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We define a class of differential operators T which have infinitely many discontinuous points, and investigate the kernel of T in
terms of operator theory. It is shown that the solutions of T have exponential behavior, and the dimension of the kernel is given.

1. Introduction and Motivations

In the study of ergodicity of billiard flows, a very important
question concerns the hyperbolicity of these flows [1, 2].
Hyperbolicity is defined in the language of the linearized
system; this is the situation where trajectories close to a
given trajectory either diverge exponentially in time from
it or converge in the same way. The differential operator
T we study is associated with the linearization of the flow;
hence we ask whether solutions to Tf = 0 have the
corresponding property. However, this is a paper not about
ergodic theory, but about the spectral theory [3, 4] of a class of
generalized differential operators which comes up naturally
in this context.

The first class of chaotic billiards was introduced by Sinai
in [5]; he proved the ergodicity of plenary dispersing billiards.
It took more than 30 years; until 2003, Balint et al. were able to
prove ergodicity for multidimensional dispersing billiard in
[6]. However it remains an important and difficult question
to study hyperbolicity for nondispersing chaotic billiards, as
well as high dimensional Bunimovich type billiards. We plan
to give a self-contained approach using spectral theory to
study the asymptotic behavior of functions in the kernels
of a class of ordinary differential operators, motivated by
asymptotic behavior of Jacobian filed of certain dynamical
systems with singularities, especially billiards.

In this paper we construct a new class of generalized dif-
ferential operators associated with the impulsive equations.

The differential operators we deal with are second order,
matrix coeflicient Schrédinger operators with infinitely many
discontinuous points. These kinds of operators are more
general than those occurring in billiard flow, but include these
as a special case. In this case, the jump conditions correspond
to the reflections. We investigate the exponential behavior of
functions in the null-space of T in terms of operator theory.
On this basis, we obtain the relation between the minimal and
maximal operators associated with the weighted operators
and then characterize the dimension of the kernel. The results
of this paper extend the result in the papers of Kauffman and
Zhang [7] and Zhangand Lian [8] to more general case, which
gives some hope that the structure of the differential operators
may be used later to analyze some of the problems of greater
interest in multidimensional billiards.

This paper is divided into five sections: the first section
introduces the research background; the second section
describes the main results derived in this paper; they are
formulated in Theorems 7 and 8; in the third section, we
studied the differential operator T; then, in the last two
sections, we give the proof of the two main theorems.

2. Statement of the Main Results

Throughout this paper, we willlet 0 = t, < ¢, <--- <t; < ---
be a partition & of [0,00), m > 1. Denote I, = [t;,t;,,),

1
foralli = 0,1,2,.... Denote u - v as the inner product of
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vectors u,v € C™. Let I be a real interval; denote by L*(I)
the Hilbert space of all measurable functions f from I to C™,
such that

L |f[Pdt < oo, )

with inner product

fgl= [ ()t @

Definition 1. LetIbe the differential expression on an interval
I defined by

If=-f"+A@® f, (3)

where A(t) is a positive semidefinite symmetric real m x m
matrix for each ¢ € R" and a continuous function of t.

Definition 2. Let I, be a set of all sequences of complex
numbers {&}2,, which satisfy the condition Y2 [& [P <
00. In this paper, every element of the sequence is a g-
dimensional column vector; we denote lg as a set, which
satisfy the following condition: & = {;};, € lg;then & = (E,i,

G s &) (k=1,2,.. ) and 172, €1, for j=1,...,q.

Definition 3. Let F([0,00),C™) denote the set of all mea-
surable functions f from [0,00) to C", such that f is
differentiable (in distribution sense) almost everywhere. For
any f € F([0,00),C™), and the partition & of [0, 0c0), define
the operator:

A : F([0,00),C™) — L™ W

fb—)a,

where a = {a;}}°, and a; = (f(¢; - 0),f'(t,~ -0), f(t,), f'(ti))T

is a 4m x 1 matrix.
Definition 4. Let

T:D(T) ¢ L, ([0,00),C™) — L, ([0,00),C™) x "

)

be a linear operator defined as
Tf (0 = (9(®).b), (6)
gt)y=1f @), tel,i=012,..., (7)
b=1f (8)

with domain
D(T) = {f € L, ([0,00),C™) |

)

' eac). St <oof
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wherel= (B(t;), —I)A, and AC(I;) denotes the set of absolutely
continuous complex valued functions on I;, and, for each i €
N)

BGJ=<O_U) (10)
t 1/ 2mx2m

and the following holds:

(1) U;U; = I, where I is an identity m x m matrix;
(2) U] O; is a symmetric operator on the R";

(3) there exists a universal constant C; > 0, such that for
any unit vector u € R™, any ¢ > 0,and anyi € N,

C, = (U Oumu) 20, [A®)]<C,. 1)

Remark 5. In Definition 4, (8) represents the jump conditions
at points {t;}. The range of b is in I;"™, as one can check that

=15 = 66).-D A7 =36 (£125) (1)
(12)

Definition 6 (Q s condition). Lete > 0,8 > 0. Q; be a set of
all vectors v € R™ such that

U Ow-v=elvf. (13)

Forany f: [0,00) — R™, wesay that f € Q4 if there exists
a subsequence {i;} ¢ N with

(tik - tirl) >0, (14)

k<n

1
lim inf —
n—00 n

such that f(¢;, —0) € Q; foralli,keN.

Note that any function f € 45 has a certain nice
property that

* 2 2

Uikoik|f| (tik - 0) 2 €|f (tik - 0)| (15)

for a subsequence ¢; which are not too close to each other.
The main results we derived are Theorems 7 and 8.

Theorem 7. Let f € ker(T), and there exist § > 0, € > 0 such
that f € Qs for interval I. Then one has the following.

(1) If | f| is nonincreasing, then there exists o; > 0, such
that, forall A € (0, ) and t € I,

If ()] <e™|f (0). 16)

(2) If | f| is nondecreasing, then there exists o, > 0, such
that, forall A € (0,a,) and t € I,

If @] =™ |f 0. (17)

Next theorem characterizes the dimension of the kernel
of T.
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Theorem 8. There exist exactly m linearly independent
bounded solutions to the equation Tf = 0.

Example 9. Consider the one-dimensional case; that is, m =
1. Let U; = 1, O; be a real number, and let A(t) = a(t) be a
continuous function of t and satisfy the following conditions:
a(t) 2 0,3C, > 0,s.t, la(t)| < C;; then the equation Tf =0
becomes

ffO=a@f,
ft;=0)=f(t;) =0, (18)
(=0 +0,f (5-0) - f () =o.

It describes the movement of the billiard particle in a smooth
table; when it reaches the border, its position is not changed,
but the direction is changed. Theorems 7 and 8 hold for this
special equation; that is, the solutions of (18) have exponential
behavior, and there exists exactly one linearly independent
bounded solution.

3. Characterization of the Generalized
Differential Operator T

In this section, we give a characterization on the generalized
differential operator T.

Definition 10. Define an operator W : D(W) ¢ 3" — L™,
such that

W(a)=a Vael",
(19)
a; = Qua; — X;a;,15
where, fori = 1,2,...,Q; and X; are 2m x 2m nonsingular

matrices with || Q;llo, < C, || X;llo, < C for some C > 0, with
DW)={ael™ |W(a)eL"}. (20)
Lemma 11. W is surjective.

Proof. W can be written as

Q X, 0 0
0o Q -X, 0 -
W= 0 0 Q -X; - | (21)

Since Q; and X; are nonsingular matrices, so W is an
invertible matrix. For any @ € ™, leta = W™'a. Then we
can check that W(a) =danda € lgm. O

In order to study the operator T, we first introduce an
operator L which was studied in [7, 9] and review some
properties of L.

Definition 12. Let L be a differential operator defined by

LF@®) =If(t), Vtelnl, i=0,1,2,..., (22)

satistying the following boundary conditions: for any i € N,

T T
(f ). f' (ti)) = B(t;) (f (t-0), f (t; - 0)) , (23)
where U, O; are the same as in the definition of T

Lemmal3 (see [7]). Let L, be the maximal operator of L, and
let L, be the minimal operator. Then the adjoint operator of L,
satisfies

Ly =Ly (24)
Lemma 14 (see [7]). For all f in the domain of L,
2
(L. £1 2 nlfI ()
where 1 is a universal positive constant.

Lemma 15 (see [9]). Let B be a densely defined closed operator
on a Hilbert space. Denote the range of B by R(B) and the
nullspace of B by / (B). Then

R(B*)" = ¥ (B). (26)

Based on all the above properties for operator L, we obtain
the following result.

Lemma 16. Let g € L,([0,00),C™). Then there exists [ €
D(T) such that

Tf (t) = (9,0). (27)
Proof. By Lemma 14, we know that #(L,) = {0}. From
Lemmas 13 and 15, it is easy to show that #(L,,)" = H(L,).
So L, is surjective. Then we have, for all g € L,([0, c0),C™),
3f € D(L,y), such that L, f = g. But by the definition of L,
we know that Tf = (L, f,0), which gives the result. O
Lemma 17. Assuming that there exists d > 0, such that
tig—t;<d, VieN, (28)
then the range of T is a subset of # = L,([0, 00), C") x lgm.

Proof. Since f € L,([0,00),C™)and If € L,([0,00),C™), so
(“f”z,lo’ "f"z,ll"") €l
(Nf o Wif - ) € e

There exists K > 0, such that, on each I,

oo, + 17 o < K (WAl + 105 Lr) - GO)

Therefore {f(t; — 0)}=, {f(t - 0)'}?:1, {f(t)}2, and
{f ()}, are all in I, Tt follows that

{Uf(t;-0) = ()2 €L
{Uif’ (t=0)+O;f (t; - 0) - f’ (ti)}: €l

Thus the range of T is contained in L, ([0, co), C") x lgm. O

(29)

(31)



Next we recall Gronwall’s inequality, which will be used
in our proof that T is subjective below.

Lemma 18 (Gronwall’s inequality). Let f(t) > 0 be continu-
ous on [a, b] and satisfy

FB<a+ j B(s) f(s)ds, (32)

where o > 0 and [3 > 0 is continuous on [a, b]. Then

f(t) <aexp Jt B(s)ds, (33)

fort € [a,b].
Proposition19. T : L,([0,0),C™) — Z is surjective.

Proof. Let(g,x, y) € Z.ByLemma 16, there exists f € D(T),
such that

If (t) = (9,0,0). (34)

We just need to find a h € D(T), such that Th = (0, x, y). By
Definition 4, that is,
Wt)y=A®)h(t)tel, i=0,1,2,...,

y; =UHK (t;=0) + Oh(t; - 0) =K' (t), i=0,1,2,....

(35)

For each i € N, let F;(t) be the fundamental solution matrix

of
h(t 0 I h(t
4 ,() = ,() , tel;  (36)
dt \h' (t) A(t) 0)\Hh (1)
with F;(t;) = I. Since we assumed that |;| < d, foralli € N, so
there exists a uniform constant C,, such that || F;(¢)|, < Cy-

By Lemma 11, we choose Q; = (g{ & ), and X;' = Fy(t;;; - 0),
then we know that there exist a,b € I, such that

Wb = (x,y)". (37)

Xi\ a; X Git1 38
(yi)_Qi(bi)_ i<bi+1). G9)

Letting /1 : [0,00) — C™ satisfy ' € AC(I;) and

That is,

h(t;-0)=a, K (t;-0)=b, (39)

then we have

G)-alv o)-5 (i o) @
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Let
h(t;) =Uh(t; - 0) - x;,
(41)
W (t;) = Uh (t; - 0) + O (t; - 0) -y,
and then we get
x; =Uh(t; = 0) = h(t;),
y; =Uh (t;=0) + O (t; - 0) - K (t;),
(h(tiﬂ _0)> =X<_1 (h(tz)) (42)
Wt - 0) "R (1)
h(t;)
- Fi (ti+1 - 0) (hl (ti)> .

It follows that Th = (0, x, y).
In the following, it is enough to show that h €
L,([0,00), C™). On each I, we have

% (:’ ((tt))) B (A(Et) (I)> (;];'((tt))) (43)
Denote
B = (A(zt) é) X(t) = (Z%). (44)
Then

X' =B®)X®). (45)

By hypothesis of A(t), we know that 3K, such that || B(t)||, <
K and |I;| < d; thus on each I,

th’ (s)ds = JtB(s)X(s)ds =X(t)-X(t;),
" ’ (46)
X O, < X @)y + | IBOIlX Ol

¢
L
By Gronwall’s inequality,

t
IX o, < 1X () xp || 1B s < X (1) o6™

i

(47)

Combining all these facts together, we get
1X ()l < Vdm| X (t,)]| ™ (48)

Therefore
2 2 N\ 2
12 1oy < IX (DI 000y < Y IX OI2,
i=0

< dmeZdKan (tl)”iO (49)

=0
< dmeszi <|h (ti)|2 + 'h’ (ti)'z) < 0.
i=0

Thus f + h € D(T) satisfies

T(f+h)®)=(g®).x). (50)
This completes the proof of Proposition 19. O
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4. Exponential Behavior of Solutions:
Proof of Theorem 7

In this section, we give the proof of Theorem 7 by considering
the exponential behavior of the null space of T
For any f € ker(T'), we denote

ﬂzf"f 51
A G

Note that | f| = \/(f - f), s0

P (Y N 2 f S
i =(ir-) AT NS

Lemma 20. Let f € Qs for interval 1. Then there exists a
constantr > 0, and A = A 5 > 0, such that for any t > r

]

- ke (s)|ds > A 53

(o e (53)
Proof. Assume that there exists {i;} ¢ N, such that

1
lim inf —
n— 00

(£, ~ti) 26, (54)

k<n

since f € ker(T) and f € Q_g, so

(£ ) () = (- £) (1, - 0)

) : (55)
= Uikoiklfl (tik - O) 2 6|f| (tik - 0) .
This implies that
U0, |f|2 (ti - 0)
o (), -0)] = B0
Thus
1 1
[l lae> 23 G () -y (1, -0) >
(57)

where b, is the number of #; , such that #; < t. But we know
that

lim inf% >0, (58)

t— 00

so there exists r > 0, such that, for any t > r,

1
— k ds > A, 59
tjm| £ (9)ds (59)

where A = Se. O

Now we are ready to prove Theorem 7.

5
Proof. By the definition of k¢, we know that
A
kp(t) =+ =(n|f]) @®. (60)
|1
Thus
t
In|f| = J ki(s)ds+c,
0 (61)

|f| (t) = Ce.[(; kf(S)dS _ |f (0)| eJOt kf(s)ds'

(1) Since | f] is nonincreasing, then kf(t) < 0; by Lemma 20,
we have

t t
[k @ds==] ey @lds <2 @)
SO

If Ol <e™|f ). (63)

(2) Since | f] is nondecreasing, then k f(t) > 0; by Lemma 20,
we have

= 64

[ ks = [ [k @]ds> as (64
SO

If )] = " |f(0)]. (65)

0

5. Proof of Theorem 8

In this section, we give the proof of Theorem 8. First we obtain
the relation between the minimal and maximal operators
associated with the weighted operators M; and then charac-
terize the dimension of the kernel of T

Definition 21. Let L be defined as Definition 12, (t) = Vt? + 1.
Define

M, =@ L{t), VteLnl, i=0,1,2,.... (66)

Definition 22. Let the maximal operator M, ; associated
with M; be the restriction of M; on D,,, with

Dy = {f e >(DnD L) | M, (f) e L’ (D),
(67)
fleAC(I,n1),Vi=0,1,2,...}.

Let D; be the set of all f € D,,, such that f € C®(I; N I),
for alli € N and f vanishes in a neighborhood of both “end

points” of I and supp(f) is compact. Denote M; to be M;
restricting on Dy; then we define the minimal operator M, ;

to be the smallest closed operator in L*(I) which extends TVI\I
and denote by D, the domain of M ;.



Lemma 23. If M; is defined as in Definition 21 on I, then
Mo € M1 (68)

and, for any f in the domain of My, ;, we have £(0) = 0, £'(0) =
0.IfIis compact, sayI = [0, T ] C [0, 00), then forany f € D,
also f(T) = f'(9') =0.

Proof. Let {f,} be a Cauchy sequence of functions from D,
converging to f with M, f, converging to M, f in L*(I).
Then on any compact interval [, f] € It > 0, f, and f,
both converge uniformly; therefore £ also converges in each
L*(I,), so f!' converges in L*(I). It follows that f’ is absolutely
continuous on each I;, and f’(O) =0,if I = [0, T ]; then also
f'(F) = 0. Since fn(i) converges to f® fori = 0,1,2, we see
that My, f = M;f, M, f isin L*, and so f € Dy, O
Definition 24 (see [10]). A densely defined operator S on a
Hilbert space is said to be symmetric if [Sf, g] = [f,Sg] for
all f, g in the domain of S.

Lemma 25. M, ; is a symmetric operator, for I = [0,J] or
I =1[0,00).

Proof. For any f, g in the domain of M, ;, by Lemma 23, we
know that f(0) = f’(O) = 0and g(0) = g'(O) = 0. Without
loss of generality, we suppose that f and g are real vector
valued functions:

(M, £, 9] - [, M;g]
=-[&y (0 )" g] + [B) A®) £, 9]
A0 (9" -[f 0 AW® g]
- (@ n"g-1 0" 0

+[¢0af.g] - [ £ °ag]
- wa-ws-(0a)],

=-[@f -g-@7f -4,
(69)
If I is a compact interval [0, 7], then by the fact that
FO=f@)=g@)=g"@)=0, (0

we get [M; f,g] = [ f, M;g].
If I = [0, 00), by hypotheses on the boundary conditions
and U;'U; = I, we have

[f'-g-f-d](t)
= [0 (6~ 0) + Uy’ (1~ 0)]
-Uig (ti - 0) -Uf (ti - 0) (71)
[0ig (t; - 0) + Uig' (1, - 0)]

=[f'-9-f-d]t-0).
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Thus we get
(M, £, 9] - [f M, 4]
- (- gf g | )11 9= 55 ) (-0
=0.
(72)

That is, [M; f,g] = [f,M;g]. So by Definition 24, M, ; is
symmetric. -

Lemma 26. For h € L*(I), the equation M,f = h has a
solution f in the domain of M, if and only if h is orthogonal
to all solutions of M; ;g = 0.

Proof. Assume that, for h € L? (I), the equation M, f = h has
a solution f € D,. For any g € D,,, such that M;g = 0, we
have

[k g] = [My,; f. 9] = [f. M;g] = 0. (73)

Conversely, if h is orthogonal to all solutions of M, ;g = 0,

choose f such that M; f = hand f(«) = f'(a) = 0. We need
to show that f(B) = f'(B) = 0. Using the same calculation as
in the proof of Lemma 25, we get

(M, f,9] = [ Mig] = £ (B)- g (B) - £ (B)- g ().

(74)

On the other hand, Consider
[M; £, 9] = [f Marp9] = [Mif.g] = [h.g] = 0. (75)
Thus we get that f(B) - g'(B) — f'(B) - g(B) = 0 for any g
satisfying M;g = 0. Choose g € D,,s.t. g(B) #0,but g’ () =
0; then we get f'(B) = 0; similarly, we can get f(8) =0. [

Corollary 27. I = [a, ] < [0,00); letting T denote the
restriction of M} to domain

{feDy: f@=f()=0,f(B)=f () =0},
(76)

thent = M.

Based on all the above results, we can derive the relation
between the operators M, ; and M, ;.

Proposition 28. If M; is defined as in Definition 21 and 1 =
[, B] € [0, 00), then

MJ’I =My (77)

Proof. Since M,; is the smallest closed extension of M, it
follows that

M, =M;. (78)
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As for any f € D, (then f € Dy)and g € Dy [Ef,g] =
[f, My, 9], then

My, € Mj = M;,. (79)

Let f be in the domain of M ;. Since M, is surjective for
compact I, so there is a function g in D, ; such that M, ;g =
Mg, f; thus

Mg, (f-g)=0. (80)

So if u is in the range of M, ; with M, ;v = u, we have

[f —gul = [f -9 M) =My, (f - 9),7] =
(81

Therefore f — g is orthogonal to the range of M ;, but, by
Lemma 26, f-gisin the null space of M, ;. Hence f € Dy, ;
that is, Mg ; C M. O

Proposition 29. If M; is defined as in Definition 21 and I C
[0, 00), then

Mg,[ =My (82)

Proof. By Proposition 28, we only need to show Mg ; ¢ M, ;.
If g is in the domain of MJ, 1> then, on any compact subinterval
[, 8] of I, we have

[M;f,9] = [f,Ms,9], Vf €Dy (83)

Thus the restriction of g to [e, B] is in the domain of Mg .
But, by Proposition 28, the restriction of Mg ;g to [e, ] must
agree with M, ;g. Since [a, f3] is arbitrary, the proposition is
proved. O

We can show that M|, ; is semibounded in the next lemma.

Lemma 30. If M, is defined as in Definition 21, for all f € D,

(M, £, f] = -Hf I (84)

Proof. By integration by parts we obtain, for f € C;°(R"),
(Mo, £, £] = (&) L) £), f]
==&y (& )", f]+ [y At £, f]
=[N @A+ [OALF] (g5
> [(1 1) () )]

1y .2
SR

where the last inequality follows from Hardy’s inequality [11].
O

In order to prove Theorem 8, we need to introduce the
Friedrichs extension of M ;.

Definition 31. With M; as in Definition 21, let Q;(f,g) =
[M, f, g], forall f,g € D.

It follows from operator theory [9] that the semibounded
symmetric operator M, ; has equal deficiency indices, and
therefore, by Von Neumann’s theorem, such an operator
always has self-adjoint extensions. There is a distinguished
extension H, called the Friedrichs extension [11], which is
obtained from the quadratic form associated with M ;.

Proposition 32. Q; is a closable quadratic form and its closure

Q, is the quadratic form of a unique self-adjoint operator H
defined by

D(Hy) ={f €1’ () |Qi (£ 9)]
<Cy[g,9],¥g€eD;, where C; is a constant} ,

H;f = My f, VfeD(H).

(86)

Furthermore,

EARIESITE

Proof. This is a form of the definition of the Friedrichs
extension: for the semibounded symmetric operator M, ; and
the closable quadratic form Q, the restriction of M ; to the
domain of the closure of Q; is in fact the Friedrichs extension.
This form is clearly closable. The last inequality follows from
the construction of the Friedrichs extension Hy, together with
Lemma 30. O

VfeD(H,). (87)

Next proposition tells us the relation between ker(T') and
ker(M;).

Proposition 33. f € ker(T) is nonincreasing if and only if
g = f/(t) is a nonincreasing solution to M;g = 0.

Proof. Let f € ker(T); if | f| is nonincreasing, then f’- f < 0.
So by east calculation, we have

", AN
(9-0) =24 - g =21 LD T
(1+¢2)

which implies the result. O
Now we are ready to prove Theorem 8.

Proof. It is sufficient to consider real solutions. Let f be any
real solution of Tf = 0; foranyi € N,lett € I, (f - f)'(t) =
2f (1) - f(t). Using the fact that A(¢) is positive semidefinite
for each t > 0, we have
2
(F-N"®=2/f O+2(40) f©)- f®B)20. (89)
On the other hand, for anyi € N,

(f- )@= (- f)(t:-0) = (U7 O:f. f) (t; - 0) 2 0.
(90)



This implies that (f - f)' is nondecreasing on [0, co]. Choos-
ing f, such that f(0) = 0, f'(O) #0, then (f- f)'(t) >
(f- f)'(O) = 0, from (52); | f| is nondecreasing. Then, by
Theorem 7, we know that those solutions have exponentially
increasing amplitude; that is, they are unbounded solutions.
Clearly dim(ker(T)) < 2m. The set {f € ker(T) | f(0) =
0, f '(0) # 0} is m dimensional, which means that there are at
most m linearly independent bounded solutions for Tf = 0.
Now we prove dim(ker(M,, ;)) = m, using the properties
of Friedrichs extension of M, ;. Let H; be the Friedrichs
extension of M ; then, by Proposition 32, H is self-adjoint
and positive definite. Also for any f in D(H;), f(0) = 0. We
choose m compactly supported piecewise smooth functions
fi> far -+ o> fn o0 I, such that the space spanned by {f,(0) |
k = 1,...,m} has dimension m. Then {f; | k = 1,...,m}
are linearly independent mod D(H). It is clear that f; €
D, for k = 1,...,m; this forces the Fredholm index to
increase by m. Since H; is already surjective, this produces
an m dimensional nonincreasing solution space to M; f = 0,
so dim(ker(M,,;)) = m; by Proposition 33, we know that
there are at least m linearly independent bounded solutions
for Tf = 0. This completes the proof. O
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