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o A
We deal with the oscillation of a generalized Emden-Fowler dynamic equation in the form (r () |ZA (t)| 1ZA ®) +f(t,x(8()) =
0. We establish some new oscillation criteria for the equation, which improve some of the main results of (H. Liu and P. Liu, 2013).

Some examples are given to illustrate the new results.

1. Introduction

The theory of time scales has attracted a great deal of attention
since it was first introduced by Hilger [1] in order to unify
continuous and discrete analysis. For completeness, we recall
the following concepts related to the notion of time scales; see
[2, 3] for more details. A time scale T is an arbitrary nonempty
closed subset of the real numbers R. In this paper, since we
shall be concerned with the oscillatory behavior of solutions,
we shall also assume that sup T = co. We define the time scale
interval [t,, 00)y by [ty, 00) = [ty 00) N T. The forward and
backward jump operators are defined by

o(t):=inf{seT:s>t},
1
p(t):=supf{seT,s<t}, W

where inf @ := sup T and sup @ := inf T; here 0 denotes the
empty set. A pointt € T andt > infT is said to be left-
dense if p(t) = t, right-dense if t < supT and o(t) = ¢,
left-scattered if p(t) < t, and right-scattered if o(t) > t.
The graininess function y for the time scale T is defined by
u(t) := o(t)—t, and for any function f: T — R, the notation
f°(t) denotes f(o(t)). A function g : T — R is said to be
rd-continuous provided g is continuous at right-dense points
and at left-dense points in T and left-hand limits exist and are

finite. The set of all such rd-continuous functions is denoted
by C,q(T). We say that x : T — R is differentiable at t € T
provided
t —
KB (t) := limM (2)
s—t t—s

exists when o(t) = t (here by s — t it is understood that s
approaches t in the time scale) and when x is continuous at ¢
ando(t) >t

x (o (t) - x(t)
u(t) '

Note that if T = R, then the delta derivative is just the
standard derivative and when T = Z the delta derivative
is just the forward difference operator. The set of functions
f: T — R which are differentiable and whose derivative is
rd-continuous is denoted by Crld('I]', R).

In this paper, we consider the oscillatory behavior of
the nontrivial solutions of the second-order Emden-Fowler
dynamic equation of the form

x4 (t) =

(3)

(r |z (t)|"“lzA (t))A +f (xS () =0, W

t € [ty,00),
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on an arbitrary time scale T, with sup T = oo, where Z(t) =
x(t) + p(t)x(r(t)), and & > 0 is a constant. Throughout this
paper, we always assume that

(A1) r € Cpy([tg> 00)7, (0, 00)) with jt‘:" r ()AL = oo

(A2) p € Cy([ty,00),R) with 0 < p(¢) < 1;

(A3) 7,6 € C4([ty,00), ), 7(t) < ¢, 8(t) < t, and
lim, _, ,7(t) = lim, _, . 6(f) = 00;

(A4) f(t,u) € C([ty, 00)r x R, R) is a continuous function
such that uf (t,u) > 0, for all u+ 0 and there exists a
positive right-dense continuous function g(t) defined
on [ty, 00)y such that | f(¢,u)| > q(t)|u|ﬂ forall t €
[ty 00)7 and for all u € R, where 3 > 0 is a constant.

By a solution of (4), we mean a nontrivial real-valued
function x € C([T,, 00), R), T > t, which has the property
that r(t)(Z2()* € Cid([Tx, 00),R) and satisfies (4) that
holds on [T, 00). The solutions vanishing in some neighbor-
hood of infinity will be excluded from our consideration. A
solution x(t) of (4) is said to be oscillatory if it is neither
eventually positive nor eventually negative. Otherwise it is
said to be nonoscillatory. The equation itself is said to be
oscillatory if all its solutions are oscillatory.

Recently, there has been an increasing interest in studying
the oscillation behavior of second-order dynamic equations
on time scales; see for example [4-10] and the references
contained therein. In [5], the authors presented some criteria
for the oscillation and asymptotic behavior of (4) in the case
where

az=f>0, 8@ >o0. (5)

Also, we note further that in the proof of [5], the authors used
the chain rule in the form

(x@ @) =x"© )8 (),
S0 () =0 ().

(6)

So the natural question which arises is can we find some
new oscillation conditions for (4) which do not require (5)
and (6) and, in addition, improve the main results in [5]?

The purpose of this paper is to give an affirmative answer
to this question. That is, we shall establish some new criteria
for the oscillation of (4) which improve the main results in
[5]. We also demonstrate that our results cover certain cases
which were not covered in [5]. Finally, we give two examples
to illustrate the main results.

2. Main Results

For notational simplicity, define

R(t) := f V% (s) As;

to

-1 L8
0t u) = (Jtr_l/“ (s) A5> J t V% (s) As, @)

u

t>u=t,.
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We begin with the following lemmas.

Lemma 1. Assume that (4) has a positive solution x(t) on
[ty, 00)1. Then for sufficiently large T, one has

Z(t) > 0, Z5@) >0,
(r(t) |22 )| 2 (t))A <0, (8)
t € [T,00)y.

Proof. Assume that (4) has a nonoscillatory solution on
[ty, 00)7. Without loss of generality, we assume that there
exists a T' € [ty, 00)y such that x(t), x(7(¢)), x(8(t)) > 0 on
[T, 00)¢. Then it follows that Z(¢) > x(¢) > 0. From (4), we
have

(rol2 o 2 0) = quemso ©

Hence, r(t) |ZA(t)|0HZA (t) is decreasing on [T, 00)y. We now
claim that Z2(t) > O on t € [T, 00)7. If not, then there exists
at, € [T,00)y such that ZA(tl) < 0. Therefore,

r) |28 o 2 @)

1 (10)
sr(t)]z8 () 28 (1) =—c <0, =t
that is,
A c 1/«
Z5(t) < —| —= . 11
<[] o
Integrating (11) from ¢, to ¢, we find from (A1) that
t
Z(t) SZ(tl)—cl/“J ——As — —co ast — oo,
tr e (s)
(12)

which implies that Z(¢) is eventually negative. This contra-
dicts the fact that Z(t) > 0 on [T, c0)y. Thus, Z%(t) > 0 on
[T, 00)7. This completes the proof. O

Lemma 2. Assume that (4) has a positive solution x(t) on
[ty, 00)1. Then for sufficiently large t,,

Z (1)
Z(t)

20(tt,), t=t. (13)

Proof. As in the proof of Lemma 1, there is a t; € [t;, 00)y so
that

Z@#) >0,  Z%@1) >0,
(r) (2* )" <o, (14)

t € [t},00);.
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Since r(£)(Z2(1))" is decreasing on [t;, 00)1, we can choose
t, >t so that 8(t) > t,, for t > t,. Then

t
zm—zwm)j IMUU“NZ“D]

1

o o t
<[ree (2> e w)]" Lm EETRIS
(15)
consequently,
Z() +Mwwﬁwmmwr L
Z©o@®) Z () s /% (s) )
16
Also, we have, for t > t,
ZOW)>Z©Ow)-2Z(t)
5(t)
|, oo 17)
A aqtfa (00
> [r®) (2% @) ] L rl/a—(s)As

hence,

[r@ @) (2 0 @)™
ZG®)

o q -1
(18)
< ( L J17a (3) As) .

Therefore, by combining inequalities (16) and (18) we have

Z(t) £ 1 B
Z(S(t))S<L rl/“(s)As><L r”"‘(S)AS) -

from which we have
>0(tt,). (20)

Z (8 (1))
Z(t)

This completes the proof. O

Lemma 3 (see [11]). Let ¢(u) = au — buMV where a > 0,
b>0,1>0,andu € [0,00). Then

A a)t+1

(A )A+1 b/\ ' (21)

¢W) s ——7

For the positive solution x(t) of (4), it follows from Z(t)
and Lemma 1 that, fort > T,
x(t)=2Z(t) -

>(1-p(1)Z(t),

p®)x (@) 2Z()-p)Z(z (1))

which implies

L O )2 (1-p@W)'ZF 6. (23)

Combining (23) (A4), (4) one obtains

(re)(2°©)") <-q® (1- pG )2 6 1)
=-p1)ZF (5 (1),
where p(t) = g(t)(1 - p(8(£))).

One may now state and prove the main results. In these,
one shall consider the two cases « > fand & < f3.

Theorem 4. Let & > f. Assume that there exist a positive rd-
continuous differentiable function &(t) and a constant M > 0
such that, for some T > t,

t— 00

lim sup J: (5 (s)p(s) oF (s, T)

_Mﬁwmwwwﬂﬁwflm
o+ )T BoEe (s)

(25)

where Ef(s) =
[tg, 00)7-

max{£~(s),0}. Then (4) is oscillatory on

Proof. Let x(t) be a nonoscillatory solution x(t) of (4)
on [t,,00)y. Without loss of generality, we assume that
there exists a T € [t;, 00)y (sufficiently large) such that
x(t), x(z(t)), x(6(t)) > 0 on [T,00)y, and Z(t) satisfies the
conclusions of Lemmas 1 and 2 on [T, 00);. Consider the
Riccati substitution

r(t) (2% )"

>T. (26)
ZB (1)

w(t) =§(1) >
Then w(t) > 0. By [2, Theorem 1.20], Lemma 2, and (24), we
have

A&

w* () = (r(v(2* ®)") 70

WRCEIORS
+(r(2* 1)) (zﬁ—(t)>

ezt -0 (2F o)
ZF (1) (ZF (1))

5 (1)
E(o (1)

(2 o)
ZB(@t)

w’ (t)

<-EMPpWOF T+

£ ()

BCIO N

(27)



By the Potzsche chain rule [2, Theorem 1.87],

(2* )"

1
= _ p-1 A
ﬁ“o [(A=h)Z (@) +hZ(o())] dh}Z (t) (28)
Bz zhw),  B>1,
>
BZ@®) 'z ), 0<p<1.
Thus,
A A0
(Zﬁ (t)) ﬁﬁ’ B>1,
ZInN. (z(< )(t»)f“ (29)
o A
ﬁzﬁ—(t)z t), 0<B<l.

Noting that Z(t) is increasing on [T, 00)y, we get Z(f) <
Z(o(t)) for t € [T, c0)y. Thus,

(2f )"
0N

0] (30)
VAN

Substituting (30) into (27), we obtain
0
§(a (1)

Z5 (1)
Z(o@)

W) —EOP®) O (L T) + W’ (1)
(31)
BE ()

TEow)”

Noting that Y/ ) ZA(t) s decreasing, we have
D ZA ) > (P (1) Z2())°. Tt follows from the definition
of w(t) that

7 (t)

Z5 (1) w2 e @). 32

> —1 1
(r®)&o )"
Substituting (32) into (31), we obtain

(1)

W' ()< ~EOPOO D)+ F S 0
_ BE (1) w' ' (o (1))
Ul (£) EetDla (g (1)) Z@Bla (¢ ©)’ t>T.
(33)

Since r!/ () Z5(t) is decreasing, there exists a constant M, >
0 such that r'/*(£)Z*(t) < M, for t > T, which implies

M
72 < Ta 1(t), t>T. (34)

Integrating both sides of (34) from T to t, we get
Z(t)<Z(T)+ M, (R(t)-R(T))

Z(T) - MiR(T) ) (35)

=R (t) <M1 + R(D)
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Hence, there exists a T} > T such that Z(t) < (M; + 1)R(¢)
for t > T). Then,

20 @ (1) < (M, + 1) R (@ ()P
(36)

= MyR(e ()P, t>T,

where M, = (M, + 1) Pl Substituting (36) into (33), we
get

&
&(o (1)
- BE (1) V¥ (0 (1))

Myrtle (£) @/ (o (1) (R (0 (1)) P

O

E(o (1)

W (t) < EOP®) O (1 T) + ° (t)

=L T+ ° (t)

¥ ()W (0 (1))

8 (1) N
E(o ()

¥ ()W (0 (1)),

<-EWp@®)6° 1,T)+ ’(t)
t>T,
(37)

where

BE(t)

b4 = .
© Myrte () EetDle (g (£)) (R (o (£))) “P/®

(38)

Taking a = Ef(t)/f(o(t)), b = ¥(t), from Lemma 3 and (37),
we obtain

W (t) < - EOP 1) O (1, T)

. oca < ff (t) >tx+1
(o + 1) (1) \ E(o (1)
=-EWp1OF T (39)

a+l

| Matr () (R ) P82 1)
(06 + 1)a+1ﬁ(x£a (t)
t>T,

where M = M. Integrating both sides of (39) from T to ¢,
we have

L <f )P (56" (5.T)

 Matr () (R(o () P(2 )™ L@
(o + D)™ aga(s)
<w(T)-wt) <w(T).

Taking lim sup of both sides of this last inequality ast — oo,
we get a contradiction to (25). This completes the proof. [
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Theorem 5. Let o < [3. Assume that there exist a positive rd-
continuous differentiable function &(t) and a constant K > 0
such that, for some T > t,

o A a+l
o (s) (E2(s)) >AS

i ' 5568 (s.T) -
im sup LO <E(s)p(s)9 (s,T) Ko+ 1)1 gage (s)

t— 0o

= 00,
(41)

where Ef(s) is defined as Theorem 4. Then (4) is oscillatory on
[t()’ OO)]I-

Proof. Assume that x(t) is a nonoscillatory solution of (4).
Proceeding as in the proof of Theorem 4 we get that (33)
holds, that is,

WO < ~EOFOFET) + =D w0
E(o (1)
_ BEM W (o 1) (-0
T ey O 12T
(42)

Since 8 > avand Z(t) is increasing on [T, co)y, then there exist
aT, > T and a positive constant ¢; such that ZB-9% (5 (1)) >
¢ fort > T,. Consequently,

5 (t)
E(a(t)

O R CIO)
@ @) T

wr(t)s ~EMOPW®) O (& T) + W’ (t)

(43)

Let

C1,8§ )
P (0§ (g (1)’

W (t) = (44)

then ¥(¢) > 0, and

()
Eem” D s

¥ ()W (0 (1)),

wh(t)< ~EOPW) O (T) +

t>T,.

The remainder of the proof is similar to that of Theorem 4
and is therefore omitted. This completes the proof for the case
< p. O

Remark 6. Theorems 4 and 5 remove the Conditions (5)
and (6). Moreover, the authors in [5] established oscillation
theorems for (4) only for the case &« > 8 > 0. Our results
here hold without this assumption, so our results improve the
main results [5].

Remark 7. The results established here are valid for general
time scales, with no additional restrictions, for example, T =
R,T=2Zand T = hZ withh > 0, T = ¢*° with g > 1, and
T = N see [2, 3].

3. Some Examples

In this section, we give two examples to illustrate our main
results.

Example 1. Let T = 2% (N, = NU{0}), @« = 3, B =
Consider the neutral nonlinear dynamic equation

;  8%(2F .
n(0.2 () + L ()62 0
ko = 0,
(46)

where 7(2%) satisfies (A3), and Z(25) = x(2%) + (2* -
1)/28x((2%)).

Here,
21 8% (2°)
r@)=1 p(2)="F— q(zk)=m-
(47)

It is clear that (A1) holds, and p(2) = g(2%)(1 - p(8(2%)))* =
1/6%(25, 1), R(a(zk)) okl

Let £(2F) = 2k, Noting that Y22, re 2Rk =
lim, _, ,0(25,25)/6(2%, 1) = 1 for ky > 1, we get

oo implies

t— 0o

lim sup J: <f (s)p(s) of (s, T)

 Matr () (R(o () P2 9)™" N
(o + 1)* BxE™ (s)

= lim supz

k— 00 j=0

< 07 (2,2) )

0% (2,1)

33M (2i+1 _ l) > 2,’

4423221'

k=t M(2%1 1)\
> limsupz <2’ - #)2’ = 0.
k—00 j= 24
i=0
(48)
Thus, by Theorem 4, (46) is oscillatory.
Example 2. Consider the neutral dynamic equation
(el ol 2 o)
(1+8(1)f° (49)

p-1 _
5 00 (i F OO @@ =0,

t, > 0,

where 8 > « > 0 are constants, () satisfies (A3), and Z(t) =
x(t) + 1/(t + Dx(z(2)).
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For (4), we let
_ 1 _ 1+
"= PO 19T Sy
(50)
Since
©_1 _ 7 e« _
L} rl/"‘—(s)As = th ol (s) As = oo, (51)

then (A1) holds and p(t) = q(t)(1 - p(6(t)))ﬁ =1/6%(t, ty)-
Let &(t) = t. Noting that LOO Y%At = oo implies
lim,_, 0(¢t,T)/0(t,t,) = 1for T > t,, we have

lirn sup J: E(5)P ()68 (5, T)

t— 0o

e (Ee)"
Ko+ 1) paga (s)

, t( 6% (s, T) a”

= lim sup 5 - et As
t—oo Ji, \ 02 (s,ty)  K(a+1)*" Bral+e (s) s*
: ! 1

> ll{risolip L (s - —Kﬁ"‘s“z"‘ ) As

1 t
> lim sup— J sAs = oo.
t— 00 ty

(52)

Thus, by Theorem 5, (49) is oscillatory.
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