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Using the minimax methods in critical point theory, we study the multiplicity of solutions for a class of Neumann problems in the
case near resonance. The results improve and generalize some of the corresponding existing results.

1. Introduction

The aim of this paper is to study the following semilinear
Neumann problem:

“Au+px)u=A+ f(xu), xecQ,

1
u =0, xeodQ. v
on
Here Q ¢ RY (N > 3) is a bounded domain with a C!
boundary 0Q2 and #(-) denotes the outward unit normal on
0Q. Also B € L’(Q) with s > N/2 and it may change sign.
The reaction f(x,u) is a Carathéodory function and satisfies
the following assumptions:

(fy) for every M > 0, there exists a function L, € L*(Q)
such that | f(x,t)| < Ly (x) for all [t| < M and a.e.
x €

(foo) limyy oo (f (x, £)/t) = 0 uniformly for x € Q.

Recently, there have been many papers concerned with
the Neumann problems; see [1-5] and the references therein.
Or, more specifically, in Li [1] and Qian [2], the left hand
side differential operator is —Au + Pu, with § € R,
B > 0. In Motreanu et al. [3], Tang and Wu [4], and
Motreanu et al. [5], the differential operator is —Au (i.e.,
B = 0). Semilinear Neumann problems with unbounded and
indefinite potential, especially, were studied by Gasinski and

Papageorgiou [6]. They obtained two multiplicity theorems.
In addition, the same problems were studied by Papageorgiou
and Radulescu [7]. They dealt with equations in which the
reaction f(x,u) exhibits an asymmetric behavior at +co and
at —co (jumping nonlinearity) and they proved multiplicity
theorems providing sign information for all the solutions.

On the other hand, for the perturbed problem, Mawhin
and Schmitt [8] first considered the two-point boundary
value problem

U A= flou)+h(x), u@) =u(m=0. (2

Under the assumption that f is bounded and satisfies a sign
condition, if the parameter A is sufficiently close to A, from
left, problem (2) has at least three solutions; if A; < A < A,,
problem (2) has at least one solution, where A,, A, are the first
and second eigenvalues of the corresponding linear problem.
Ma et al. [9] considered the boundary value problem Au +
Au+ f(x,u) = h(x) defined on a bounded open set Q ¢ RMN,
no matter whether the boundary conditions are Dirichlet
or Neumann condition; as the parameter A approaches 1,
from left, there exist three solutions. Moreover, existence of
three solutions was obtained for the quasilinear problem in
bounded domains as the parameter A approaches A, from
left. In [10, 11], these results were extended to the perturbed
p-Laplacian equation in RY. In [12], Ou and Tang extended
above some results to some elliptic systems with the Dirichlet
boundary conditions. de Paiva and Massa in [13], especially,
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studied the semilinear elliptic boundary value problem in
any spatial dimension and using variational techniques; they
showed that a suitable perturbation will turn the almost
resonant situation (A near to Ay, i.e., near resonance with a
nonprincipal eigenvalue) in a situation where the solutions
are at least two. In [14], those results were extended to the
degenerate elliptic equations in the bounded domain.

Motivated by the above idea, we have the goal in this
paper of extending these results in [6, 12-14] to some elliptic
equations with the Neumann boundary conditions. Here,
it is worth pointing out that (f,,) is weaker than (f;) in
[13] (or (A) in [14]). More to the point, there are functions
satisfying the assumptions of our main results in Section 2
and not satistying the assumptions in [13, 14]. For example,
let f(x,t) = t/In(1+t]). Then f satisfies the assumptions for
our Theorem 5 in Section 2 and does not satisty (f;) in [13]
(or (A) in [14]).

The rest of our paper is organized as follows. In Section 2
we give some preliminary lemmas and our main results.
Section 3 gives the detailed proofs of our main results based
on several estimates, whose proof will be presented in
Sections 4 and 5.

2. Preliminaries and Main Results

Let the Sobolev space X = H'(Q). Denote

lua > = (jo (1Vl® + %) dx)m 3)

to be the norm of u in X and llull, the norm of uin L?(Q). The
space X is a Hilbert space. For a discussion about the space
setting, we refer to [15] and the references therein.

Again, we recall the properties of the eigenvalue problem
as follows (see [6]):

“Au+pBx)u=A, x€eQ,
(4)
a_u =0, x€0Q.
on
The eigenvalue problems in (4) have a sequence {A;};., of
eigenvalues, such that

—00 <A <A <A< <A< — 400

)

as k — +oo.

There is also a corresponding sequence {¢},.; ¢ H 1(Q) of
eigenfunctions which form an orthonormal basis of L*(Q)
and an orthogonal basis of H 1(Q). Moreover, we know that
¢ € C"*(Q) for some « € (0,1) and all k > 1.

We denote by E, the eigenspace corresponding to an
eigenvalue A, and we can decompose H' (Q) = D2, E;.. We
set

o) = Jﬂ (IVul® + B (x) u*) dx. (6)
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The eigenvalues admit the following variational characteri-
zations in terms of the Rayleigh quotient o(u)/ ||u||§ for all
ue H'(Q):

A1=inf{"(”) ‘ueH! (Q)\{O}}, )

2
leell

Ak = lnf{&uZ) u E@ Ei’ u:#O}
l[uell Pt
(8)

k
:sup{o(u) Tu e@ E,, u#O}.
i=1

2
leell

In (7), the infimum is realized on E;. Also, in (8), both
the infimum and the supremum are realized on E,. All the
eigenspaces have the so-called unique continuation property.
The first eigenvalue A, is simple and it is clear from (7) that the
corresponding eigenfunctions do not change sign. Namely,
we can suppose that ¢, is strictly positive on ). We mention
that all the other eigenvalues have nodal eigenfunctions. For
more properties to the eigenvalue problem (4), see [6, 7].

By the presence of function f3, weak solutions of (1) must
be found in a suitable space. To this purpose, letting 0 >
max{-A,, 0}, we introduce a new inner product on H'(Q2) by

(u,v) = J (VuVv + B (x) uv + Ouv) dx 9)
Q
for u, v € H'(Q) and the associated norm
1/2
lull = (J (|Vu|2 + /3(ac)u2 + Buz)dx> , ueH (Q).
Q
(10)

Lemma 1. Let 3 € L°(Q) with s > N/2 and it may change
sign, if 0 > max{-A,,0}; then || - || is equivalent to the usual
Sobolev norm || - || ,.

Proof. By virtue of Holder’s inequality, we have

J (qul2 + B (x) u+ 0u2) dx
Q

: JQ (IVul” + 60 ) dx + Bl Il
)

< max {1, 0} [lul} , + || B[ lull3y
< max {1, 0} [ull?, + K*||B]ul’ ,
< &llul?,,

where K is the constant of Sobolev imbedding from

H'(Q) — L*(Q), s’ = s/(s - 1), &, = max{1, 6, K*| Bl }.
On the other hand, if 6 > max{-A;, 0}, then there exists
&, > 0 such that

L (1Vul® + B + 0 ) dx = E . (12)
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If not, it is clear from (7) that
X () = J (|Vu|2 + B (x) u + Guz)dx > 0. (13)
Q

Exploiting the 2-homogeneity of y we can find a sequence
{t,},51 C H(Q), such that

lwal,, =1, V=1, x(w,) — 0" (14)

Passing to a subsequence if necessary, we may assume that
u, —u weakly in H' (Q), 15)
strongly in L (). (16)

U, —u

The sequential weak lower semicontinuity of o and (15) imply
that

o(u) < —J 0udx < A |lull3. a7)
Q

Soo(u) = /\1||u||§ and thus u = y¢,, with some y € R.

Ify =0, thenu, — 0in H I(Q), which contradicts the
fact that [|u,|l, , = 1 foralln > 1. If y # 0, then, from (17), we
have o(¢;) < Ayl ||§, which contradicts (7).

Combining (11) and (12), we have

Elullf, < L (IVul® + B(x) u® + 0u® ) dx < & |lul},. (18)

Namely, || - || is equivalent to the usual Sobolev norm || - ||, ,.
O
From now on we take (H*(Q), (-), | - |I) as our working

space, 0 > max{-A,,0}, [|¢,]| = 1. In view of Lemmal
and the Rellich-Kondrachov Compactness theorem (see [15,
Theorem 1]), we directly get the following lemma.

Lemma 2. Let § € L°(Q) with s > N/2 and it may change
sign. Then the space HY(Q) is compactly embedded in LF(Q)

for1 < p < 2" and continuously embedded in L (Q); hence
there exists S > 0 such that

lull, < Slull, VueH' (Q). (19)

In addition, we also need the following lemmas.

Lemma 3 (from Lemma 4.6 of [13]). Let X be a Hilbert space
with orthonormal direct sum splitting X = V & Z & W.
Moreover, let dim(V @ Z) < co. For p > R > 0, set

={ueW:|u|2Rlu{uec ZeW:|u| =R},
B={ueVeZ:|ul=p}.
Then A and B link.

Lemma 4 (from Theorem 8.1 0of [16]). Let X = X, ® X, bea
Hilbert space where X, has finite dimension and | € C'(X, R)

satisfying the (P.S.) condition and such that, for given p,, p, >

>

sup](u)<a— 1nf J(w)<b= sup J(u)< 1nf](u)

uep, S, u€p,B, uep, B, uep,S,

(21)

where B; and S; represent the unit ball and the unit sphere in
X; : i = 1,2. Then there exists a critical point u, such that

J(u,) € [a,b].

t

Next, let F(x,t) = jo f(x,s)ds; in order to state our
main results, we introduce the following assumptions on the
nonlinear term:

(f1) limy o (f(x, t)t/[t]) = +00 uniformly with respect
tox € (;

(fy) limy,_,,F(x,t) = +0o uniformly with respect to x €

>

(f3) limy o, (f(x, £)t/[t]) = —co uniformly with respect
tox € O;

(fy) limy,_, F(x,t) = —co uniformly with respect to x €
Q.

Our main results are given by the following theorems.

Theorem 5. Let A, (k > 2) be an eigenvalue of multiplicity m
and 3 € L*(Q) with s > N/2 and it may change sign. Suppose
that the conditions (f,) and (f.,) hold and one of the sets of
hypotheses (f,) and (f,). Then there exists 8, > 0 such that for
A € (A — 8y, Ay) problem (1) has at least two solutions.

Theorem 6. Let A (k > 2) be an eigenvalue of multiplicity m
and f3 € L°(Q) with s > N/2 and it may change sign. Suppose
that the conditions (f,) and (f.,) hold and one of the sets of
hypotheses ( f3) and (f,). Then there exists §; > 0 such that for
A € (A, A + 6,) problem (1) has at least two solutions.

Theorem 7. Let 3 € L°(Q) with s > N/2 and it may change
sign. Suppose that the conditions (f,) and (f,,) hold, and the
nonlinearity f satisfies (f,). Then, for A < A, sufficiently close
to A, problem (1) has at least three solutions.

3. Proof of Theorems

The associated functional of problem (1) is

1

> J (|Vu|2 + B (x) u2)dx - % J utdx
Q Q

J (1)
- J F (x,u)dx (22)
Q

P —“ej uzdx—J F(x.u) dx
Q



for u € H'(Q). Under the conditions (fo) and (f,,), it is easy
to verify that, for every A € R, ] € C'(H'(Q), R) and

<] (u), v> j (VuVv + B (x) uv) dx — /\J uvdx
¢ (23)
- J. f(,u)vdx,
Q

for u,v € H'(Q). Moreover, critical points of J are exactly
weak solutions of problem (1).

It follows from (f,,) and (f,,) that for every ¢ > 0 there
exist Ms > 0 and LMS € L*(Q) such that

|f et <eltl + Ly ()], (24)

forallt € Rand a.e. x € O, which implies that
€ 2
IF (6,01 < Sl + [Lyg (o[l (25)

forallt € Randa.e. x € Q. From this and Holder’s inequality,
we have

U F(x, u)dx| £s lull® + L, [lull, (26)

where Ia =3S|L M, ||2 and S is the best embedding constant.

In addition, we will use several times the estimates below.
From (7) and (8), we have

lul?> (0 +1,) L Wdx, YueH'(Q), (27)

lul> < (0 +Ay) JQ wdx, Vu e span{d,, ... P,
(28)

Il 2 (6+ Ayer) [ s, Ve (span {61, )
(29)

Proposition 8. Assume that ( f,)) and ( f,) hold, and suppose
that A # A, foranyk € N*. Then ] satisfies the (P.S.) condition.

Proof. For any sequence {u,} ¢ H 1(Q) such that

7 (u,)| <00 Vn, J' (u,) — 0 asn — oo, (30)
we need to prove that {u,} has a convergent subsequence.
By the standard argument, it suffices to show that {u,} is
bounded in H'(Q). Suppose by contradiction that [u,| as
n — oo. Let w, = u,/llu,|l. Then w,| = 1, so we may
suppose that there is w € H'(Q)) such that

w, —w weakly in H' (),
31
w, — w strongly in Lf (), where p € [1,2"),
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as n — 00. Then, for any v € H(Q), from (24) and (27), we
have

||u ” J f(xu,)vdx < " T J ( |, + |L’1\715 (x)|)|v| dx

< "uln" (8||un”2”"”2 + “LMe "2"1/"2)

- £ v, + |L~£ 2
R T
(32)
which shows that
£
ngnoom L f(xu,)vdx < \/ﬁ"V"z- (33)

By the arbitrariness of ¢, one has

lim —— J- f(xu,)vdx =0. (34)

=0 |

Like in the proof of (34), from (26), it follows that

o J F(x,u,)vdx = 0. (35)

nlﬂ}loo_
] Jo
Thus, for any v € HY(Q), by (30), (31), and (34), passing to
the limit in
]/
< (s,) > J (Vw,Vv + B (x) w,v) dx
Tl -
- AJ w,vdx — J f(x,u,)vdx
Q Q
gives
J (Vw,Vvdx + B (x)w,v) dx — AJ w,vdx =0, (37)
Q Q
which implies that
weKer(-A+B-1). (38)

In addition, by (30), (31), and (35), passing to the limit in

J(u,) 1
"L(l ”2) = 3 L (|an|2 + B (x) wfl + Hwﬁ)dx
! (39)
- 9+AJ widx — ! > J F(x,u,)dx
2 lesa]” S
gives
% - % j widx = 0. (40)
Q

If 6 + A = 0, then, from (40), we have 1/2 = 0, which is a
contradiction.

If 6 + A # 0, then, from (40), we have w # 0. From this and
(38) it follows that A is an eigenvalue of operator —A + f3, a
contradiction; the proof is completed. O
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Hereafter, we set

V =span{$,.... 41}
Z = span{¢p- . Prsm-1} = Epo (41)
W=(VeZz),

and we define

By={ueV:|ul <1}, By,=lueVeZ:|ul<l},

Byy=fueZoW: |ul <1},
(42)

and Sy, Sy, and S, respectively, are their relative bound-
aries.

Theorems 5 and 6 will be a consequence of the geometry
in Propositions 9 and 10 stated below, whose proofs will be
postponed to Sections 4 and 5.

Proposition9. IfA € (A,_;, A,) and hypotheses (f,,) and (f.)
are satisfied, then there exist constants D, and p, such that

J(u)>2D,, forueZeW, (43)

J(u) < Dy, for uepSy. (44)

Moreover, if one of the sets of hypotheses (f,) and (f,) is
satisfied, then there exists 8, such that for A € (A — 8y, Ay)
there exist Dy, D, € R, py > Ry > 0 such that, in addition to
(43) and (44),

J(u) = Dy, forueW, (45)
J(u) < Dy,  for u € RSy, (46)
J (W) <Dy, forueV, |z| =R, (47)

(The values with index A depend on A; the others may be fixed
uniformly.)

Proposition 10. If A € (A, Ay,,,,) and hypotheses (f,) and
(foo) are satisfied, then there exist constants K and f, such
that

J(z) 2 K,, forzeW, (48)

J(z) < K,, for z e Sy, (49)

Moreover, if one of the sets of hypotheses (f;) and (f,) is
satisfied, then there exists 8, such that for A € (A, A, + 8;)
there exist Ky, Ky, E € R, 3, > R, > 0, and & > 0 such that, in
addition to (48) and (49),

J(u) <Ky, forueV, (50)

J(u) > Ky, for u € RSy, (51)

J (W) > Ky, forueW, |lull =R, (52)
J(u) > E, for u € RyByy, (53)
J(u) <E, foruelSy. (54)

(The values with index A depend on A; the others may be fixed
uniformly.)

Proof of Theorem 5. Since the functional J satisfies the (P.S.)
condition, we can apply two times the saddle point theorem
(see, e.g., [17]); let

Tt = {y € C (pByE) styl,, =id},

[, = {y e (R;By4E) st VIrs,, = id}.

The first solution, which we denote by u;_, and may be
obtained for any A € (A;_;, A;) with just hypotheses ( f;) and
(fso)> corresponds to a critical point at the level

(55)

G = inf sup J(y(w)). (56)

Yeliet wepyp,

The criticality of this level is guaranteed by the estimates (43)
and (44), since py Sy, and Z @ W link; that is, the image of any
map in I[}_, intersects Z @ W.

The second solution, which we denote by 1, corresponds
to a critical point at the critical level

RO @
Actually, this is a critical level because of the estimates (45)
and (46), since R, Sy, and W link.

To conclude the proof, we need to show that these two
solutions are distinct.

We observe first that by estimate (45) we have that ¢, >
Dy, then we observe that we may build a map y, € I}_; in
such a way that its image is the union between the annulus
{u e V: |ull € [R,, py]} and the image of a (k—1)-dimensional
ball in R, S, whose boundary is R, S;,. By the estimates (46)
and (47), we deduce that sup, p\By J(yo(w)) < Dy, and as a
consequence ¢._; < Dy, proving that the two solutions are
distinct, for being at different critical levels. OJ

Proof of Theorem 6. Since the functional J satisfies the (P.S.)
condition, we can apply the saddle point theorem and
Lemma 4.

The first solution, which we denote by w; and may be
obtained for any A € (A, Ay,,,,) with just hypotheses ( f,,) and
(foo)» s again obtained through the saddle point theorem and
corresponds to a critical point at the critical level

di = inf sup J(y(w)), (58)

Y€k wep, By,

where now

I, ={y e C"(B\ByE) st ylgs, =id}. (59

The criticality is guaranteed by estimates (48) and (49), since
BiSy and W link.

The second solution, which we denote by wy_;, comes
from Lemma 3, where we set X; = Vand X, = Ze& W;
actually we have the structure

supJ (u) < E = inf J(u) < supJ (u) < Ky, < inf J(u)
Sy, Ry Bz £B, RySyw
(60)

and then we have a critical point wy_, at thelevel d,_;, < K.



Finally, in order to prove that these two solutions are
distinct, we need a sharper estimate for d; than that given
by (49). For this we use Lemma 3 to guarantee that, for any
map y € I}, since B, > R,, one has that the image of y either
intersects R,S,y, or has a point u € W with |u|| > R,. This
implies that

sup ] (y () > Ky,
wep, By, (1)
by estimates (51) and (52), and then d; > K, proving that
the two solutions are distinct, for being at different critical
levels. O

Proof of Theorem 7. The proof will be divided into four steps.

Step 1. For A < A,, from the definition of A,, (26), and (27),
we get

1A -A
Jwzy (eml -
Lettinge = (A, — 1)/28%*(0 + A,), it follows that J is coercive
in HY(Q).
Similarly, from (26) and (29), we obtain

esz) lul> =L, llul.  (62)

1[4, -A 2> , -
(2228 s -1
I(w)22(9+/\2 e§" | lwl” - L lwll
g (63)
LA M 2) 2 7
> —| = - -L ,
23 ( 911, e§” | wl” - L lwll

for all w € (span{p,})". Let e = (A, — 1,)/28%(0 + A,);
hence J is coercive in (span{¢,})* and J is bounded from
below on (span{¢, N*, and, moreover, there is a constant M,
independent of A, such that inf g, 1) ] > M.

Step 2.1f A < A, is sufficiently close to A, we havet™ < 0 < t*
such that J(t*¢,) < M. In fact, for A < A,, we have

A -2 2
t = —— ||t — F(x,t dx.
J (t¢1) 2(9_“11)” ¢l L (x,t¢y) dx (64)
For any fixed i € R with |z = 1, from (f,), we get

lim,_,,F(x,ti) = +00 uniformly in x € Q. From Fatou’s
lemma and ¢; > 0 in Q, it follows that

lim J F(x,t¢;)dx > J lim F(x,t¢,)dx = +oo,
t—+00 J Q t—+00
(65)

and hence, taking (> 0) large enough, we get

J F(x,t'¢;)dx>-M + 1. (66)
Q

For A, - 2(0 + A,)/(t")’ < A < A,, combining (64) and (66)
yields J(£*¢,) < M. A similar conclusion holds for some ¢~ <
0.

Step 3. If A < A}, let

zi:{ZeHl(Q);z:it¢1+wwitht>0,

w e (span {¢})"}.

(67)
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The functional J satisfies the (P.S.)C,& and (P.S.)_y condition
forall c < M.

In fact, let {z,} < ), satisfy J(z,) — ¢ < M and
]'(zn) — 0asn — o00. From Proposition 8, there is
z € HY(Q) such that z, — z strongly in HY Q). Ifz €
0%, = (span{¢,})*, from the second conclusion of Step 1, we
get J(z,) — ¢ = M, which is impossible. Hence, ¢ € X, and
] satisfies the (PS.) . . Similarly we have that (PS.).; holds
forall c < M.

Step 4. Three solutions are obtained.

If A < A, is sufficiently close to A, from Steps 1 and 2, we
get—co < infy_J < M, which implies that ] is bounded below
in 2,. Consequently, from Ekeland’s variational principle,
there exists {z,} < X, such that J(z,) — inf2+ J and
J'(z,) — 0asn — oo. Since J satisfies (PS5, for all
c < M, thereis z* € X, such that J(z") = infy J; that is, the
infimum is attained in X, . A similar conclusion holds in X_.
So J has two distinct critical points, denoted by zt 2.

Suppose that J(z") > J(z7). Letting

y(@)=J(z+2")-J(z"), e=z -z, (69
we have (0) = 0, w(e) < 0and since z" is the local minimum
of J, there are r, p > 0 such that y(z) > p for ||z|| = r. Since
1//' = J" and y satisfies the (P.S.) condition, from the mountain
pass theorem, the number

c= ng tlen[&ﬁ] (h(1), (69)

where T = {h € C([0,1],H(Q)) : h(0) = z*,h(1) = 27},
is a critical value of J. From the definition of ¢, we have ¢ >
M and obtain a third critical point of J. Hence, the proof is
completed. O

4. Proof of Estimates

In this section we will prove all the estimates in Propositions
9 and 10.

4.1. Estimates of the Saddle Geometry

Lemma 11. Under hypotheses (f,) and (f.,), one gets the
following:

(i) for A € (Ay_y, Ay), there exists D, satisfying (43)
and Dy, € R satisfying (45);
(ii) for A € (Ag, Agy,y) One has the following:

(a) there exists K, € R satisfying (48),
(b) for a given R, > 0, there exists E € R
satisfying (53).

Proof. Let u € W; using estimates (26) and (29) we get

1 Ak+m_A_
2] (st

S -1 )
0+ A € )Ilull e lull (70)
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For A € (A, A)s letting e < (Mg, — Ap)/SH O+ Agy,) <
Ay = A)/S?(0 + Ay ), it follows that J is bounded below in
W; that is, there exists a Dy, as in (45).

For A € (A4, Ar,,), then the same estimate holds but the
constant cannot be made independent of A, giving (48).

In the same way, letu € Z@W andsetd = A, — A > 0; we

get
LA -2 2> L
162 3 (G5 o8 Wl - L, bl
; @
1 2 2 T
) (LA ~ L, lull.
e LA

Lettinge < 6 /S%(6+ A «), it follows that ] is bounded below in
Z & W; that is, there exists a D, such thatforallu e Ze W
we have (43), where again the constant D, depends on J, that
is, on A.

Finally, (71) with A € (A, Ay,,,,) implies

< /\k - )‘k+m

1
Tz,

: ~e8 )Wl Ll ()

Then, no matter the value of A, J is bounded from below in
any bounded subset of Z & W, giving (53) for a suitable value
of E. ]

Lemma 12. Under hypotheses (f,,) and (f.,), one gets the
following:

(i) for A € (Ay_;, Ay), given the constant D, € R, there
exists py > 0 satisfying (44);

(ii) for A € (Ay, Agyyy) One has the following:

(a) there exists Ky, € R satisfying (50),

(b) for a given K, € R, there exists 5, > 0
satisfying (49),

(c) for a given E € R, there exists & > 0 satisfying
(54).

Moreover, given the values R,, R,, one may always choose
Py > Ry, By > R, as claimed in Propositions 9 and 10.

Proof. Let u € V, by estimates (26) and (28); we get

1/A,.,-A _
IOFs- <9"+—A +esz) W+ Ll 73)
k-1

For A € (A,_;,Ap), letting e < (A — A,_,)/S*(0 + Ap_y),
then one obtains (44) for suitably large p; > R,.

For A € (A, Ay ), letting e < (A, — A_1)/S*(0 + Ay_y),
one obtains, for suitable Ky, and & > 0, (50) and (54).

Finally, letting u € V ® Z and settingd = A — A, > 0, we
get

A —A _
Jw) < ( Lo esz) ol + T Jul
k

(— 5 fAk + ssz) l? + I, full.

N =

(74)

IA
SRR

Letting & < 8/S*A, it is clear that (once & is fixed) this goes
to —co and then we may find the claimed 3, > R, such that
(49) holds.

Observe that Ky, and E can be chosen uniformly for A €
(Af> Akym)»> while py, By will in fact depend on A. O

4.2. Estimating the Effect of the Nontrivial Perturbation. In
this section we will prove the remaining inequalities in
Propositions 9 and 10, those which rely on the hypothesis ( f;)
or (f,) or (f3) or (f,), which, roughly speaking, say that the
perturbation F is nontrivial in such a way that a new solution
arises when A is sufficiently near to the eigenvalue A. The
proof is simpler for Theorem 5, since we need to estimate the
functional in the compact set Sy, while for Theorem 6 the
same kind of estimate is required in the noncompact set S, .

4.2.1. Estimating ] in Sy,,. For the next estimates, we will need
the following lemma.

Lemma 13. Hypothesis (f,) implies that there exists a nonde-
creasing function D : (0,+00) — R such that

lim D (R) = +oo, inf J F(x,u)dx > D(R).
Q

R—+00 Uu€RSy,

(75)

Proof. First we claim that there exists a constant # > 0 such
that the sets Q,, = {x € Q : |[u(x)| > #} have measure |Q,,| >
n, forallu € Sy,.

Actually, V @ Z is a finite-dimensional subspace and the
functions u € Sy, are smooth; they are uniformly bounded;
that is, there exists M > 0 such that |u(x)| < M forall x € Q.
Suppose that for i, — 0(1,, < 1) there exists {u,,} € Sy, such
that |Q, | <7,

On one hand, by (28), one obtains

1
0+ Ay

< J Wdx. (76)
Q
On the other hand,

J wdx = J |un|2dx + J |un|2dx
Q Q Q-0

Un Un

<M’ |Qun' +1

Q-Q,

(77)
<, (M +1Ql)

— 0.

That is a contradiction. _
Now, for any H > 0, we will show that we can find a R
large enough so that JQ F(x,Ru)dx > H for any u € Sy, and

R > R; this means that

lim inf J F (x,u) dx = +oo0. (78)
Q

R—00 u€RSy,



Actually, it follows from (f,) that for any M > 0 there
exists t,(> 0) such that F(x,t) > M for |t| > t,. For R > t,/7,
one has Q,, € {x € Q : |[Ru(x)| > ty}, and then one gets

J F (x,Ru)dx > Mp. (79)
|Ru|>t,

For R < to/n, by (f,) and (f,), there exist C > 0 and
Ls e L*(Q) such that F(x,t) > —-C(1 + L&(x)), fort € Rand
a.e x € Q.

Let M = (H+C|Q[+CIQI"*|L&l,)n~"; one finally obtains

L F(x,Ru)dx = J F (x, Ru) dx

|Ru|>t,

F (x,Ru)dx + J

|Ru|<t,

> My - C Q| - ClQl"*|Lg,

=H.
(80)
It is elementary that
D(R) = Il)rzlg uelllzlsfvz JQ F (x,u)dx (81)
is well defined and satisfies the claim. O

Now we may prove the following.

Lemma 14. Consider Theorem 5 with one of the sets of
hypotheses (f,) and (f,). Given the constant Dy, € R, there
exist Ry, 8, > 0 such that, for any A € (A — 8y, A), (46) and
(47) hold.

Proof. We consider the two sets of hypotheses separately.
(i) In case (f,), it follows from (f,) and (f,) that for any
M > 0 there exist C,; and L,, € L*(Q)) such that

F(x,t) > MIt| - Cyy (14 Ly (%)), (82)

fort € Rand x € Q;in particular weset M = 1. Letu € RSy;
for being in a finite-dimensional subspace, all the norms are
equivalent, so that (set § = A, — A > 0 and use estimates (28)
and (82))

A=A
J(w) < —2———Jul® - lull + C,

2(60+Ay)
<O - ful+C (83
T 2(0+ ) 0 )
5
<— R " -R+C,,
ICEDD) T

where C, = C,[Q"?|IL, ], + C, 1.

Abstract and Applied Analysis

(ii) In case (f,), let D(R) be as in Lemma 13, for |lu| = R;
letu=w+¢withweVand¢d e Z = E;:

Agor — 2, M4 2 J'
P = S 2T olP = | Fx,u)d
J () < 2(emk_l)nwu + 2(Gmk)lkbll JFlrudx
A’k—l —Ak+6 2 8 2 J
< | Feud
=50 a1 +2(6+Ak)"¢” o Fpudx

8 2 Ak _Ak—l 2 J
< s 8l - s il - | F o wdx.
2@l e gl - Feewdx

(84)

We assume that § < (A, —A,_;)/2; it is easy to see that (A,_; —
/\k)||w||2/4(9 + Ai_1) < C for some constant C; we estimate

J(z) < +C-D(R)

é 2
(85)

<—— R-D®+C.
=200+ 1) (R) +

Considering (83) and (85), we see that since limp_, . D(R) =
+00 by Lemma 13, we may fix R, so that C— D(R,) < Dy, —1
(or Cy, — R, < Dy, — 1 for the case (f;)) and then for 0 < § <
min{2(0 + Ak)/RZ, (Ak — Ax_1)/2} one gets (46).

To obtain (47), we observe that (since A > A,_,) if ¢ =
0, that is, if u € V, then in estimates (83) and (85) we may
avoid the term 6R*/2(0 + A «) so that (remember that D(R) is
nondecreasing) J(u) < Dy, — 1 for |lul| > R;. O

4.2.2. Estimating ] in Syy,,. We consider the corresponding
estimates of the previous lemma, for Theorem 6.

Lemma 15. Consider Theorem 6 with one of the sets of
hypotheses (f3) and (f,). Given the constant Ky, € R, there
exist R,, 8§, > 0 such that, for any A € (A, A, +6,), (51) and
(52) hold.

Proof. Letting A = A, + 6, we see from (70) that property (52)
will be satisfied provided that R, is large enough (say R, > R);
observe that this value can be made independent from A once
4 is small enough.

Now we consider the two sets of hypotheses separately.

(i) In case (f3), suppose u € E; @ W; we can assume
that u = w + ¢, with w € W and ¢ € E,. Since E; is a
finite dimension subspace, all the norms are equivalent, so
that there exists K > 0 such that for all ¢ € E; we have
¢l < Kl¢l,. In addition, by (f,) and (f3), there exist C,
and L, € L*(Q) such that

—F(x,s) 2K|s|-C,(1+L, (x)), (86)
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uniformly in x € Q. So by (29) and (86),

k+m (Ak + 6)
(6 + Ak+m)

+K|w+9¢||, -C,
S Aem — (A +6)
2 (6 + Ak+m)

+ K], - Kil-wll, -

A — (Mg + 8)
- 2 (6 + Ak+m)

+¢] - Cs lwl - C,,

J(w+)= e Rl

2

flwi —mwll )

ot~ S a1l

where C; = |Q|'/*SK, C, = C,|Q|"*|L, |, + C,|Q|. Since
(1 0 ||u||> Jul < ol + 9]
2(0+X)
W(M +[wl?)
1)
<(1- 550 ) ol
+ Tl
(88)

supposing § < (A, — Ar)/2, (87) becomes

/\k+m B (Ak + 6)
2 (6 + Ak+m)

= fwl + (1 - ﬁ IIMII) el

/\k+m -
(9 Ak+m)

R
G+ 1- —— ,
gt ( 20+ 1) IIMII) flul

since (Ay,,,, — Ai) /40 + Apypy) > 0, 50

J(w+¢) > lwl? - Cs lwl - C

(89)
lwl - (C5 + 1) lwl

/\k+m_
= 65 1)

is bounded below for all w € W; that is, there exists C; € R
such that h(w) > Cs; by (89) one gets

lwl* = (Cs + 1) |lwl - C;  (90)

)

J(u) 2 (1 - m ||u||) el + Cs
(91

g 2
L Cs.
2(0+/\k)llull + [lull + Cs

(ii) In case (f,), first we give some conclusions which are
similar to Lemma 3 of [18]. Under the property of F, there

exists a const C, and G € C(R, R) which is subadditive, that
is,

G(s+t)<G(s)+G(1) (92)
for all s,t € R, and coercive, that is,
G(s) — 400 (93)
as |s| — 00, and satisfies that
G(s)<|s|+4 (94)
for all s € R, such that
—F(x,s)>G(s)-C (95)

forall s € Rand x € Q.

In fact, since —F(x, s) — +00 as |s| — oo uniformly for
all x € Q, there exists a sequence of positive integers 7, with
My > 2my for all positive integers k such that

—-F(x,s) >k (96)

for all |s| > n, and all x € Q. Let n, = 0 and define

G(s) = k+2+ =Mt (97)
M
for ny_; < |s| < nmy, where k € N.
By the definition of G we have
k+2<G(s)<k+3 (98)

for all m_, < |s| < m. By (f,) and F € C'(Q x R, R), there
exists Cp > 0 such that

-F(x,5) > -Cp, V(x,5)c¢€ (Q, RZ). (99)
It follows that
—F(x,8) 2 G(s) — (100)

where C = Cp + 4. In fact, when n,_, < |s| < ny, for some
k > 2, one has, by (96) and (98),

—F(x,8)2k-1>2G(s)-4>G(s)-C (101)
for all x € Q. When |s| < n,, we have, by (98) and (99),
—-F(x,5)2-Cr=4-C2>2G(s)-C (102)

forall x € Q.
It is obvious that G is continuous and coercive. Moreover,
one has

G(s) < |s| +4 (103)

for all s € R. In fact, for every s € R, there exists k € N such
that

m_y < |s| < my, (104)
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which implies that

G)<(k-D+4<sm_ +4<|s|+4 (105)

for all s € R by (98) and the fact that n, > k for all integers
k=>o.
Now we only need to prove the subadditivity of G. Let

My < |s| < ny, njy < |t] <n; (106)
and m = max{k, j}. Then we have
Is+t| < |s| +|t| <m +n; <2n, <np,.,. (107)
Hence we obtain, by (98),
Gs+t)<m+4<k+2+j+2<G(s)+G(), (108)

which shows that G is subadditive.

Foru € E, @ W, we assume that u = w + ¢, withw e W
and ¢ € E; letting 0 < § < (A, — Ar)/2, by (28), (92), (94),
and (95), one gets

Ajem — (A +6)
2 (6 + )Lk+m)

0

lwl? = —————¢[’

J(w+ )= 20+ 1))

+J G(¢+w)dx-ClQ|
o

/\k+m B (Ak + 6)

lw]®
2 (6 + Ak+m)

vV

é 2
- m"‘/’”
+ jﬂ G (¢)dx

—J G(-w)dx -C|Q]
Q

/\k+m _Ak 2 ) 5
> 4(0+ Ap,,) wl® - RSN (4]l (109)
+[ s
Q
_J (lw| + 4) dx - C|Q|
Q
/\k+m B )‘k 2 ) 5
- 40+ Ay Il 20+ 1) Izl
* J G($)dx - S10| lwl - C,
Q
= R PP
=gw)+ LG(¢)dx 2(9+/\k)"u” :

where g(w) = (A = A)/40 + M) lwl = SIQllw] - C,,
C, = (4 +C)|Q]. Since ¢ € E,, E, is a finite-dimensional
subspace, and G is coercive, from the proof of (75), one can
get

||¢}|i£l>oo JQ G () dx = +oo. (110)
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That is, JQ G(¢)dx is coercive on Ey. Since (Ay,,, — Ar)/4(0 +

Akem) > 0,50 g(w) is coercive on W, and JQ G(¢)dx and g(w)
are bounded below, so it is obvious that

| ﬁim (g (w) + J G(9) dx) = +00 (111)
ul|—o00 Q
forallue ZoW.

Considering (91), (109), and (111), we can choose R, large
enough such that for all [lu| > R, one gets

g w) + IQ G(¢)dx > Ky +1 (112)

(or R,+Cs > K, +1 for the case (f3)) and property (52) holds;
then for 0 < & < min{2(6 + A)/R%, (Asm — Ax)/2} = 8, and
u € R,Sy,y one gets J(u) > Ky that is, the property (51)
holds. O

5. Proof of the Geometry in
Propositions 9 and 10

We finally give the proof of Propositions 9 and 10, which
is nothing but a resume of the lemmata above, verifying
that all the constants can be chosen sequentially without
contradictions.

Proof of Proposition 9. Under hypotheses ( f;) and ( f,,), if we
fix a value A, then we obtain the constant D, from Lemma 11
and with this we get p, from Lemma 12. If we consider also
one of the two sets of hypotheses (f;) and (f,), then we
proceed as follows. First of all, we determine (once forever)
the constant Dy, from Lemma 11; with this we obtain from
Lemma 14 the values R, and §,. Then, for any (now fixed)
A € (A — &y, Ar), we obtain from Lemma 11 the value D,.
Finally, we can get from Lemma 12 the corresponding value
of py > R,. O

Proof of Proposition 10. Under hypotheses (f,) and (f.), if
we fix a value A € (A4, Ay,,,,), then we obtain the constant K
from Lemma 11 and with this we get 8, from Lemma 12. If we
consider also one of the two sets of hypotheses ( f3) and (f,),
then we proceed as follows. First of all, we determine (once
forever) the constant Ky, from Lemma 12; with this we obtain
from Lemma 15 the values R, and §,. Since we have R,, we
can get from Lemma 11 the constant E and with this obtain &
from Lemma 12.

Finally, for any (now fixed) A € (A, A, + §,), we obtain
from Lemma 11 the constant K, and with this we get from
Lemma 12 the corresponding value of 8, > R,. O
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