t) = B, .1 (Y(x,-))(t) for x €
C[0,T] and ¢t € [0,T], we have the following theorem by
Theorem 16 of [10].

Theorem 5. The processes {Z;,,,, (-, 1t) : tiy<t< tj}, where
j=1,...,n+ 1, are stochastically independent.

For a function F : C[0,t] — C let F,(x) = F(Z(x,"))
for x € C[0,T]. Applying the same method as used in the
proof of Theorem 2 in [15] with Problem 4 of [16, page 216],
we have the following theorem from Theorem 4.

Theorem 6. Let F be a complex valued function on C[0,T]
and let F, be integrable over C[0, T]. Then for a Borel subset B
OerHZ

| Fwdue

n+l

= | [P (Zun 09+ By (8))] 42, (B,
(18)

where P, is the probability distribution of Z,.,, on (R™2,
B(R"?)), so that for P, a.e. . eR"™

.

E [FZ | Zn+1] (_’n+1) =E [F (Zb,n+1 (x’ ) + Pb,n+1 ( n+1))] >
(19)

where the expectation is taken over the variable x.

Using similar method as used in the proof of Theorem 18
of [10], we can prove the following theorem.

Theorem 7. Let F be a complex valued function on C[0,T]
and let F be integrable over C[0, T]. Let P, be the probability

distribution of Z, on (R™"', B(R™™)). Then for P, ae. fn =
&p»...»E,) e R™

E [FZ | Zn] (_)n)
) ] 1/2
B [2ﬂ(b(T) —b(tn))]

< E[F (Zuo 009 P (81))
{ (£n+1 —a (T) - (En —a (tn)))2
X expq—

2(b (T) . b(tn)) }dmL (£n+1)’

(20)

where §n+1 =&y 8800



Remark 8. (1) The conditioning functions Z,,, and Z,
describe the positions of paths at the times t, = 0, f,...,
t,t,y = T (the present time). Z,,,(x) depends on the
present position Z(x, T) of the path Z(x,-) for x € C[0,T]
while Z, does not. Moreover if a(0) = Vb, and
¢@ = J, which is the Dirac measure concentrated at 0, then
we can obtain the space C,;[0, T] in [12] by Theorem 2.13 of
[11]. Furthermore if Z is replaced by the generalized Brownian
motion process x(t) on C,;,[0,T] x[0,T] and ¢ = &, then we
can also obtain Theorem 3.4 of [12] by Theorem 6.Ifa = 0 and
@ = &, then we can obtain Theorem 3 of [5] by Theorem 6.
If n = 0 and ¢ = §,, then we can obtain Remark 2.2 of [17]
by Theorem 6. If h = 1 a.e. and a = 0, then we can obtain
Theorem 2.9 of [13] and Theorem 2.5 of [14] by Theorems
6 and 7, respectively. Finally if h = 1 a.e, ¢ = §,, and
a = 0, then we can obtain Theorem 2 of [15] by Theorem 6
which is among the first result expressing the conditional
Wiener integrals of functions on C, [0, T'] as ordinary Wiener
integrals.

(2) Theorems 6 and 7 are not generalizations of Theorem
2.12 of [9] and Theorems 17 and 18 of [10]. In Theorems 6 and 7
the conditioning functions depend on the initial distribution
¢ while the conditioning functions in [9, 10] do not.

3. A Multivariate Normal Distribution

In this section we investigate the joint distribution of
{Zppr(os) 1 1= 1,...,m}, where £; | <5 <--- <5, <t
for j = 1,...,n+ 1. In fact we prove that the random vector
as above has a multivariate normal distribution which plays a
key role in the next sections.

Now we begin this section with the introduction of the
following lemma.

Lemma9. Lett, | =s,<s; <-
by 13) forl = 1,...,m. Then {h
independent set in L,[0, T].

- <s,, <tjandh; begiven

i 21 =1,....m}is alinearly

Proof. Forc,,...,c, € Rlet

ety @ ch[ (5) X, 1 (0

(21)
B3 (1) X @] P 00

=0

fora.e.u € [0,T]. Fork = 1,...,m take u; € (s;_;,s;) which
satisfies the above equation and h(u;) # 0. Replacing u by u;,
we have the following linear equation system with unknowns
Clenos Gyt

b b b
&; (s1) e + &; (s2)e+-+ &; (Sm-2) Gz

b b
+ (Xj (Sm—l)cm—l + (xj (Sm) Cm = 0’
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- ﬁf (s)a+ “? (sp) et eet 0‘? (Sm-2) Gz

b b
+ “j (Sm—l)cm—l + (Xj (sm) Cm = 0’

- ﬁf (s)a - ﬁ? ()= ﬁ? (Sm-2) Gz
+ (X? (Sm—l) Cm-1 1 (x? (Sm) Cm = 0,
_ﬁ? (s)a - P _ﬁ? (Sm-2) G2

ﬁ(sml) 1+(X( )szo'

?(Sz)% -

(22)
The determinant of coeflicient matrix of the system is given
by
0‘? (s1)
b
-B i (51)

(x? (s2)
0‘? (52)

06? (Smfl) “b' (sm)

(X? (SWFZ) j
OC? (Sm—l) OC? (Sm)

OC? (Sm—z)

5() ' /s§<m2> & ()
2(5,) =B (sma) —B(5t) @ (5)

b
J
b
J

(s1)
(

-B; -B
B (s1) B

b(sl) & (52) ‘ “? (Sm2) “? (Sm-1) “? (Sm)
-1 0 0 0
-1 —1 0 0 0
-1 -1 ... -1 0 0
e | -1 0

_( 1)1+m b( )( l)mlzaf(s )=ﬁ0

(23)
Now we have ¢, = ¢, = -+ = ¢,, = 0 which completes the
proof. O

A random variable X, on C[0, t] is said to be degenerated
if there exists a constant ¢ satisfying w,(X, =c) =1[18].

Lemma 10. Let the assumptions and notations be as given
in Lemma 9. If ¢,...,c,, € R and Y’ qZy,.(s) is
degenerated, then ¢ =0 foralll =1,...,m

Proof. By (14) we can take a real constant c satisfying
€= ZCle w1 (%5)

(Zc, Jsl,x> + ch (24)
=1

for a.e. x € C[0, T]. Then we have by Theorem 3.4 of [6] that

2
JC[OT] [(ZCI 151’x> + ZCI s —C:| dw, (x)

2

(25)

m 2

ZCI hf >S5

=1

m

ZCZASI -c

=1

+
2
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so that 3" gh; = 0in L,[0,T]. Now¢, =¢ =+ =¢, =0
by Lemma 9 which completes the proof. O

Lemma 11. Let the assumptions and notations be as given in
Lemma 9. Then for § = (sy,...,s,,) the covariance matrix
2,,(5) = [0(s;;5)],m Of the random variables Z,,,, (-, s)),
I =1,...,m, exists and is positive definite. Moreover o(s;, Si)
is given by

o (spsi) = <hj,s,’hj,sk - 0? (min {s;, s}, max {s;, s})

(26)

and the determinant |%,,(3)| is positive so that Z,,(5) is
nonsingular and the inverse matrix Z;nl(E’) of Z,,(3) is also
positive definite.

Proof. By Theorem 3.4 of [6]

2
2

2 2 J-C[O,T] (hj’s” x) (hf>5k’x) dwg, (x) + “hj>5k

2
- JC[O,T] (hj>$1 * hj’sk’x) dw‘(’ (x) (27)

2
2

-l

1551

2
L z(h].,sl,h

2+'|h‘

155k

7Sk

so that the covariance o (s, s) of Z,, ., (-, ;) and Z;, .1 (> 5)

is given by o(s;, s) = (hj 5, hj,),. Now we have for [ < k

5050 = [0} 50 0,0 09 B 5) 100 0]
x [0 (55 Xty s 09 = B9 (58) X )]
x (h(w)*dmy, (u)
= o (s1) &} (s¢) (b (s1) = b (1))
~ B (s) o () (b (s) ~ b (s)
+ B (s1) B () (b (t;) = b(si))

_(e(1) - b(s) (b () - b (1))
b(t;) - b(t;)

= ‘ij- (s> 1)

(28)
which proves (26). We have for ¢ = (¢, ...,¢,) € R”
(2, 9)& )y
= ZZU (s> %) GG
1=1k=1 (29)

=E [(icz (Zousr (551) = As,)> jl 2 0.

Moreover if (,,(3)C, &) = 0, then

ZCle,nH (x,5) = ZCzAsl (30)
I=1 I=1

fora.e. x € C[0,T]; thatis, Y", GZ;,,.,1 (- s;) is degenerated.
Thus the covariance matrix X,,(5) is positive definite by
Lemma 10. Since £, () is symmetric and positive definite, the
eigenvalues A,,...,A,, of £, (3) are real and positive. Since
1%, 5)] = A,---A,,, we have |Z,,(5)] > 0 so that Z,(5) is
invertible. Since

(= @), = (3, ®2),
(3D
- (2,05, (&3, §)E), >0

and (Z;}(.?)E, C)r = 0 implies Z;nl(§)5 = 0; thatis, & = 0,
Z;l (8) is positive definite. O

Remark 12. Using the same process as used in the proof of
Theorem 3.4 in [9] we can prove (26).

For simplicity let

1 1/2
i (5:10) = [ @ |5 Q)| ]

X exp {-%(zgj ©)@-4@).3-A6),|
(32)

forii e R™ands = (s,...,s,) € R, wheret; ; <s <--- <
Sm < t; and A(S) = (Asl, .. ~>As,,,)~ By Lemmas 9, 10, 11, and
Theorem 4 of [1] we have the following theorem which is our
main result in this section.

Theorem 13. Let the assumptions and notations be as given

in Lemma 11. Then for every Borel measurable function f :
R™ — C

J F(Zyppir (%51) 53 Zy iy (%:5,)) dw,, (x)
Clo,T]
[ r@w, Gaden)” @

o] L (Bwiraw)

xexp {11k | dom,)" @),

(33)

where +/%,,(5) is the positive definite matrix satisfying

\/Zm(is')z = %,(35) and = means that if either side exists, then
both sides exist and they are equal.



4. Conditional Expectations of Functions on
Time Integrals

In this section we evaluate generalized conditional Wiener

integrals of the function exp{_[OT Z(x,t)dm(t)} including a
time integral. To do this we have the following theorem by
Theorems 6 and 13 and Theorem 3.3 of [11].

Theorem 14. Let the assumptions and notations be as given in
Theorem 13 and let H,,,(5, x) = x(s;) - - - x(s,,,) for x € C[O T].

Suppose that IR lul"dp(u) < oo. Then for P, ae. &, €
Rn+2

Abstract and Applied Analysis

o (um + Pb,n+1 (gnJrl) (Sm))
x ¥, (51)d(m)" (@),
(34)
where il = (Uy, ..., u,,).

Example 15. Let the assumptions and notations be as given
in Theorem 14. If m = 1, then by Theorem 2 we have for P,

Z 2
ae &, eR™

E [(Hl (51’ ))Z | Zn+1] (gnﬂ) = As1 + Pb,n+1 (Enﬂ) (Sl)'

E[(Hy G )y | Zo] (B) (35)
- [ Gt B () ) fm = 2, then
1%, )] = b(sl’sl) ‘7;] (s1>52) _ (b(tj)_b( )) (b(s;) - b(s )(b(sl)_b<t1—1))
? ](51)52) (7? (52,52) b(tj) (tJ 1) ’
b(s,)-b(t; ) ) b(sl) b(t, ) (36)
@) = (b(sy) - b(sl))( (s1) - b(t;1)) ))(b(sl) b(t1))

b(t; 1)
(b(sy) - b(sn)(() b(t;-

z n+2
Moreover for P, a.e.§,,; € R

E[(H, (3)), | Zyn] (Ei1)
= [ P (B () (1 P (1) )
X W, (5, 1) d(m,)” ()
=0} (51:5:) + (Aq, + Pot (1) (1))

X (ASz + Py i1 (§n+1) (52))

(37)

which is a generalization of (2) in Theorem 23 of [10].
By Theorem 7 we have the following theorem.

Theorem 16. Let the assumptions and notations be as given in
Theorem 14 and let j € {1,...,n — 1}. Then for P, a.e. &, =

(Eo»‘fpu-)fn) e R™!
E[(H, G)), 12, (&)
= [ G P (B s0) o (1 + B (B) () 69)

x ¥, (5,i1)d(my)" ().

) () -

(1>
)

b(s))
b(s,)) (b(

5;) =b(s1))

Example 17. Let the assumptions and notations be as given in
Theorem 16. If m = 1, then by Theorem 16 we have for P, a.e.

En € Rn+l
E [(Hl (51’ ))z | Zn] (gn) = As1 + Pb,n (gn) (Sl) . (39)
If m = 2, then we have for P, a.e. E e R™!
E[(H, ), 1 Z,] (&)
:U? (s1580) + (A +an( n) (51)) (40)
X (Asz + Pb,n (gn) (52))
which is a generalization of (2) in Theorem 24 of [10].

Theorem 18. Let the assumptions and notations be as given in
Theorem 14 and lett, < s; < -+- < s, < t,,y =T. For§, € R

and il = (uy,...,u,,) € R" let
b(s;)-b(t
Py, (2) = u1+§n+%b((tn))
(a(T)—a(t)) + L))
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b (Sm) -b (tn)
b (T) -b (tn)

u, +&,+

b (Sm) -b (tn) 7
b(T)-b(t,)

x(a(T)-a(t,)+

(41)

forz € R, where§ = (sy,...,s,,). Then for P, a.e. fn = (&, &),

'>£n) € Rn+1
E [(Hm (S‘: ))Z | Zn] (gn)

" 2
-0

j ay (3,0, (42)
o

1=0
x ¥, (5,a) d(m;)" (@),

where [m/2] denotes the greatest integer less than or equal to
m/2.

Proof. For &, = (§0,&,,...,8,) € R et &, = (§,,&,,...,
&,&,.1), where &, ., € R. By Theorems 7 and 14 we have for

P, ae. £ e R™!
E[(H,G)), 12, ()

B 1 1/2
- [2n (b(T)—b(tn))]
x JW v (3 i)
X JR (“1 + By (Enﬂ) (51))
e (um + Pb,n+l (Erﬁl) (Sm))

(EYH—] _a(T) ( ( n))) m o,
XEXP{ 2(6(T) - b(t ) }d"’L (&uer) d (my)" (@)

1 1/2
B [zn(m)—b(tn))]
X JW ¥, (5,ii)

XJR<u1+En+

x(u+a(T)—a(t,,)))

b(s,) - b(t,)
RS =T

X (u+a(T)—a(t,,)))

e {72(b<T) “b(t,)

b(s) —b(t,)
b(T)-b(t,)

} dmy () d(my)™ (@)
(43)

Let z = u/+/b(T) - b(t,). Then by the change of variable

theorem

E[(H,G)),12,](E,)

[m/2] 1 \1/2
- (E) Jm\ym(gﬁ)aZZ(gaEn)
2
X J 2 exp «[ } dmy (z)d(m,)" (i)
R
[m/2]
2)! . - m, .
(211)| J ay (3,4,&,) Y, 5,4)d(m,)" (@)
i=0
(44)
which completes the proof. O

Example 19. Let the assumptions and notations be as given in
Theorem 18.Ifm = 1, then by Theorem 18 we have for P, a.e.

gn = (EO?EP‘“)En) € Rn+1
E[(H, (517'))2 | Z,] (gn)

—
2ﬂ0n+1 (Sl’sl)

b(s;) - b(t,)
X JR (ul +&,+ b (1)

b(t
(t.) )
<(a(0)-a(1) )
(ul - A51 )2
X exp {—m dmL (Ml)
=a(s)-a(t,)+§
If m = 2, then we have for P, a.e. E =(E,&,...,&) e R™

E[(H, ), 12,] (&)

% j ay (3,11,€,) ¥ G, i) d(my)” (i)
R2

= JRZ (ul +&, +

><<u2+€n+

Il
gM~

b(s;)-b(t,)
GEIM) (a(T) - a(tn))>

b(s,) - b(t,)

b(T)-b(t,)
<60 -a6) )%

, (b(s1) ~b(8,)) (b(s) ~ b (1))
b (T) -b (tn)

&, @) d(my)” (@)




8
= Oﬁﬂ (51’52) + AslAs2 + As1
b(sy) -b(t,)
(5 s 0 -e)
b(s)-b(t,)
+Ag (En + m (a(T)-a (tn)))

TEEOR
" b(T) - b(tn)

b(s;)-b(t,)
X <5n+'E?fyji;ﬁzj(a(T?-'a(ﬁJ))

L6 =) () b ()
b(T)-b(t,)

(@t -a(:,))

=8 +E (A, + A, +(a(D)-a(t,))
% (B (1) + B (52)))

+(Ay + By () @) - a(t,)))

x (A, + Bl () (a(D) - a(t,)

4Bt (1) Bt (52) (0.1 = b (8,))

b
+ O+ (Sl’ 52)
(46)

which is a generalization of (5) in Theorem 24 of [10].

Theorem 20. Let the notations be as given in Theorem 14

and let H(x) = exp{joT x(t)dm(t)} for a.e. x € C[0,T].

Suppose that .[R exp{T|ullde(u) < oo and E[expf| '[:_j X(,
j-1

t)dm()[}] <ooforj=1,...,n+1. Then for P,  a.e. §n+1 €
R™? Elexpl| [ Z()dmy(t)1} | Zy1]E,) exists and
j-1

E [HZ I Zn+1] (gn-v-l)

n+l

=11 {1 + JA E[(H, G)), | Zy] (g’m)d(mL)m(g)],
j=1 m=1 7Am,j
| (47)
where A, = {(s15...,5,,) 1 tiy <8 <o <5, <t} and

E[(H,,5,), | Z,.1] is as given in Theorem 14. Moreover if
Elexp{| j:_f Z(t)dmy (B} | Z,,,1(0) exists for j=1,...,n+
j-1

1, then E[H, | Znﬂ](gnﬂ) can be represented by
E[Hy | Z,.] (gn-#l)
T =
= exp iL Py (Em—l) (t)dmy (t)}
xﬁ [l + io: J
j=1

m=1"B8mj

[t G dm,)” @ dm,)" (3)] :

(48)

Abstract and Applied Analysis

Proof. By Theorem 2.1 and Lemma 2.1 of [6] we have for j =

1,...,n+1

E [exp { th Z (x,t)dmy (t)
t
< J exp (T |ul}de (1) E [exp{
R
X exp { '
t

Jt a(t)dmy (t)

jtj X (x,8) dmy (8)

j-1

<o

so that E[exp{| J:jj_l Z(-t)dmy ()|} | Znﬂ](gnﬂ) exists and

i

(49)

E [exp {JT Z (x,t)dmy (t)H

0

(50)
H co

which implies the existence of E[H, | Z,,,]. By the mono-
tone convergence theorem we have

n+l t.
<E [exp {Z J’ Z (x,0) dmy, (8)

j=1

> 1 | uldg w)
m=on (51)

= JR exp {T |ul} d¢ (u) < co

so that we have jR [ul"de(u) < oo for each positive integer

m. Furthermore for P, —ae. E. € R™ we have by
Theorem 6

00 1 t
Yo | (Za e
m:Jclo,1] |Jt;.,

m=0

m

+Py 1 (Eur) (0) ) dmy (1) | dw, (x)

]
= J exp {
clo.1] t

Jt.l (Zb,n+1 (x,1)

i

+Pb,n+1 (gnﬂ) (t) )dmL (t)

]»dwq,(x)

} 2o | ) <o

(52)

Jt' Z (x, ) dmy (t)

=E[exp{ ]
t

j-
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Now by Theorems 5, 6, 14, the Fubini’s theorem, and the dom-
inated convergence theorem we have for P, a.e.§,,; € R

E [HZ | Zn+1] (§n+l)

T
| ew “ (Zyr 21)
C[0,T] 0

Pyt (Eun) (0)) dimy (0 } duo, (x)

- ﬁ [JC[O,T] P {Jjj (Zb’nﬂ Cet)

j=1 j-1
+Byt (B) ) (1) | dw, ()|

E[(Hy Gy | Zpir] By ) d(my)” @]
(53)

which proves the first equality of the theorem. Furthermore

E [HZ | Zn+1] (gm-l)

T -
= &xp {J Py (£n+1) (t)ydm, (t)]’

0

n+l t/-
X ln j o exp {L Zy i1 (X, 1) dmy (t)}> dw, (x):| .

j=17C i1
(54)

Since (52) holds for §n .1 = 0, we have by Theorem 13 and the
dominated convergence theorem

[ e {j "y (it dmy (t)} dw, (x)
C[0,T]

ti

o0
S
+mZ:1A

| T2 (5) sy () )™ )

clo.T] 12

m,j

) Lm L G o) ) d )9
(55)

which proves the second equality of the theorem. O

Theorem 21. Let the notations and the first part of the assump-
tions in Theorem 20 be given. Then for P, a.e. En e R™!
E[H, | Zn](gn) is given by the first equality in Theorem 20
replacing E[(H,,(5.)); | ZuilE1) by E[H,G ), |
Z,(&,), where the E[(H,,-), | Z,(E,)s are as given
in Theorems 16 and 18. Moreover if the second part of

the assumptions in Theorem 20 holds, then E[H, | Zn](gn)

is given by the second equality in Theorem 20 replacing
T -
Py Py ) (Odmy (6) by

exp “0 P, (&,) (®) dmy (t)

. % (b(T) - b(t,)) (B(T) - B(t,))’

Ha(D)-a () (BD-B(t) +£, (=)},
(56)
where (d/dt)B(t) = BL,,(t) = (b(t) - b(t,))/(b(T) - b(t,)) and
gn = (EO?EP cee >En)-

Proof. The first part of the theorem immediately follows from
Theorems 7,16, 18, and 20. Suppose that the second part of the

assumptions in Theorem 20 holds. For En = (&,&,,...,8,) €

R™! et En+1 = (o> &1+ +> & 1), where &) € R. Then we
have

e

T -
<[ e ][ B B) @m0
X exp {_(£n+1 -a(T) - (En —-a (tn)))2

x(2(b(T) = b(t,) " Fdmy ()

x jR exp “0 B,., (&) ) dmy (t)

+ LT (Buer @) (G = §4) + &) dmy ()
- ((€n+1 —a(T) - (gn —-a (tn)))z
* @M -b ) ) fam 6,0

semay]

X exp {Jtu P, , (g,,) (tydmy (t) + (T - t,,) En}

0

x jR exp <I (a(T)-a(t,) +u)

T b
<[ B @m0

n

2
u

20 <_T>—b(tn>>}d’”L )
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= exp HO Py, (&,) (®)dmy (t) + &, (T - t,)

+(a(T) -a(t,) (B(T) - B(t,)) (57)

+2(B(D) - B(:,))’ (0D - b(t,)}

Now the second part of the theorem follows from Theorems 7
and 20. 0

Example 22. (1) Let h = 1. Then X(x,t) = x(¢) — x(0) so that

forj=1,...,n+1

el
x(O)IH

t.
|| xCodm
j-1
which is finite by Theorem 1.4 of [19]. Hence E[H, | Z,,,]
and E[H,, | Z,,] are given by Theorems 20 and 21, respectively,
with b(¢) = t and (d/dt)B(t) =(t-t,)/(T-t,) fort € [0,T].
(2) Let h(u) = T — u foru € [0,T] and suppose that
JR exp{MIuI}d(p(u) < 00, where M = max{T, 2T?}. Then for
j=1...,n+1and x € C[0,T] we have by the integration
parts formula

<E [exp <lT sup |x(t) -

0<t<T

r X (x,8) my ()

tj

rl [ (T =) x () - Tx (0)

tj

+I x(s)dmy (s)] dmy (t)
0

< r [Tsup Ix (s) — x (0)] (59)
t

- 0<s<T

+ 2t sup |x(s) — x(0)]

0<s<T
12t |x (0)| ] dm; (1)

< 2T sup |x(s) — x (0)] + T |x (0)]

0<s<T

so that by Holder’s inequality

J exp <l
clo.T]

< UR exp {ZT2 |u|} do (u)] .

J:j X (x,£) my ()

-

} dw(p (x)

1/2
X [J exp {4T2 sup |x(s) - x(O)l} dwq, (x)]
clo,T] 0<s<T
(60)
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which is finite by Theorem 1.4 of [19]. Now E[H, | Z,,.,] and
E[H, | Z,] are given by Theorems 20 and 21, respectively,
withb(t) = (1/3)[T°~(T - t)*] and (d/dt)B(t) = 1-((T - t)/
(T —t,))’ fort € [0,T].

5. Evaluation Formulas for Other Functions

In this section, using the simple formulas in Section 2,
we derive evaluation formulas for generalized conditional
Wiener integrals of various functions which are of interest
in Feynman integration theories themselves and quantum
mechanics.

Since Z, ,,,(x,t) = Y(x,t) = By, (Y(x,))(¢) for x €
C[0,T] and t € [0,T] we have the following theorems from
Theorem 3.2 of [11] and Theorems 21, 22, 23, 24, 25, and 26 of
[10].

Theorem 23. Letm € N and F,(x) = || (x(t))"dmy(t) for
x € C[0,T]. Suppose that jR lul"de(u) < co. Then for P,

ael, eR™
[(F )Z | Zn+1]( n+1)

n+1[m/2]

£ 2 m-2l
- Z Z zll; (m 21), J (At + Pb,n+1 (Eml) (t))

j=1 1=0
I
x (o} (1)) dmy (t),
(61)
where [m/2] denotes the greatest integer less than or equal to

m/2.

Theorem 24. Let the assumptions be as given in Theorem 23
and for&, = (5, &,,...,8,) € R™ let

n [m/2]

263 Y s | (B @) ©)"

j=11=0 tj

x (% (t,t)) dmy (1),
(62)

Then for P, a.e. E eR™!

E[(E,), 12, (&)
-2(&)

[m/2lm-21 k [p/2]

+mt Y SN (B (a(r) -alt,)

=0 k=0 p=0 q=0
x (b(T) - b(t,))7)
X (2’+qllq! (k- p)(p-2q)

x(m—21-K))"

T b l AT 21-k
v j (o2 &.0)) (B ) AT Fdmy (1).

n

(63)
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Theorem 25. Let 0 < s; < s, < T andlets, € [t;_; —t;], s, €
(t;—t;] with 1 # j. For x € C[0, T] let G(x) = x(s;)x(s,) and

suppose that IR w*do(u) < co. Then for P,  ae «?,,H e R™?

E [GZ | Zn+1] (§n+1)

= (Asl + Pb,n+1 (§n+1) (sl)) (A52 + Pb,n+1 (§n+l) (52)) .
(64)

Theorem 26. Let the assumptions be as given in Theorem 25.
() Ifl < n, j<n andl# j, then for P, a.e. E e R™!
E [GZ | Zn] (gn)

= (Asl + Pb,n (gn) (Sl)) (Asz + Pb,n (gn) (52)) :

(65)

(2)Ifl < nand j = n+ 1, then for P, ae. «?n =
€0 &1s-- -0 8,) € R™

E [GZ I Zn] (gn)
= (A, + &+ B () (@M -alt,)  (66)
X (Asl + By, (gn) (51)) .

Forj=1,...,n+Lletg; = (1/4/b(t;) - b(tj—l))X(tj,l,tj]h>

let V be the subspace of L, [0, T] generated by {g;,..., g1 }>
let V* be the orthogonal complement of V' and let 2 :
L,[0,T] — V" be the orthogonal projection. Let
M (L,[0,T])be the class of all complex valued Borel measures
of bounded variation over L,[0,T] and let 09w¢ be the space

of all functions F which for o € #(L,[0, T]) have the form

Fx) = j exp {i (v, x)} do (v) (67)

L,[0,T]

for w, a.e. x € C[0,T]. Note that S% is a Banach algebra [6].

Theorem 27. Let a be absolutely continuous on [0,T]. Let F €
8§, and o € M(L,[0,T]) be related by (67). Then for P, .

Wo

ae&, eR™EF,|Z,.,1E,.,) isgiven by
E [FZ | Zn+1] (gn+1)
ol P S CET W ) s

xep =2 | om[} do ).

Theorem 28. Let the assumptions be as given in Theorem 27
and for &, € R™! let

D (V> gn) = exp {i (V’At + By (‘gﬂ)) B %”'@L (Vh)”j} )
(69)

11
Then for P, a.e.&, € R"™, E[F, | Z,1(,) is given by
E[F, 12, (E,)
_ J D(nE,)exp Y G); (a(T) —alty))
F0] b(T)-b(t,) (70)

1
5 (o gu); pdo ().

Remark 29. Suppose that JR w’de(u) < oo, if necessary, in
each lemma, theorem, and example of this paper. Then by
Lemma 2.5 of [11] both E[X,] and Var[X,] exist. Let m(t) =
a(t) + E[X,] and b,(t) = b(t) + Var[X,] for t € [0,T]. Since
fort,,t, € [0,T]

my (t,) —my () = a(ty) —a(t),
by (t,) = by (t;) = b(t,) -b(t),

a and b can be replaced by m, and b, respectively, in each
result of this paper.

(71)
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