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This paper establishes the global existence and uniqueness of classical solutions to the 2D micropolar fluid flows with mixed partial

dissipation and angular viscosity.

1. Introduction

In this paper, we investigate the Cauchy problem for the
viscous incompressible micropolar fluid flows. In three-
dimensional case it can be expressed as

V,—(v+K)Av=-2kVxw+Vr + (v-V)v=0,
w, — YAW — (a + B) VV - w + 4kw — 2V x v + (v - V) w = 0,
V.v=0,

v (0) = v, w (0) = w,,.

)

Here, v = (v}, v,, v3) is the divergence-free fluid velocity field,
7t is a scalar pressure, w = (w;, w,, w;) is the microrotation
field (angular velocity of the rotation of the particles of the
fluid), and the constant ¥ > 0 is the Newtonian kinetic
viscosity, ¥ > 0 is the dynamics microrotation viscosity, and
&, 3,y = 0 are the angular viscosities (see, e.g., [1, 2]).

The micropolar fluid equations (1) enable us to consider
some physical phenomena that cannot be treated by the
classical Navier-Stokes equations (w = 0 in (1)), such as the
motion of animal blood, liquid crystals, and dilute aqueous
polymer solutions. Physically, (1), represents the conserva-
tion of linear momentum, (1), reflects the conservation of
angular momentum, and (1); is the incompressibility of the
fluid, specifying the conservation of mass.

Besides their physical applications, the micropolar fluid
equations (1) are also mathematically important. The exis-
tence of weak and strong solutions was established by Galdi
and Rionero [3] and Yamaguchi [4], respectively.

In this paper, we study the global regularity problem of
the 2D micropolar fluid equations. Assuming that the velocity
component in the z-direction is zero and the axes of rotation
of particles are parallel to the z-axis, that is,

v=(v,1,0), w=(0,0,w,), 2

we obtain by gathering (2) into (1)
Vi —(v+Kx)Av=-2kV xw+ Vo + (v-V)v =0,

w; — YAw + 4kw - 2kV x v+ (v- V) w = 0,

3)
V-v=0,

v (0) = vy, w (0) = wy,

where v = (v}, v,) is a vector and w is a scalar. Here and in
what follows, we use the notations

VXv=0.v,-0,v, Vxw= (ayw, —axw) N )
The global regularity of (3) with full viscosity has been
established by Lukaszewicz [2] (see also [5] for more explicit
result). The purpose of this paper is to investigate the global
regularity of the 2D micropolar fluid flows with mixed partial
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dissipation and angular viscosity. To be precise, we will
consider the following system:

V,—(v+K)V,, —2kVXxw+Vr+(v-V)v=0,

wt—ywyy+4Kw—21chv+(v~V)w:0,

(5)
V-v=0,

v (0) = vy, w(0) = wy,.

Our study is partially motivated by the global well-
posedness of the 2D MHD equations with partial viscosities
(see [6, 7], for instance), that of the 2D Boussinesq equations
with partial viscosity (see, e.g., [8, 9]), and that of the 2D
micropolar fluid equations with zero angular viscosity [10].

The main result of this paper now reads.

Theorem 1. Suppose v > 0, k > 0, (vp,w,) € H*(R?) with
V-v, = 0. Then (5) with initial data (v, w,) possesses a unique
global classical solution (v,w). In addition, for any T > 0,
(v, w) satisfies

v,w) e L®(0,T;H?),  w, € L*(0,T;H'),

(6

=~

w, € L*(0,T; HY),

where w = V x v is the vorticity.

Remark 2. Using the same method in this paper, we may also
establish the global regularity for the following system:

Vt—(V+K)Vyy—2KV><LU+V7T+(V-V)V:0,

Wy — YWy, +4kw = 2kV XV + (v- V)w = 0, )
7
V.-v=0,

v (0) = vy, w(0) = wy,.

The rest of this paper is organized as follows. In Section 2,
we recall an elementary lemma from [7]. Section 3 is devoted
to establishing the a priori bounds for |lw|, and [|[Vw]|,, while
the bounds for |Vw|, and ||V2w||2 are provided in Section 4.
With the a priori estimates in Sections 3 and 4, we may
conclude the proof of Theorem 1 as in [7]. Throughout this
paper, the L2-norm of a function f is denoted by [ f1l,.

2. An Elementary Lemma

We recall in this section the following elementary lemma
from [7].

Lemma 3. Assume that f, g, g,, h, and h, all belong to
L*(R?). Then,

1/2

[[ 7ot axay < 21 0al Lo, |, 1y @
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Proof. We provide a proof of (8) simpler than that of [7].
Applying Holder inequality,

F? (x) = J 2F (x) F' (x)dx

€)
< 2(_[ lF(x)lde>l/2<J ) (x)|2dx>1/2_
Thus,
gl 31 o) " ([ o)
(10)
Consequently,
” | fgh| dx dy

<[ (st (fiaac) “spn] o
o[ )
x (J |h|2dx>l/4(J |hx|2dx>l/4] dy

1/2
< sl s [aax) "
yeR

172
< 3l [supll'ax ) vy
ye

<2l [ (J1oPar) " (Jlofar) ax]

x Y2 g 1S

2 2

1/2

/2 1/2 /2
<2/ fl,lgl g, ], 1mi R0

3. A Priori Bound:s for ||, and ||Vw||,

In this section, we establish the a priori bounds for ||wl|, and
[Vwll,. First, we have the following energy estimates.

Proposition 4. Assume (v, w) solves (5) on [0, T]. Then,

t
IV O3 + llw @3 + (v +x) jo Iv. @) d=
(12)

iy [ o, @ dr < Clvp )
0

Here C is a constant depending only on v, k, y, and T.
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Proof. Taking the inner product of (5), with v and (5), with
win L*(R?), respectively, we deduce

1 d 2
51wl + 040 Vs + v, [, + el

:4KJ(V><w)-vdxdy (13)

I)
where we use the following facts (the first one being well-

known in the mathematical theory of fluid dynamics, and its
proof is provided in the appendix):

Vov=0— J (v-V)v] - Avdxdy = 0,
J(wa)-vdxdy _ Jw- Vxv)dxdy,  (14)
JVﬂNdxdy:—Jn(V-v)dxdy:O.

Now, I can be dominated as

I=4KJ(wa)-dedy

=4k j (wyv1 - wxvz) dxdy
(15)

=4k j (wyv1 + waxvz) dxdy

V+K

< My [, + €I + T E ol +

Substituting (15) into (13), we obtain (12) by invoking Gron-
wall inequality. O

Remark 5. Due to the partial dissipation and angular viscos-

ity, we are not able to establish the uniform boundedness of
|(v(t), w(t))ll, on [0, co) but rather the exponential growth:

v (@), w )y < e[ (Vor ), (16)

Now, we are in a position to derive the bounds for |lwl,
and |[Vwll,.

Proposition 6. Assume as in Proposition 4. Then the vorticity
w =V xvand w satisfy

1w (®), Vw ) +2 (0 + ) L o, | dr
t 2 2
+2y Jo "wa (‘r)"2 dr < 2||(wp, Vwy)|f5-
1)

Proof. Taking the curl of (5),, we find

w,—(V+K) Wy —2kV X (Vxw)+ (v-V)w=0. (18)

Then, taking the inner product of (18) with w and (5), with
—Aw in LZ(RZ), respectively, we obtain

d 2
=@, V)5 + (v + &) w5 + vV, |, + 4l Vel

2 dt y|

:ZKJVX(wa)~wdxdy+2KJva-Awdxdy

= —21<JAw-wdxdy+2;cJV><V~Awdxdy

=0.
(19)

Applying Gronwall inequality, we may complete the proof of
Proposition 6. O

4. A Priori Bound:s for |Vw|, and ||V2w||2

This section is devoted to deriving the a priori bounds for
2
IVal, and |V?w].

Proposition 7. Assume as in Proposition 6. Then,

t
(Ve (£), Aw ()3 + (v + k) L [V, (r)||§ dr
t (20)
2
+y L "Awy (T)"2 dr < C||(Vay, Awo)”;.

Here C is a constant depending only on v, k, y, and T.

Proof. Taking the inner product of (18) with —Aw and (5),
with A*w in L*(R?), respectively, we find

1d

2
T IVl + (v + ) |Va, |,

:—ZKJVX(wa)~Awdxdy

+ J (V- V)w] - Awdxdy, (21)

14

T lAw|l; + y||Awy||§ = 4k J w- Nwdxdy

+ 2k J w - Azwdxdy - J [(v-V)w] - Azwdxdy.
Gathering the above equations together, noticing that
Vx (Vxw)=-Aw,

v'vz():}‘l'[(v.v)w]-Awdxdy (22)

_ _J (Vv V) w] - Vodxdy,
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1 d
EE"(V(U’ Aw)||§ + (v +k) ||wa||§ + y"Awy"j

= —4x J |Aw|*dx dy + 4k J Aw - Awdx dy
(23)
+ J [(Vv-V)w] - Vwdxdy

—JA[(V-V)w] -Awdxdy.

Expanding the right-hand side of (23) gives

1 d 2
SV Aw)[ + (v + &) [Vao |3 + y|Aw, [, + 4l Aw];
< 4Kwax -Awdxdy +4KJwyy -Awdxdy

+ Jaxvl ‘0, w dxdy + Jaxvz ‘- w dxdy
+ Ja},vl ‘- w, dxdy + Ja},vz-wy-wydxdy
CJ |Av] - [Vw| - |Aw| dx dy

+ CJ [Vv] - 'V2w| - |Aw|dx dy

8
YK..
i=1

(24)
For K, applying Holder inequality yields
K, =4k J w,, - Awdxdy
(25)
< J yr K|V | + ClAw* dxdy.
For K, integrating by parts gives
K, =4k J w,, - Awdxdy
= -4k J w, - Aw, dxdy (26)

2. Y 2
< JCle| +g|Awy| dxdy.
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For Kj, we apply Lemma 3 to deduce

K; = Jaxvl ‘0, wdxdy

<l oo ey gl o

< Cllolly oo [5 o Iy oy ol

< Clwg 3] Veos ||1/2 (By Proposition 6, w € L™ (0, T; Lz))

’V+1€ 2/3

2
IVell;.

Ve + Cledl;
(27)

Similarly, we have
K, = Jaxvz ‘W dxdy

Yo I I I N Oy PN
< Clol gy |, [Veoe 2ol

/ 12 /2
< Clloy el Ve,

V+K 2/3

+ Cla, " IVels;

Ve,

K = Jayvl ‘wyrw, dxdy
< clo ol "o, T o,

< Clol Jao [y Jo, |, 19041, (28)

7/+K

||Vw ||2 + C||Va)||2,
Kg = Jayvz ‘-, dxdy

= —Jaxvl ‘-, dxdy

=2 J Vi, dxdy
<l fonll ool eyl "o,
< Cllo, |21V, |2

V+K

"V x”z + C”unz
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Now, for K, K, we use Lemma 3 and Young inequality to see
K, = CJ |Av| - |[Vw| - |Aw| dx dy

/
< CIAVIY? av, [ 19wl awly?|Aw, [

1/2

1/2
< CIVly? [V | * IVwll, | aw]} | Aw, |

A “||v 2+ ”||Aw |2+ C (Ivul? + 1aw]?):;
(29)
Kg = CJ [Vv| - |V2w' - |Aw| dx dy

< ][ |,
(30)

< Clwlly o |2 1awlY? [ aw, | 1awl],

< g"Aw |2 + Cllo 2 1aw]2.

Gathering (25)-(30) into (24) yields
%u(w), Bw)I + (v + 1) [Vao [ + y|dw, | .

< C(1+ o, [5° ) 1(Ve, Aw)I.

According to Proposition 6, we may invoke Gronwall
inequality to deduce (20). O

Appendix

In this appendix, we provide the proof of (14) for reader’s
convenience.

Lemma A.l. Let v = (v;,v,) € H*(R?) be divergence-free;
that is, V- v = 0,v, + 0, v, = 0. Then

J [(v-V)v]-Avdxdy = 0. (A])

Proof. Integration by parts formula gives
I [(v-V)v] - Avdxdy
- J [(0,v-V)v] - 0,vdxdy
- [ [ v)v]-0,vaxay
Ja B.v,0, v dxdy — Jaxvlaxvzaxvzdx dy
g

0,v,0,v,0,vidxdy — Jaxvzayvzaxvzdxdy

5
- J 0,v10,v10,vidxdy — J 0,v10,v,0,v,dx dy
- J 0,v,0,v,0,vidxdy — J 0,v,0,V,0,v,dx dy
8
= ZL1
i=1
(A.2)
Noticing that d, v, + 9, v, = 0, we have
Li+Lg=L,+L,=L;+Lg=Ls;+L,=0. (A.3)
Consequently, we have
J [(Vv-V)v]-Avdxdy =0 (A.4)
as desired. O
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