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Very recently, Ahmed et al. introduced the notion of quaternion-valued metric as a generalization of metric and proved a common
fixed point theorem in the context of quaternion-valued metric space. In this paper, we will show that the quaternion-valued metric
spaces are subspaces of cone metric spaces. Consequently, the fixed point results in such spaces can be derived as a consequence of
the corresponding existing fixed point result in the setting cone metric spaces.

1. Introduction

Recently, Azam et al. [1] introduced the notion of complex-
valued metric space, as a generalization of Banach-valued
metric space which is also known as a cone metric space.
The authors [1] proved several fixed point theorems in the
context of complex-valued metric space. Inspired from these
results, Ahmed et al. [2] defined the concept of quaternion-
valued metric space, as a generalization of complex-valued
metric space, and proved a common fixed point theorem in
the context of such spaces.

In this paper, we announce that the quaternion-valued
metric spaces, introduced by Ahmed et al. [2], are subspaces
of cone metric spaces. Consequently, the fixed point results
in such spaces can be concluded from the classical versions
in cone metric spaces. Consequently, the fixed point results
in such spaces can be concluded from the classical versions
in cone metric spaces. On the other hand, several results
have been reported on the equivalence of cone metric space
and metric space; see, for example, [3-9]. In particular, by
the help of scalarization function, Du [3] proved that several
fixed point results in the context of cone metric spacecan be
concluded from the existing associated results in the setting

of metric space. Furthermore, if the cone is normal, then
there is a metric induced by Banach-valued metric. Hence,
most of the announced fixed point results in the setting cone
metric space can be deduced from related existing results in
the literature in the context of the metric space.

1.1. Complex-Valued Metric Spaces. First we recall the concept
of complex-valued metric space which is given by Azam et al.
in [1].

Let C be the set of complex numbers and z,,z, € C.
Define a partial order < on C as follows:

ifft Re(z;) <Re(z,), Im(z;) <Im(z,). (1)
It follows that

Z, 3 2,

z, 3z, ()
if one of the following conditions is satisfied:
(h)Re(z)) = Re(z,);
(h)Re(z) <Re(z);  Im(z)
(hs)Re(z;) < Re(z,); Im (z,) < Im (2,
(hi) Re (z,) = Re(z,); Im (z,)

Im (z,) < Im(z,),

>

)
; (3)
)

z;) =Im(z,
b

z;) =Im(z,).
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In particular, we will write z,5z, if z; # z, and one of (h,),
(h,), and (h;) is satisfied and we will write z; < z, if only (h;)
is satisfied. Note that

02z, 52, = |7]| < |zl (4)
where | - | represents modulus or magnitude of z, and

z; 2 25, Z, < z23 = 2, < 2Z5. (5)
Definition 1 (see [1]). Let X be a nonempty set. A function
d: X xX — Ciscalled a complex-valued metric on X, if it
satisfies the following conditions:

(b): 0 3 d(x,y) forall x,y € X and d(x,y) = 0, if and
onlyifx =y,

(by): d(x,y) =d(y,x), forall x, y € X,
(by): d(x, y) 2 d(x,2) +d(y,2), forall x, y,z € X.

Here, the pair (X, d) is called a complex-valued metric space.

Let {x,} be a sequence in X and € X. If for every ¢ € C,
with 0 < ¢, there is 1y € N such that, for alln > n,, d(x,,, x) <
¢, then {x,,} is said to be convergent, {x,} converges to x, and
x is the limit point of {x,}. We denote this by lim,x, = x,
orx, — x,asn — oo.If foreveryc € Cwith0 < ¢
there is 1, € N such that for all n > ny, d(x,,x,,,,) <
¢, then {x,} is called a Cauchy sequence in (X, d). If every
Cauchy sequence is convergent in (X, d), then (X, d) is called
a complete complex-valued metric space.

Lemma 2 (see [1, Lemma 2, Azam et al.]). Let (X,d) be a
complex-valued metric space and let {x,} be a sequence in.
Then {x,} converges to x if and only if |d(x,,x)| — 0 as
n — oo.

Lemma 3 (see [1, Lemma 3, Azam et al.]). Let (X,d) be a
complex-valued metric space and let {x,} be a sequence in.
Then {x,} is a Cauchy sequence if and only if |d(x,,, X,,,,)| —
Oasn — oo.

1.2. Quaternion Metric Space. Now, we recollect the basic
definitions and concept on quaternion-valued metric spaces.
The skew field of quaternion denoted by H means to write
each elementq € Hinthe form g = x+x,i+x, j+x3k; x,, € R,
where 1,1, j, and k are the basis elements of H and n = 1,2, 3.
For these elements we have the multiplication rules i* = j* =
K* = -1,ij = —ji = k, kj = —jk = =i, and ki = —ik = j. The
conjugate element g is given by g = x, — x1i — x,j — x3k.
The quaternion modulus has the form of |g] =

\x% + x? + x3 + x%. A quaternion q may be viewed as a four-

dimensional vector (xg, x;, X,, X3).

Define a partial order < on H as follows.

q; X q,ifand onlyifRe(q,) < Re(q,), Imy(q,) < Im(g,),
1,9, € H,s =1, j,kwhereIm; = x;,Im; = x,,and Im;, = x;.

It follows that q; < g, if one of the followjing conditions holds:

(I) Re(g) = Re(q,); Im (q;) = Im; (q,) where s; = j, k;
Im;(q,) < Im;(q,),
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(II) Re(q,) = Re(qy); Im, (q,) = Img, (g,) where s, =i, k;
Imj(ql) < Imj(qz),

(II) Re(g,) = Re(q,); Im (g,) =
Imy(q;) < Imy(g,),

(IV) Re(q;) = Re(qy); Im, (q;) < Img(q,); Im;(q) =

Im (q,) where s; = i, j;

Im;(q,),

(V) Re(q;) = Re(g,); Imy (q;) < Img (g,); Im;(q) =
Imj(qz),

(VD) Re(q;) = Re(qy); Img (q;) < Imy (q,); Imy(qy) =
Imy(q,),

(VII) Re(q;) = Re(q,); Im(q,) < Im,(q,),
(VIII) Re(q;) < Re(qy); Im(q) = Imy(g,),
(IX) Re(g;) < Re(qy); Im, (q;) = Im, (g,); Imy(gy) <

Im;(q,),

(X) Re(qy) < Re(qy); Im (q,) = Img (q,); Imj(gq;) <
Imj(Qz)’

(XI) Re(g;) < Re(qy); Im, (q,) = Imyg (q,); Imy(qy) <
Imy(q,),

(XII) Re(gq;) < Re(qy); Img (q;) < Img(q,); Imy(gy) =
Im;(q,),

(XIII) Re(q;) < Re(qy)s Imsz(ql) < Imsz(qz); Im;(q,) =
Im;(q,),

(XIV) Re(q;) < Re(q,); ImSS(ql) < Imyg () Im;(q,) =
Im;(q,),

(XV) Re(g;) < Re(q,); Imy(q;) < Imy(g,),
(XVI) Re(g;) = Re(q,); Im(q,) = Im(g,).

Remark 4. In particular, we write q, < ¢, if g, # ¢, and one
from (I) to (XVI) is satisfied. Also, we will write q; < g, if
only (XV) is satisfied. It should be remarked that

4 24 = || < g (6)

Ahmed et al. [2] introduced the definition of the
quaternion-valued metric space as follows.

Definition 5. Let X be a nonempty set. A function dy; : X x
X — His called a quaternion-valued metric on X, if it
satisfies the following conditions:

(d)): 0 2 dy(x, y)0forallx, y € Xand dy(x, y) = 0,if and
only if, x = y,

(dy): dy(x, y) =dy(y,x), forall x, y € X,
(ds): dy(x, ¥) 2 dy(x,2) + dy(y,z), forall x, y,z € X.

Then, (X, dy) is called a quaternion-valued metric space.

Let {x,} be a sequence in X and € X. If for every ¢ € C,
with 0 < ¢, thereisn, € Nsuch that, foralln > ny, dy;(x,,, x) <
¢, then {x,} is said to be convergent, {x,} converges to x, and
x is the limit point of {x,}. We denote this by lim,,x,, = x, or
X, — X,asn — oo.If for every c € C with 0 < c there
is ny, € N such that, for all n > ny, dy(x,, x,,,,,) < ¢, then
{x,} is called a Cauchy sequence in (X, dy). If every Cauchy
sequence is convergent in (X, dy), then (X,dy) is called a
complete quaternion-valued metric space.
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Lemma 6 (see [2, Lemma 2.1, Ahmed et al.]). Let (X,d) be
a quaternion-valued metric space and let {x,} be a sequence
in. Then {x,} converges to x if and only if |d(x,,x)| — 0 as
n — oo.

Lemma 7 (see [2, Lemma 2.2, Ahmed et al.]). Let (X, dy) be
a quaternion-valued metric space and let {x,} be a sequence in.
Then {x,} is a Cauchy sequence if and only if |dy(x,,, X, )| —
Oasn — oo.

1.3. Cone Metric Space. Let E be a real Banach space. A subset
P of E is called a cone, if and only if the following holds:

(a,): P is closed, nonempty, and P # {0},
(a)): a,b € R,a,b>0,and x, y € Pimply thatax+by € P,
(a3): x € Pand —x € P imply that x = 0.

Given a cone P C E, we define a partial ordering < with
respect to P by x < y, if and only if y — x € P. We write
x < yto indicate that x < y but x # y, while x < y stands
for y — x € int P, where int P denotes the interior of P.

The cone P is called normal, if there exist a number K > 0
such that 0 < x < y implies ||x|| < K| yl, for all x,y € E.
The least positive number satistying this is called the normal
constant [10]. It is proved that the normal constant can not be
less then 1 (see [11]). For more details on cone metric space,
we refer, for example, to [10-16].

In this paper, E denotes a real Banach space, P denotes a
cone in E with int P # 0, and < denotes partial ordering with
respect to P.

Definition 8 (see [10]). Let X be a nonempty set. A function
d: X x X — Eiscalled a cone metric on X, if it satisfies the
following conditions:

(b)):d(x,y) > 0forall x,y € X and d(x,y) = 0, if and
only if, x = y,

(by): d(x,y) =d(y,x),forall x, y € X,
(by): d(x, y) <d(x,2z) +d(y,z), forall x, y,z € X.

Then, (X, d) is called a cone metric space.

The following definitions and lemmas have been chosen
from [10, 16].

Definition 9. Let (X, d) be a cone metric space and let {x,,},,cn
be a sequence in X and x € X.If, forall ¢ € Ewith 0 <« ¢,
there is n, € N such that for all n > n,, d(x,,x,) < ¢, then
{x,,},.en 18 said to be convergent, {x,,},n converges to x, and
x is the limit of {x,,},en-

Definition 10. Let (X,d) be a cone metric space and let
{x,},.en be a sequence in X. If for all ¢ € E with 0 < ¢, there
is ny € N such that, for all m,n > ny, d(x,,x,,) < c, then
{x,},.en 18 called a Cauchy sequence in X.

Definition 11. Let (X,d) be a cone metric space. If every
Cauchy sequence is convergent in X, then X is called a
complete cone metric space.

Definition 12. Let (X,d) be a cone metric space. A self-map
T on X is said to be continuous, if lim x, = x implies

n—00""'n

lim, , T(x,) = T(x) for all sequence {x,,}, in X.

Lemma 13. Let (X, d) be a normal cone metric space and let P
be a normal cone. Let {x,,},,cn be a sequence in X. Then, {x,},cn
converges to x, if and only if

Jim d (x,,x) = 0. (7)

Lemma 14. Let (X, d) be a cone metric space and let {x,},en
be a sequence in X. If {x,,},,cn is convergent, then it is a Cauchy
sequence.

Lemma 15. Let (X, d) be a cone metric space and let P be a
normal conein E. Let {x, },,cn be a sequence in X. Then, {x,,},cn
is a Cauchy sequence, if and only iflim,, , , d(x,,, x,) = 0.

2. Main Result

Let (X, dy;) be a quaternion-valued metric space where H is
the skew field of quaternion number g; that is,

H= {xo + 200 + X, + x5k 1 (X0, X1, X0, X3) € R4}. (8)

Define

Py =1{xo + x1i +x,j + x5k : x5 20,
€

x; 2 0,x, > 0,x5 > 0}.

It is apparent that 9% ¢ H. Assume 0y is the zero of H from
now on. Note that (H, | - |) is a real Banach space.

Lemmal6. Py isa normal cone in real Banach space (H, |-|).

Proof. Precisely, 2; is nonempty, closed and %y; # (0y;). Also
foralla, B € R", and p,q € Py, we have ap + fq € P}, and
Py N (=Py) = (0). Notice that the normality of the cone
Py follows from Remark 4. O

Lemma 17. Any quaternion-valued metric space (X, dy) is a
cone metric space.

Proof. For all p,q € H define

psq it g-pePy (10)
< defines a partial ordered on H and one can easily verify that
(X, dy) is a cone metric space with respect to €.

Lemma 18. The partial ordered X defined in Lemma 17 is
equivalent to C.

Proof. Assume p = py + pyi+ p,j+ pskand g = g, + qi +
G,j + qsk. p € g, iftand only if g — p € Py, if and only if
Qo—Po=0,9,—p; 20,9, — p, = 0,and g; — p; > 0. In other
words, Re(p) < Re(g), Im,(p) < Im(q), s = i, j, k where
Im;(p) = py, Im;(p) = p, and Imy(p) = p; and Im;(q) = q;,
Im;(q) = q, and Imy(q) = g5, ifand only if p < q. O



Lemma 19. A sequence {x,} in (X,dy) is convergent in the
context of quaternion-valued metric space if and only if {x,}
is convergent in the setting of of cone metric space.

Proof. Let {x,} be sequence in X. {x,} converges to x € X
as the concept of quaternion-valued metric space if and only
if |d(x,,x)] — 0asn — oo (see Lemma 6) if and only if
{x,} converges to x as the concept of cone metric space by
considering H as the Banach space endowed with the cone
Py (see Lemma 13). O

Let (X, dc) be a complex-valued metric space where C is
the skew field of complex number z; that is,

C={x+yi:(x,y)€R2}. (11)
Define
Pe={x+yi:x>0,y>0}. (12)

It is apparent that Z¢ ¢ C. Assume O is the zero of C from
now on. Note that (C, | - |) is a real Banach space.

Lemma 20. P is a normal cone in real Banach space (C, |-|).

Proof. Precisely, P is nonempty, closed and & # (0). Also
foralla, € R, and p,q € P we have ap + Bq € P and
PN (-P¢) = (0¢).

Lemma 21. Any complex-valued metric space (X, d¢) is a cone
metric space.

Proof. For all p,q € C define

psq iff g-peFPc. (13)
< defines a partial ordered on C and one can easily verify that
(X, d¢) is a cone metric space with respect to €.

Lemma 22. The partial ordered < defined in Lemma 21 is
equivalent to C.

We omitted the proof of Lemma 22 since it is the mimic
of the proof Lemma 18.

Lemma 23. A sequence {x,} in (X, d¢) is convergent as the
concept of complex-valued metric space if and only if {x,} is
convergent as the concept of cone metric space.

We omit the proof of Lemma 23 above due to Lemma 19.

Definition 24. Let (X, d) be a complete cone metric space. For
all x, y € X. A cone metric space (X, d) is said to be metrically
convex if X has the property that, foreach x, y € X withx # y,
there exists z € X, x # y # z such that
ld (x,2) +d (2. )] = |d (x. y)] - (14)
The following lemma finds immediate applications which
is straightforward from [17].
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Lemma 25. Let (X,d) be a metrically convex quaternion-
valued metric space, and let K be a nonempty closed subset of
X.Ifx € Kand y € K, then there exists a point z ¢ 0K (where
OK stands for the boundary of K) such that

d(x,y)=d(x,z)+d(zy). (15)

Definition 26. Let K be a nonempty subset of a cone metric
space (X,d) and F,T : K — X. The pair (F,T) is said to be
weakly commuting if, for each x, y € K such that x = Fy and
Ty € K, we have

d(Tx,FTy) <d(Ty, Fy) (16)

(see also [12, Hadzi¢ and Gaji¢]).

Denote R by the collection of all continuous and increas-
ing mappings such that ¢ : [0,+00) — [0,+00) such that
¢ '(0) = {0}.

Lemma 27. Let ¢ : [0,+00) —

function. Then,

[0, +00) be an increasing

¢(t,) — 0 implies t, — 0. (17)

n

Proof. Suppose that ¢(t,) — 0andt, - 0. Then there exists
ny, > 0and § > 0 such that 0 < § < ¢, for all n > n,. Since ¢
is increasing, we have

0<p©®) <o(t,) (18)
and this is a contradiction since ¢(t,,) — 0. O

Definition 28. Let K be a nonempty subset of a cone metric
space (X,d) andlet F,T : K — X be two mappings. We say
that F is generalized T-contractive if

o (|d (Fx, Fy)|)) < b[o (1d (Tx, Ex)ll) + ¢ (|d (Ty, Fy)|)]

¢ (|d (Ty, Fx)|)} -
(19)

Forallx, y € K,withx# y,b,c > 0,2b+c < 1,andletp € R.

Proposition 29. Let (X,d) be a complete Banach-valued
metric space, which is metrically onvex. Let K be a nonempty
closed subset of X and ¢ € R, and let F,T : K — X be such
that F is generalized T-contractive. Suppose also we have

(i) OK ¢ TK and FK c TK,
(ii) Tx € 0K = Fx € K,
(iii) F and T are weakly commuting,

(iv) T is continuous on K.

Then, there exists a unique common fixed point z in K such
that z = Tz = Fz.
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Proof. We construct the sequences {x,} and {y,} in the
following way.

Let x € K. Then there exists a point x, € K such that
x = Txy as 0K < TK. From Tx,, € 0K and the implication
Tx € 0K = Fx € K, we conclude that Fx, € K n FK ¢ TK.
Now, let x; € K be such that

y1 =Tx, = Fx, € K. (20)
Let y, = Fx, and assume that y, € K, and then
y, € KNFK cTK (21)

which implies that there exists a point x, € K such that y, =
Tx,. Suppose y, ¢ K, and then there exists a point p € 0K
(using Lemma 25), such that

d(Txy, p) +d(p.y,) =d(Txy, y,). (22)

Since p € 0K < TK, there exists a point x, € K such that
p=Tx,and so

d(Tx,,Txy) +d (Txy, y,) = d (Txy, 3,) - (23)

Let y; = Fx,. Thus, repeating the forgoing arguments, we
obtain two sequences {x,} and {y,} such that
(i) Y1 = Fxn’
(ii) y, e K = y, = Tx,,
(iii) y, ¢ K = Tx, € 0K, and

d(Tx, 1, Tx,) +d(Tx,, y,) =d(Tx, 1, y,).  (24)

Denote

P={Tx; € {Tx,} : Tx; = y;},
(25)
Q={Tx; € {Tx,}: Tx; # y;}.

Obviously, the two consecutive terms of {Tx,} cannot lie in
Q. Let us denote 7, = d(Tx,; Tx,,,,). We have the following
three cases.

Casel IfTx,,Tx,,, €P.
Case2.1fTx, € Pand Tx,,; € Q.

Case3.1fTx, € Q Tx,,, € Pandso Tx,_; € P.
Proving the above cases are similar to [2, Theorem 3.1].
Also we see that for all n € N we get

o) < (35 ) oIl 2o

Letting n — 00, we have ¢(|lt,[) — 0. Since ¢ € R, we
have |t,| — 0. So that {Tx,} is a Cauchy sequence and
hence it converges to a point z € K. Now there exists a
subsequence {Txnk} of {Tx, } which is contained in P. Without
loss of generality, we may denote {Tx, } = {Tx,}. Since T
is continuous, {T'Tx,} converges to Tz. We are going now to

show that T'and F have common fixed point (T'z = Fz). Using
the weak commutativity of T and F, we obtain that

Tx, =Fx,_,, Tx, €K, (27)
and then

d(TTx,, FTx,_ ;) <d(Tx,_,,Fx,_;) =d(Tx,, Tx,_;) .

(28)
This implies that
|d (TTx,, FTx, )| < |d (Tx,, Tx,,)] - (29)
On lettingn — 00, we obtain
d(Tz,FTx,_,) — 0. (30)

It means that FTx,_, — T=z.
Now, consider

¢ (|d (FTx,., F2)[) < b (g (|d (TTx,1, FTx,.,)|)
+¢ (Id (Tz, F2)])]
+cmin {¢ (|d (TTx,_,, F2)|)),

¢ (Id (T2 FTx, )}
(3D

Taking limit on both sides of (31) yields
¢ (Id (Tz, F2)|)) < b (Id (Tz, F2)|), (32)

which is a contradiction, thus giving ¢(||d(Tz, Fz)||) = 0
which implies ||d(Tz, Fz)|| = 0, so that d(Tz, Fz) = 0 and
hence Tz = Fz.

To show that Tz = z, consider

¢ (|d (Tx,, T2)|) = ¢ (|d (Fx, 1, F2)|)
<bo(|d (Tx,1, Fx, 1))
+ ¢ (Id (Tz, Fz)|)] (33)
+cmin{g (|d (Tx,_, F2)|) »

¢ (|d (T2 Fx,.)])}-
Taking limit on both sides of (33) yields

¢ (ld (Tz,2)|| < co(Id (T2 2)I) (34)

which is a contradiction, thereby giving ¢(|ld(z,Tz)[) = 0
which implies ||d(z, Tz)|| = 0, so that d(z, Tz) = 0 and hence
z="Tz.



Thus, we have shown that z = Tz = Fz, so z isa common
fixed point of F and T. To show that z is unique, let w be
another fixed point of F and T, and then

¢ (ld (w, 2)I) = ¢ (ld (Tw, T2)])

= ¢ (|4 (Fw, F2)|)
<b[e(Id(Tz F2)|) + ¢ (Id (Tw, Fw)|)]
+cmin {¢ (|d (Tz, Fw)|),

¢ (Id (Tw, F2)|)}

= co (Id (w, 2)I),
(35)

which is a contradiction, therefore giving ¢(|ld(w,z)|) = 0
which implies that [|d(w, z)|| = 0, so that d(w, z) = 0; thus,
w=z. ]

Theorem 30 (see [2]). Let (X, dy) be a complete quaternion-
valued metric space which is metrically convex and K a
nonempty closed subset of X and ¢ € R. Let F,T : K — X be
such that F is generalized T-contractive satisfying the following
conditions:

(i) 9K ¢ TK and FK ¢ TK,
(ii) Tx € 0K = Fx € K,
(iii) F and T are weakly commuting,

(iv) T is continuous on K,

and then there exists a unique common fixed point z in K such
thatz = Tz = Fz.

Theorem 31. Theorem 30 is a consequence of Proposition 29.

Proof. Let (X, dy) be a complete quaternion-valued metric
space and K a nonempty closed subset of. Then (X,dy) is a
complete cone-valued metric space with cone Py = {x, +
X0+ X, + x5k 1 x5 2 0,x; = 0,x, > 0,x5 > 0}. Further, we
have that F is generalized T-contractive in cone metric space
if and only if F is generalized T-contractive in quaternion
metric space. The rest follows from Proposition 29. O

3. Further Comment on Cone Metric Spaces

3.1. By Using a Scalarization Function. In 2010, Du [3] intro-
duced the notion of TVS-valued metric space, also known as
TVS-cone metric space (TVS-CMS), as a real generalization
of Banach-valued metric space. Let Y be a locally convex
Hausdorft t.v.s. with its zero vector 8, K a proper, closed,
convex pointed cone in Y with K#0, e € int(K), and 2 a
partial ordering with respect to K.

Definition 32 (see [3]). Let X be a nonempty set. Suppose
that a vector-valued function p : X x X — Y satisfies the
following:

(6): 02k p(x, y) forallx, y € X and p(x, y) = Oifand only
ifx=y,
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(6): p(x, y) = p(y,x) forall x, y € X,
(65): plx, )=k p(x,2) + p(z, y), forall x, y,z € X.
Then, the function p is called TVS-cone metric on X.

Furthermore, the pair (X, p) is called a TVS-cone metric
space (in short, TVS-CMS).

On his paper, Du [3] concluded that, for a TVS-valued
metric space (X, p), one can define a function d p i XXX —
[0,00) by d, = &, o p forming a metric, where §, : Y — R,
defined by

& (y)=inf{reR:yere-K}, Vyey, (36)

is a nonlinear scalarization function (see e.g., [18-20]). In this
part, whenever we write <, we mean <.

Proposition 33 (see [3, 4]). Let (X, p) bea TVS-CMS, x € X,
and {x,} e a sequence in X. Setd,, = & o p. Then the following
statements hold:

(1) {x,},en converges to x in TVS-CMS (X, p) if and only
ifdy(x,,x) = 0asn — oo,

(ii) {x,} en is a Cauchy sequence in TVS-CMS (X, p) if
and only if {x,},e\ is a Cauchy sequence in (X, d,),

(iii) (X, p) is a complete TVS-CMS if and only if (X, d ) is
a complete metric space.

From Proposition 33, the following result was derived
easily.

Proposition 34 (see [3]). Let (X, p) is complete TVS-CMS
and T : X — X satisfies the contractive condition:

p(Tx,Ty) 2 kp(x, y) (37)

forall x,y € X and 0 < k < 1. Then, T has a unique fixed
point in X. Moreover, for each x € X, the iterative sequence
{T"x}72, converges to fixed point.

Proposition 35 (see [3]). The Banach contraction principle
and Proposition 34 are equivalent.

Definition 36. Let K be a nonempty subset of a metric space
(X,d)andlet F,T : K — X be two mappings. We say that F
is generalized T-contractive of type A if

¢ (d (Fx,Fy)) < b (d (Tx, Fx)) + ¢ (d (Ty, Fy))]

+cmin{p (d(Tx,Fy)),¢(d(Ty, Fx))}.
(38)

Forallx, y € K,withx# y,b,c > 0,2b+c < 1,andletp € R.

Proposition 37. Let (X,d) be a complete metric space, let K
be a nonempty closed subset of X and ¢ € R, and let F,T :
K — X be such that F is generalized T-contractive of type A.
If the following are satisfied:

(i) OK ¢ TK and FK c TK,
(ii) Tx € 0K = Fx € K,
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(iii) F and T are weakly commuting,
(iv) T is continuous on K,

then there exists a unique common fixed point z in K such that
z=Tz=Fz.

We skip the proof of Proposition 37 since it can be derived
by the mimic of Proposition 29. On the other hand, regarding
Proposition 35, we can conclude that Proposition 37 implies
Proposition 29.

3.2. By Using a Metric-Type Space

Definition 38 (see, e.g., [5]). Let X beaset. Let D: X x X —
[0, 00) be a function which satisfies
(1) D(x, y) = 0ifand only if x = y,
(2) D(x, y) = D(y, x), forany x, y € X,
(3) D(x, y) < K(D(x,z,) + D(zy,23) ++- -+ D(z,_,2z,) +
D(z,, y)) forany x, y,z,,...,2, € X,

for some constant K > 0. The pair (X, D) is called a metric-
type space.

Proposition 39. Let (X, d) be a metric cone over the Banach
space E with the cone P which is normal with the normal
constant K. The mapping D : X x X — [0,00) defined by
D(x, y) = |d(x, y)| is a function which satisfies

(1) D(x, y) = 0if and only if x = y,
(2) D(x, y) = D(y, x), for any x, y € X,

(3) D(x, y) < K(D(x,z,) + D(z5,23) ++- -+ D(z,_,2,) +
D(z,, y)) for any x, y,z,...,2, € X.

Remark 40. In Definition 38, (3), the term z; needs not to be
distinct. Hence, metric type space turns into b-metric space
when we deal with cone metric space (see, e.g., [21, 22]).

Remark 41. Furthermore, by Lemma 20, %}, is a normal
cone. Hence, some resuls of [2] and Theorem 30, are equiva-
lent to the corresponding results in the context of metric-type
space (see also [5]).
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