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We mainly investigate the radial distribution of the Julia set of entire solutions to a special second order complex linear differential
equation, one of the entire coefficients of which has a finite deficient value.

1. Introduction and Main Results

In this paper, we assume the reader is familiar with standard
notations and basic results of Nevanlinna’s value distribution
theory; see [1-5]. Some basic knowledge of complex dynam-
ics of meromorphic functions is also needed; see 6, 7]. Let f
be a meromorphic function in the whole complex plane. We
use o(f) and pu( f) to denote the order and lower order of f,
respectively; see [5] for the definitions.

We define that f", n € N, denotes the nth iterate of f.
The Fatou set F(f) of transcendental meromorphic function
f is the subset of the plane C where the iterates f" of f form
a normal family. The complement of F(f) in C is called the
Julia set J(f) of f. It is well known that F(f) is open and
completely invariant under f; J(f) is closed and nonempty.

We denote Q(e, §) = {z € C | argz € (a, )}, where
0<a< f<2mGiven € [0,2m),if Q0 —&,0 +) N J(f) is
unbounded, for any € > 0, then the ray arg z = 0 is called the
radial distribution of J(f). Define

A(f) = {6 € [0,27) | ] (f) has the radial
@)

distribution with respect toargz = 6} .

Obviously, A(f) is closed and so measurable. We use
mesA(f) to denote the linear measure of A(f). Many
important results of radial distribution of transcendental
meromorphic functions have been obtained, for example, [8-
14]. Qiao [10] proved that mesA(f) = 2m if u(f) < 1/2

and mesA(f) > w/u(f) if u(f) > 1/2, where f(z) is a
transcendental entire function of finite lower order. Recently,
Huang and Wang [15, 16] considered the radial distribution of
the Julia sets of entire solutions to some special linear complex
differential equations and obtained the lower bound of them.
In the present paper, we continue and extend the work
of Huang and Wang. In fact, we are devoted to investigating
the radial distribution of the Julia set of solutions to second
order complex differential equations which is studied by Wu
and Zhu [17]. One of coeflicients of this equation has relation
with deficient value. Actually, they proved the following.

Theorem A (see [17]). Let A(z) be an entire function with
finite order having a finite deficient value and let B(z) be a
transcendental entire function with u(B) < 1/2. Then, every
nontrivial solution f of equation

f'+A@ [ +B() f=0 (2)
is of infinite order.

Our main results are about the lower bound of the radial
distribution of the Julia set of solutions to (2).

Theorem 1. Let f be a nontrivial solution of (2), where A(z)
is an entire function with finite order having a finite deficient
value and B(z) is a transcendental entire function with u(B) <
1/2; then mes(A(f)) = d > 0, where d is defined in Remark 8,
Section 2.
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Furthermore, we study the radial distribution of Julia set
of the derivatives of the nontrivial entire solutions of (2).
Indeed, we obtain the following results.

Theorem 2. Let f be a nontrivial solution of (2), where A(z)
is an entire function with finite order having a finite deficient
value and B(z) is a transcendental entire function with u(B) <

1/2; then mes(A(f)ﬂA(f(k))) > d, where k is a positive integer.
By Theorem 2, we immediately have the following.

Corollary 3. Under the hypothesis of Theorem 2, one has
mes(A(f(k))) > d, where k is a positive integer.

Obviously, Theorem 1 becomes a corollary of Theorem 2,
but we will use the result of Theorem1 when proving
Theorem 2.

2. Preliminary Lemmas

At first, we recall the Nevanlinna characteristic in an angle;
see [1]. We set

Qa,Bor)={z:2€ Q(a,p), 2] <7}3

Q(r,a,B)={z:z2€ Q(a, p),lz| > r}

(3)

and denote by Q(a, B) the closure of Q(a, §). Let g(z) be
meromorphic on the angle Q(a, B), where 3 — o € (0,27].
Following [1], we define

repte0)=2 [ (1)
io i d
X {log+ |g (te )| + logJr 'g (teﬁ)'} ?t;

B,g(r.g) = % Lﬁ log" |g (rei9)| sinw (0 — &) d6;

Cap (r.g)=2 Z

1<|b,|<r

L i ) :
— sinw (8, —«),
(- o Jmw 8,
(4)

where w = 7/(f — «) and b, = Ibnleiﬁ“ are poles of g(z)
in Q(a, B) appearing according to their multiplicities. The
Nevanlinna angular characteristic is defined as

Sa,ﬁ (1’, g) = A(x,ﬁ (1’, g) + B(x,ﬁ (1’, g) + Ca,ﬁ (T’ g) . (5)

In particular, we denote the order of S, 4(, g) by

log S, 5 (1. 9)

logr ©

Oup (g) = limsup

r— 00

If C \ W contains at least three points, where C is
the extended complex plane, then W is called a hyperbolic
domain. For a € C \ W, define

Cw (@) =inf{Ay, (2) |z —al : Vz € W}, @)
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where Ay,(2) is the hyperbolic density on W. It is well known
that if every component of W is simply connected, then
Cyl(a) = 1/2.

Lemma 4 (see [14, Lemma 2.2]). Let f(z) be an analytic
in Q(ry,0,,0,); let U be a hyperbolic domain and f
Q(ry,0,,0,) — U. If there exists a point a € oU \ {oo} such
that Ci(a) > 0, then there exists a constant d > 0 such that,
for sufficiently small € > 0, one has

|f (2)| = O(|z|d), z€Q(ry,0, +&6,—¢), |z| — co.
(8)

The nextlemma shows some estimates for the logarithmic
derivative of functions being analytic in an angle. Before this,
we recall the definition of an R-set; for reference, see [3]. Set
B(z,,1,) ={z:lz—z,| <r,}.If Y2 r, <coand z, — oo,
then U; B(z,,,1,) is called an R-set. Clearly, the set {|z| : z €
U2 B(z,,1,)} is of finite linear measure.

Lemma 5 (see [16, Lemma 2.2]). Let z = re'V, ro+1 <71, and
a <y < B, where0 < B —« < 2m. Suppose that n (> 2) is an
integer and that g(z) is analytic in Q(ry, o, §) with 0, g(g) <
00. Choose o < a; < Py < f. Then, for every &; € (0,(B; -
ocj)/2) (j=1,2,...,n—1) outside a set of linear measure zero
with

j-1 j-1
ocj:oc+Zss, ﬁj:ﬁ—Zss, j=23,...,n-1, 9)
s=1 s=1

there exist K > 0 and M > 0 only depending on g, €,,...,€,_1,
and ey, B,_1) and not depending on z, such that
g (2) M 2
— | <Kr'(sink(y-«))
29 < k(s - o)
-2 (10)
g(n) (2) o n-1
< Kr sink(l//—oc)H sinke,(u/—(xj)
g(2) ) J

forallz € Q«,_y, B,,_,) outside an R-set D, where k = /(8 -
«) andkgj :ﬂ/(ﬁj—ocj) (j=12,...,n—-1).

Lemma 6 (see [18]). Let g(z) be an entire function with 0 <
u(g) < 1. Then, for every o € (u(g), 1), there exists a set E C
[0, 00) such that log densE > 1 — (u(g)/«), where E = {r €
[0,00) : m(r) > M(r) cos ma}. Also m(r) = inf|,_, log|g(z)|
and M(r) = SUp|,|—, log|g(2)I.

In the above lemma, the upper logarithmic densities of
E c [1, 00) are defined by

my; (EN[0,7])

log dens E = lim sup ]
ogr

r — 00

> 1)

where my(E) = IE(dt/ t) is logarithmic measure of E.

Lemma 7 (see [17]). Let A(z) be a meromorphic function
with 0(A) < +oo and let B(z) be an entire function with
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0 < u(B) < 1/2. If A(z) has finite deficient value a with
deficiency 6 = 0&(a,A) > O, then, for any given constant
e > 0, there exists a sequence R, with R, — 00, such that
the following two inequalities hold:

mes (E,) =: mes {9 € [0,2m) : log|A (R,e”) -
(12)
< —gT(Rn,A)} >d > 0;

|B (Rnei(”)| > exp {Rﬁ(B)_e}, ¢ €[0,2m), (13)

for all sufficiently large n, where d is a constant depending only
on o(A), u(B), and J.

Remark 8. For the sake of simplicity, we denote o(A), u(B)
by o, u, respectively. From the proof of Lemma 2.4 in [17], we
know that

6/4

d:= (8™ /27) {5 + (2log 10eL,) / (log (4/3))}’

(14)

where Hy, = 20/(1 —2u) and L, = 2 + (2/log2)((2u +
1D)/@u - 1%,

Remark 9 (see [17, Remark 2]). If B(z) is an entire function
with p(B) = 0, according to Lemma 6, we only need to give
an appropriate modification; then Lemma 7 still holds.

3. Proof of Theorems

Proof of Theorem 1. By Theorem A, we have already known
that every nontrivial solution f of (2) is an entire function
of infinite order. We will obtain the assertion by reduction to
contradiction. At first, we suppose that mes(A(f)) < d, so
¢ :=d —mes(A(f)) > 0. Since A(f) is closed, obviously S =
[0,27) \ A(f) is open, so it consists of at most countably many
open intervals. We can finitely choose many open intervals
L = (a,5),i = 1,2,...,m, satistying [o;, ;] C S and
mes(S \ U2, I}) < (/4. For the angular domain Q(w;, f3),
it is easy to see that (e, 5;) N A(f) = @ and Q(r,«;, 5;) N
J(f) = 0 for sufficiently large r. This implies that, for eachi =
1,2,...,m, there exist the corresponding r; and unbounded
Fatou component U; of F(f) such that Q(r;, o, ;) € Uj; see
[19]. We take an unbounded and connected section I; of 0U};
then the mapping f : Q(r;, «;, B;) — C\ T is analytic. Since
we have chosen I; such that C\T; is simply connected, for any
a € I\ {oo}, we have Ce\r,(@) > 1/2. By applying Lemma 4
to f in every Q(r;, o;, 3;), there exists a positive constant d,
such that, for z € U, Q(r;, o, + &, 5 — ),

If @] =0(lz1"), as |z| — oo, (15)

where 0 < &€ < min{{/(16m), (8;—«;)/8},i = 1,2,...,m. Thus,
recalling the definition of S, 4(r, f), we immediately have that

Surepe (nf)=01), (=12...,m).  (16)

S0 0y 1e,p,-¢(r> f) is finite. Therefore, by Lemma 5, there exist

two constants M > 0 and K > 0 such that

()
f2

forall z € UZ, Q(r;, o + 2¢, 5 — 2¢), outside a R-set H. By
Lemma 7, for sufficiently large n, we have

mes (F,) >d - % (18)

<Kk™M, (s=1,2), (17)

Therefore, we have
mes (F,NS) = mes(F,\ (A(f)NE,))

(19)
> mes (F,) —mes (A (f)) > 374( > 0.

Then, for each n, we have

(i)

=mes (SN F,) — mes <<S \ LWJL) n Fn>
i=1 (20)

AN

ST

Thus, there exists an open interval I; = (&, ) C UZT; C S
such that, for infinitely many #,

mes (F, N (a, B)) > % > 0. (21)

Without loss of generality, we can assume that (21) holds for
all n.

Let a be a finite deficient value of A(z) with deficiency
0 = 6(a, A). From (2), we have the following inequality:

@ | @
5 +’m‘(|A(z)—al+|a|)~ (22)

In the following, we consider two cases.

|B(2)| <

Case 1: 0 < u(B) < 1/2. By the definition (12) of F, and (13),
there exists a sequence R,, which is outside a R-set H, with
R, < R,,; and R, — 00 such that, for every n and ¢ €
FE, N («, B), we have
i(p 6 2
log |A (Rne ) - a| < _ZT (R,,A); (23)
|B (Rnei¢)| > exp {Rfll/z)“(B)} : (24)
From (17), (22), and (23), for every n > n,, we get

|B(R,€?)| < KR <1 +exp {—ZT (R, f)} + |a|>. (25)



Thus, by (24), we obtain
exp {Rgl/z)#(B)} < KRY <1 + exp {—ZT (R, f)} + |a|> .
(26)
Obviously, when # is sufficiently large, this is a contradiction.

Case 2: u(B) = 0. By using Lemma 6, there exists a set E ¢
[0, +00) with log dens E = 1 such that, for all z satisfying
|z| = r € E, we have

log|B (2)| > glogM(r, B), (27)

where M(r,B) = max,_,|B(z)|. It follows from Remark 9
that there exists a sequence R,,, which is contained in E and
outside a R-set H, such that (17), (23), and (27) hold for
z =R,e?, ¢ € F,n(a, B). From (17), (22), and (23), we obtain
(25). Hence, from (25) and (27), we get

M(R,,B)"*? < KRM™ (1 + exp {—ZT(RH, f)} + |a|).

(28)
Since B(z) is a transcendental entire function, we have
log M (r, B
liminf 28M @B _ (29)
r — 00 log r

Therefore, we can easily obtain a contradiction from (28),
when # is sufficiently large. Thus, we complete the proof of
Theorem 1. O

Proof of Theorem 2. We know that every nontrivial solution f
of (2) is an entire function with infinite order. We also obtain
the assertion by reduction to contradiction. Assume that

mes (A (f)na(f9))<d (30)
and so
2q’::d—mes(A(f)ﬁA(f(k)))>0. (31)
We will show that there must exist an open interval

I=(ap)cA(f¥), o0<p-a<d (32)

such that
Jlim mes (A (f) N F,NI)>0, (33)
where A(f®)° := [0,27) \ A(f*) and F, is as defined in

(12). In order to achieve this goal, we will firstly prove the
following:

nli_{réomes (F,\A(f)) =0. (34)
Otherwise, suppose that there is a subseries {r,, } such that

klingomes (Fnk \ A (f)) > 0; (35)
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then there exist 6, € A(f)“ and 7 > 0 satisfying
klirréomes ((6o—1m.6,+1) 0 (E, \A(F))) > 0. (36)

Sincearg z = 0, is not a radial distribution of J( ), there exists
1y > 0 such that

Q(rg, 00— 1,0, + 1) N T (f) = 0. (37)

This implies that there exists an unbounded component U
of Fatou set F(f), such that Q(ry,0, — 1,0, + ) ¢ U. Take
an unbounded and connected set I' ¢ 0U; the mapping
f:Q(ry,0,—-1,0,+n) — C\Tisanalytic. Since C\T is simply
connected, then, for any a € T'\ {oo}, we have C¢\r(a) > 1/2.
Now, by applying Lemma 4 to f in Q(r, 0, — 7,0, + #), for
any ¢ > 0, { < #, we have

If@|=0(lz1"), zeQ(ry0,—n+80,+1-0),
|z| — oo,
(38)

where d, is a positive constant. Recalling the definition of
Sa,g(> f), we immediately get that

SGO—r]+C,60+11—( (1’, f) =0 (1) . (39)

Thus, 0 _.¢6,44-¢(r> f) is finite. Therefore, by Lemma 5,
there exist constants M > 0 and K > 0 such that

f(S) (2)
f @
forall z € Q(ry, 0, — 1+ 2{,0, + n — 2{), outside a R-set H.

Since ¢ can be chosen sufficiently small, from (36), we
have

<kM, (s=1,2), (40)

klim mes((@o—17+2(,90+11—2C)0Fnk) >0. (41

Thus, we can find an infinite series {rnk eienk} such that, for all
sufficiently large k, (23), (24), and (27) hold when Bnk € (6, -
n+20,0,+n-20)n F, . From (22), (23), (24), (27), and (40)
and by the same argument as in Cases 1 and 2 in the proof
of Theorem 1, we can obtain contradictions. This implies that
(34) is valid.

By Theorem 1, we know that

mesA (f) > d. (42)

From Lemma 7, we have, for all sufficiently large n and any
positive &,

mes (F,) >d —e. (43)

Combining (34), (42), and (43), it follows that, for all
sufficiently large ,

mes(A(f)ﬂFn)Zd—g, (44)
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where & is defined in (31). Since A( f(k)) is closed, clearly
A(f™)° is open, so it consists of at most countably open
intervals. We can choose finitely many open intervals I; (j =
1,2,...,m) satisfying

L EA

1 < A(F9Y, (45)

es <A(f(k))c \ 61i> <

Since, for sufficiently large ,

es<A(f)ﬂFnﬂ<L"JIi)> +mes(A(f)ﬂFnﬂA(f(k)))

:mes<A(f)ﬂan< (f)u (QI,)))zd—g,

we have
es (A(f) NFE,N (611>>

Zd—g—mes(A(f)annA(f(k))) (47)
4= Ema(a(oa() -

Thus, there exists an open interval I, = (a, ) ¢ ULI; C

A(f )¢ such that, for infinitely many sufficiently large ,
mes (A (f)NF, nI.)zi>o. (48)
o Th 2m

Then, we prove that (33) holds.
From (33), we know that there are 6, and 7 > 0 such that

(6o 77,0, +17) I,
Jim mes(A(f)ﬂF 0(9 7,6, +’7))

Then, there exists 7 such that Q(75, 8,7, 0, +7)NJ (%) = 0
By similar argument between (37) and (38), for any { > 0,

(49)

{ < 7j, we have

1% @] =0(21"), zeQ(F0 -7+20,8 +7-2),
|z| — oo,
(50)

where d, is a positive constant.

Fix rNeieN € {rneie"}, and take a r,e"" € {rneien}, n >
N. Take a simple Jordan arc y in Q(7;,8, — 7,0, + 7) which
connects rye'™™ to rye®® along |z| = ry and connects rye
to r,e" along argz = 6,. For any z € y, y, denotes a part
of y, which connects rye™ to z. Let L(y) be the length of y.
Clearly,

i0

L(y)=0(r,), n—oco. (51)

5
By (50), it follows that
£ @) sj £ ()| Izl + ¢
< O(IzldzL(y)) + ¢ (52)
<o(rd"), n— oco.
Similarly, we have
F52 )| < j |7 @) el + gy
<0(r#?), n— oo
(53)

|f ()] < J 'f' (z)| ldz| + ¢,
v

<O( d2+k), n —> 00,

where ¢, ¢, ...
Therefore,

, G are constants, which are independent of n.

S@'o—mf,%w_f (r.f)=0(Q), (54)

By LemmaS we know that (40) also holds for all z €
07,0, — 7 + 20,0, + 7 — 20), outside a R-set H. By
applymg similar argument as in Cases 1 and 2 in the proof
of Theorem 1, we can deduce contradictions. Therefore, it
follows that

mes (A (f)nA(f¥)) 24 (55)
The proof is complete. O
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