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The present paper deals with the necessary optimality condition for a class of distributed parameter systems in which the system
is modeled in one-space dimension by a hyperbolic partial differential equation subject to the damping and mixed constraints on
state and controls. Pontryagin maximum principle is derived to be a necessary condition for the controls of such systems to be
optimal. With the aid of some convexity assumptions on the constraint functions, it is obtained that the maximum principle is also

a sufficient condition for the optimality.

1. Introduction

It is well known that many processes in science and engineer-
ing are modeled by partial differential equations. The prob-
lems concerning the control of vibrating systems are generally
governed by hyperbolic partial differential equations which
are obtained by using conservation laws as a description of
the distributed parameter system. In order to control these
systems, the derivation of necessary conditions in the form
of a maximum principle has been studied since the 1960s.

The Maximum principle is introduced for the first time
by Pontryagin and his students as a necessary condition
for the optimality of a mechanical system which is defined
by ordinary differential or difference-differential equations
[1]. Pontryagin’s maximum principle is given in the form
of a Hamiltonian that is defined in terms of an adjoint
variable and the control function. The first application of
maximum principle was the maximization of the terminal
velocity of a rocket. Following this initial work, it is shown
that the maximum principle is a necessary condition, if the
value of the Hamiltonian maximized over the controls is
concave in the state variables and the sufficient condition
with appropriate transversality conditions [2]. Necessary
conditions of optimality for distributed parameter systems
described by boundary-value problems for hyperbolic and

parabolic equations are studied in [3] where the completeness
assumption on the class of admissible controls is imposed.
In [4], Necessary condition for optimality is derived in a
form similar to Pontryagins maximum principle without
admissible control function set which is bounded or closed.
These necessary conditions are expressed in terms of certain
“generalized Jocabians” For a general control problem formu-
lated in terms of a differential inclusion, maximum principle
is given by weak pseudo-Lipschitz behavior that is postulated
on the underlying multifunction [5]. Necessary condition
in the form of Pontryagin maximum principle by adopting
the Dubovitskiy-Milyutin functional analytical approach is
derived in [6].In [7], Barnes presents a maximum principle as
a necessary condition for optimal control of vibrating system
that is modeled by second order linear hyperbolic PDE where
completeness assumption is dropped and a regular point is
used. Furthermore, Barnes shows that, by certain convexity
assumptions on the constraint functions, the maximum
principle is also a sufficient condition for the optimality
of distributed parameters systems. Other related theoretical
studies about the maximum principle in the literature are
available such as [8-25]. In [1-7], the optimal necessary
and sufficient conditions are derived for a single partial
differential equation without damping term subject to the
homogeneous boundary conditions in one space dimension.
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The systems that involve only one control function are studied
in [1-25], while studies in [26-30] examine the systems with
multiple control functions due to the size of the structures or
to increase the control efficiency.

In the present paper, inspired by [7], the necessary
optimality condition is given for a hyperbolic partial differ-
ential equation in one-space dimensional system. The system
involves a damping and several control functions and is
subject to the mixed integral constraints on state and control
functions. The partial differential equation under consider-
ation involves spatial derivatives of at most order four. The
main goal of the control problem interested here is to mini-
mize the performance index of the control problem in a given
period of time with the control functions and state variable
subject to the constraints in the form of integral equality
or/and inequality. Under proper convexity assumptions on
the constraint functions, the maximum principle is also a
sufficient condition for a general class of hyperbolic partial
differential equations in one-space dimensional system.

2. Mathematical Formulation of the Problem

Let us consider the following partial differential equation [31]:

N
p(x)wy + N (x) [w] + M (x) [w,] = E(e,t) + ) f;(x,1)
j=1

on Q= (0,¢)x (O,tf),
€]

where w(x, t) is the transversal displacement at (x,t) € Q =
{(x,t) : x € [0,€],t € [O, tf]}, x is the space variable, t is
the time variable, E(x, t) is the external excitation, p(x) > 0
is the mass per unit length of the beam, ¢ is predetermined
terminal time, and f;(x,t), j = 1,...,N are the control
functions,

2 dw
M@Wh;mmgg)
)
2 dw
NMWP%MMG;)

in which mj(x) and nj(x) are continuous functions on Q,
M(x) and N(x) are positive-definite operators, and M (x) is
the damping operator. Equation (1) is subject to the following
boundary conditions:

k aJLU _ .
aj(x,t)ﬁx k=12, j=0,1,2,3 (3a)

= Lk ),
=0

k a’w _ .
a; (x,1) Fi k=3,4,7=0,1,2,3, (3b)

= Sj+k ),
x=
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where a;‘ (x,1), S I (1), and Tj +x(t) are continuous functions
on Q and the initial conditions

w (x,0) = w, (x) € H (0,2),
(4)
w; (x,0) = w, (x) € L*(0,€)

in which

ow, (x)

H'(0,0) = {wo (x) € L*(0,) : e L* (0, 5)} . (5)

The following assumptions are made:
(A1) dw/ox’, 0" w/ox/ot, Pw/ot* € L*(Q), j = 0,1
»o. >4, Q isthe closure of O

(A2) a§(x,1), Tjk(t), Spi(t) € LHQ) k = 1,...,4, j =
0,...,3;

(A3) the set of admissible control functions is given by

U = {fe 60 | fi (x,1) € L*(Q),
(6)
|fie (,0)] < My < 00, k= 1,...,N}.

in which L*(Q) denotes the Hilbert space of real-
valued square-integrable functions on the domain Q
in the Lebesgue sense with the usual inner product
and norm defined by

<ﬁmQ=quﬁgMﬂﬂx
?)

117 = < £

respectively. Under these assumptions, the system
equations (1)-(4) have a solution [32].

3. Formulation of the Control Problem
The optimal control problem aims to determine optimal

control functions f;(x,t) € Uy, i = 1,..., N that minimizes
the performance index at the terminal time  ;:

Fo(fi (1), fo(x1),..05 fiy (1))
14
- [ [ (s () # 7 (s ()

ty (e
+ j ! J Go (. t,w(x,t), f; (x1),..., fy (x. 1)) dxdt.
o Jo
(8)
The first two terms in the right hand side of (8) denote the

modified energy of the system and the last term represents
the control effort spent in control duration. kth admissible
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control function f;(x,t) subject to (1)-(4) and the following
constraints:

e
L hy (x, w, (x, tf)) dx

t e
+ J ' J G (o t,w(x, ), fi. (x, 1)) dxdt = c_y
o Jo o0

Le hyy (x, w (x, tf)) dx

t (e
+ J ' J G (xtw(xt), fi (x1)dxdt = c_y
o Jo

(9b)
tr e
J J G (. tbw(xt), fi (x,1)dxdt <cg, 1<i<m
o Jo
(9¢)
ty e
J J G (xtbw(xt), fi (k1) dxdt =¢;, m<i<M,
o Jo
(9d)
in which hy, by, 8y, %1, 8,, and Gy, for k = 1,2,..., N,
i = -2,-1,1,...,M, are continuous functions of their
parameters. Also, hy;, &, &1, and Gy, fork = 1,2,...,N, i =
-2,-1,1,..., M, have the continuous derivatives with respect

to w and h,;, &, have the continuous derivatives with respect
to w;,.

4. Necessary and Sufficient
Conditions for Optimality

In this section, necessary condition of optimality is derived
in the form of the maximum principle. Also, under proper
convexity assumptions on the constraint functions, it is
shown that maximum principle is also sufficient condition of
optimality. For convenience, let us assume that

Go (6 t,w, fi (%,8) ..., fn (%,1))

N
=Y Gy (. tw, fi (x,1)),

k=1

where & (x, t, w, f.(x,1))is the related term with kth control
function in &,. In order to achieve the maximum principle,
an adjoint variable v(x, t) along with the adjoint operator is
introduced. The adjoint variable v(x, t) satisfies the following
equation:

u(x) vy + N™ (x) [v] = M™ (x) [v,]

= Ao —% (x,t,w, fo(36,8)), Ao = A,
2 X, whw fiw0), du=do

(10)

(1)

where we introduced the Lagrange multiplier A;, < 0 and
. NI
M cw[v1=;;c—n (5;;)(v"y<xn,

) y (12)
NW@M=%@W<$ﬁ@mm)

Equation (11) is subject to the following homogeneous bound-
ary conditions:

v )
aj?(x,t)@x:():o, k=1,2,j=01,23 (13a)
v .
aj?(x,t)@xzezo, k=34,j=0123  (13b)
and the terminal conditions
1 0%
v(otr) = gty (b ()
N - (14a)
1 2k
[Tx)kzll_Zka_u)t (X, wy (x, tf)) N
v (x, tf) - M" (x)[v] (x, tf)
1 &, 0h
g I;A—lka—ﬁ (% w(x.ty)) (14b)
1 0%
— m}toa—wl (x,w(x,tf)).

Let us introduce a special perturbation of the optimal
control problem and three lemmas to derive the maximum
principle. Suppose that f (x,t), k = 1,...,N are optimal
control functions corresponding to optimal displacement w’.
Let (xy,t;),...,(xp,tp) be P arbitrary points in the open
region Q) and let fi;(x,f), k = 1,...,N,j =1,...,PbeP
arbitrary subfunctions for every admissible control function
fe € Uy, k = 1,2,...,N. Also, let us assume that x; <
x, < -+ < xp. Choose ¢ > 0 such that x; + P¢ < x, if
X < Xj, xp+Pg < fandt;+¢ <ty foreach0 <i < P.
Let &,...,&p be real parameters satisfying 0 < ¢; < ¢
Let X, = x;and X; = x; + /& + -+ + (/g7 be for
1 < j < P. Hence, the intervals X;<x<X;+ \/q and the
rectangles R;: [Xj,Xj + \/e_j] X [tj,tj + \/s—j] do not have any
intersection for 1 < j < P, respectively. € denotes the vector
(¢)...,€p) € RP; R? is P-dimensional Euclidean space, and
the norm of ¢ is given by |e| = & + --- + &p. The admissible
controls f.(x,t) € Q are defined by

P
Jre (0t) = ﬂ“”’ﬁuﬂ¢g&’ (15)

fkj(x,t), if (x,t)eRj, j=L1...,P,
fork=1,2,...,N.

Lemma 1. Let w, satisfy the system given by (1)-(4) corre-
sponding to the controls f,,(x,t), f,.(x,t), ..., fne(x,1). Con-
sider the following difference functions,

AF (x,t) = F. (x,t) - F" (x, 1),
(16)
Aw (x,t) = w, (x, 1) —w (x,1),



in which
N
F(x,t)= ) fi(x1). (17)
k=1
Note that Aw(x, t) satisfies following equation:
p (x) Aw,, + N (x) [Aw] + M (x) [Aw,] = AF (x,t), (18)

and the following homogeneous boundary conditions:

k 8jAw _ _ .
b] (x,t)w _ —0, k—1,2,1—0,1,2,3 (193)
k ajAw _ _ .
bj (x,1) W » =0, k = 3,4, j=0,1,2,3 (19b)
and also, the zero initial conditions:
Aw (x,0) =0, Aw, (x,0) = 0. (20)

Then,

rsz (x.t;)dx=o0(e), JeAwf (x.t;)dx=0(e),
0

0

¢
th J Aw* (x,t)dx dt = o (¢).

0 Jo

(21)
o(e) is a quantity such that
lim (ﬂ) =0. (22)
=0\ el

Proof. We start the proof by examining the following energy
integral:

1 (¢ 1
E0-; [ {e@sw)?+ INwburfas @3

then, it can be rewritten in [33] as

E(t) = J dEiT)

0

dr

B Jot % J: {2;4 (x) Aw, Awy, (24)

+%N (%) [2AwAw, ] } dxdr.

With integration by parts and using homogeneous boundary
conditions given by (19a) and (19b), (24) becomes

t e
E(t) = Jo L {p (x) Aw,, + N (x) [Aw]} Aw,dx dr

t e
= J J {AF (x,7) Aw, — Aw,M (x) [Aw,]} dx dT
0 Jo

t ot
< J J AF (x,7) Aw, (x,7) dx dr.
0 Jo 03)
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Note that if N(x) is nonself adjoint operator, the foregoing
inequality is also satisfied. By applying the Cauchy-Schwartz
inequality to the space integral, we obtain

t
o]
1/2

< Lt E'* (1) H: (AF (x, T))de] dr.

1/2 1/2

r(Awt)zdx] “: (AF(x,r))zdx] dr

0
(26)

Taking the sup of both sides of (26) leads to

1/2

tr e
sup E (t) < sup E'? () L Uo (AF (x, T))zdx] dr
1 @7)

Loop
=supE2 (t) Zo (81-5/4) ,

i=1

where o(r) is a quantity such that

lim <ﬂ> = constant. (28)

r—0* r

By means of (27), the following inequality is observed for
eacht € [0, tf]:

0<E"” (1) <o(e). (29)

Because 5/4 > 0 [34], the following equality is obtained:
E(t)=o0(¢). (30)
Because the coefficients of (1) are bounded away from zero,

the conclusion of Lemmal is obtained from (30). It is
concluded from Lemma 1 that

li A 1) = 0.
arim | Aw (x,1) =0 (31)
Namely, (1)-(4) have a unique solution. O

Let us define the differential operator Z and its adjoint
operator ./ as follows:

Zw] =p(x)wy + N (x) [w] + M (x) [w,], o)
M) = p(x) vy + N (x) [v] - M™ (%) [v].

Lemma 2. Let v and Aw(x,t) = w(x,t) — w’(x,t) be two
functions which are defined in L*(Q). Also, let us assume that
v and Aw(x, t) satisfy conditions (13a) and (13b) and (19a) and
(19b)-(20), respectively. Then,

t e
J ! J v [Aw] — Aw L [v]} dox dt
0 0

14
- [ fr (et aw (xty) - sw ()

< lnlet) 0 o (e i
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Proof. The reader is referred to [31]. O

Definition 3. For the arbitrary constants, A_,, A_1;, Ags - -

Aviok = 1,..., N, v is the solution of the system equations

(11)-(14a) and (14b). Let w’ be the response function corre-

sponding to optimal control functions f; € U, k = 1,
., N, u be any of the following functions:

Gu (. tw, fi (x,1)),

gik (-xa t) woa f]: (x) t)) 5

u(x,t) = fr € Uy is fixed

u(x,t) =

(x,1) = vak, fr €Uy (34)

k=1

N
u(x,t) = vak, S € Uy is fixed.
k=1

A point (x,t) is called a regular point, for each f;, k =
., N € Uy, if it satisfies the following equality for any
sufficiently small & > 0:

FVE (FE
J* J u(x,t)dxdt =eu(x,t) +o(e). (35)

t x

It can be concluded from [35] that all points of [0, €] x

are regular for each fi, k=1,...,N e U.

Let #, and Z denote the vector valued functional
(I oo I —tio Foger - Faaie)» for k = 1,..., N, and the set
Z = {7 (fi) : fr € Ug} < RM (36)

Definition 4. If there exists a surface in the following form:

P
ke =Tk (fl:)"'zdkj‘gj"'o(e) (37)
=

in Z for sufficiently small ¢; and dj;,...,dyp are any finite

collection of vectors from D, then the set D is called as a
derived set of the set Z at 7, (f;) [36]

Lemma 5. Assume that the points (x;, t;) are regular points in

Q, fori = 1,2,...,P, and 7,(f) is introduced as follows, for
anyfkeUad,k—l . N:

7= (%)
x (91 (xw(nty)) + @ (xw (xt))]

+ [A—Zkth (X, Wy (X, tf))

Ay (vw (o)) } dx

ty ¢ M
" Lf L i:z_z Ma% (b w, £)] dx .
(38)

IfP =1, fork=1,...
Azt At Ao

,N fi € Uy, there exist constants
see s Ay (not all zero) such that

Ay €0,
?k (fks) B
e—0" &

in which fs and f,;’s are functions which are defined in (15).

A <0 (0<i<m),

7 () (39)

<0,

Proof. Define the functionals 7 ., 7 1o F1je - - -
the class of admissible controls by

7= [ e ()

,ij on

t (€
+ J J G_y (x, t,w, fi) dxdt,
0o Jo
¢
Ik (fi) = JO hy (x,w, (1)) dx
t e
+ J J G_y (x, t,w, fi) dx dt,
o Jo

ty (e
fik(fk)ZL L Gy (x.t,w, fi)dxdt, i=1,...,M.
(40)

In order to use the Lagrange multiplier rule, we should
construct a derived set D for the set Z at 7 (f;) [36]. To this

end, functions v, are introduced, for k = 1,2,...,N, j =
-2,-1,1,..., M, satistying
2 ov ik
ot ol
(41a)

), 0<x<eg0<t<ty

aivk
a; (x,1) ]1 =0,
o x=0
a=12 i=0,1,23 -2<j<M, k=1,...,N,
(41b)
a;l (x,t) — o Jk =0,
X x=£
a=34, i=0,1,23 -2<j<M, k=1,...,N,
(41¢)
1 oh
v (ity) = o) auif (ww (xtf)), )
ov_
2 (1) -0
14 1k (.x,tf) = 0,
ov_ 1 oh (41e)
Vatlk( ty) = ma_;k(x’w(x’tf))’
ov;
Vijk (x, tf) =0, a_;k (x, tf) =0, (41f)



and, fork = 1,..., N and j = 0, satisfying

B T 4N () v - M (x)[aa”—g"] .

- N b f),

v (,t) = @% (vw (o)) (42b)
a;Ok( ty) =M () [voi] (1) 0

-1 0%,
= NM (x) % (x,w (X, tf)) .
For each point, (x,t) € (0,¢) x (0, tf),i = -2,-1,0,..,,
M, k=1,...,N, d};(x, t,?k) is defined as follows:
d;( (x, t, Tk) = vy (x, 1) (Tk - fk) + 8, (x, t,w’ (x,t) ,7k)
-G (ot w (x1), fi).

(43)
To show that
D= {dldp = (d (%t f1) > ndi (58 f1)) "
(x,t) a regular point of f;, f, € Uad}
is a derived set for Z at Z,(f;), let dy,,dy,,...,d;p be an

arbitrary finite collection of vectors from D. We must show
that there exist points 7, € Z, which are subject to the vector
parameter € = (g,...,¢p) for all sufficiently small positive
values of & such that

P
Tk = Tk (fl:)+zdkj8j+0(£)- (45)
=1

Since di; € D, j = LPk = .» N, there exist

(x> t1)5 ... (xp, tp) regularity points of f; and subfunctions
x>+ fip € Uyg such that

dkj:( ( Xj J’fkl) .d ( X J’ka)) (46)
j=1,..,P, k=1,...,N.

To show that 7, can be written as 7, = £, (fi.) where f;,
is the admissible control given by (15), fori = 1,..., M, we
observe that

T fre) = T (f)
t 14
= J ' J [?ik ('x’t’ws (x’t)’fks (X,t))
0 0
Gy (o t,w' (1), fy (x,1))] dxdt
tp e
= J J [?ik ('x’t’ws (x’t)’fks (X,t))
0 0
Gy (0t W (x5,1), fie (x,1))] dxdt

t 4
+ J ' J (G (01,0 (x,1), fre (,1))
0 0
-Gy (0w (1), fy (x,1)] dxdt
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t e
j ! J 9k (x, t,w’, fi (x,1)) Aw (x, 1) dx dt
0o Jo ow

P
+lej[gik (xptpw (xp15), fi)
£

=G (xpptpw (xpt5), fi (xp015))]

(47)

In order to obtain (47), we use that f is regular at each of the
points (x;,t;) and we use the conclusion of Lemma 1. If the
following equality is substituted in (33)

agl o o
My = a—k (ot w (1), fr)
v (48)
i=1,....M, k=1,...,N,
it is observed that
ety
J J Aw (x,t) Mvydx dt
0 Jo
ety .
| ] e e - i@ )
P
= e (1) (fig = fis (xpt7)) +0(0).
=1
By means of (43) and (47), we can write
zk (fks) jzk fk dejsj +to (8)
(50)
i=1,...,M, k=1,...,N,
where d};j denotes the ith component of dy;. For i = 0, we
have
Fok (fre) = Lo (i)

19
_J [N T (w' (nty)) dw(xty)
109,
"N ow, = (xwf (1)) dw (x, tf)] dx
(51)

P
+ e [Gow (1 we (),

i1

t;) fij)

), fii)l

e
+ J J'tf (Mvy,) Aw (x,t) dx dt + o (¢),
0

0

_‘Cgok (X],t],w ( j)
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in which £y = (UN) [} [&,(xw(x.t) + &,(xw,(x,

t)ldx + [;' [} Gop(x.t,w, fi)dx dt. Considering (33) and
(41a), (41b), (41c), (41d), (41e), and (41f), it is observed that

th Je Aw (x,1) ﬂvokdth
0 Jo
t 14
= J-Of JO Vox (%, 1) (fk£ (x,t) — f}: (x, t)) dx dt
‘r10% .
[ ()

0%
+Ii7 50 2 (x w, (x,tf)) Aw, (x,tf)] .

If (52) is substituted into (51), (50) is obtained fori = 0, k =
.»N.Fori = -2,-1, (50) can be obtained by using (33)-
(41a), (41b), (41c), (41d), (41e), and (41f). By the definition 7,

one obtains

(52)

P
I (fre) = i (fi) = Y dyjej +0(e), (53)
j=1

where 7, is taken as #(f;,). This completes the proof of
D being a derived set for Z at 7, (f;). Then, there exist non-
positive Lagrange multipliers [36], not zero simultaneously,
satisfying

M .
Y Agd <0,

i=—2

Aok = Ao (54)

for any vector d; = (d,;z,dlzl,dg, ... ,dkM) in D. Let us take
P =1 in the foregoing discussion to obtain the conclusion of
Lemma 5 and put

M
Tk = Z A ik (55)

i=—2
By (50), it follows that

M
T (fre) =T (fi) =€) Apd+0(e),  (56)

i=—2

for any dj, = (d;>,d;",dy,...,d)") in D. Then, we obtain the

proof of Lemma 5 as follows:
lim i (fks) i ()

e—0"

A, d < 57
Z ik (E)]

i==2

Theorem 6 (maximum principle). For the optimal con-
trol functions fi(x,t),..., fy(x,t) € U,y the correspond-
ing optimal state and adjoint variables are w’(x,t) =
w(x, t, f1(x, 1), f5(6,1), ..., f(x,t) satisfying (1)-(4) and
Vi(x,t) = v(x,t, f{ (1), (1), ..., f(x,t)) satisfying (11),
boundary conditions (13a) and (13b), and terminal conditions
(14a) and (14b), respectively. The maximum principle states
that if

K (x, 6,7, f] (1), fry (6 1)]
= max Z [x,t,v, f; (x,1),..., fy(x,0)], k=1,...,N,
Sfk€Uu
(58)

where the Hamiltonian is given by

N
% t.v, fis.os fn] = Zv(x,t)fk
k=1

N M
+ Z Z Aik?ik (x, t,w (x, t) N fk) 5
k=1i=-2
(59)

then the performance index equation (8) is minimized; that is,
Tolfi (ot)soos [y (6] < 7o [fi (1), fiy (1)

for any fi €U,
(60)

Proof. Let (x,t) be a regular point for admissible optimal
control functions f;, k = 1,...,N. By Lemma5, for 0 <
i < m and some A; #0, there exists Lagrange multipliers
Ao Ao Ags - - > Any independent of (x,¢) with A, < 0
such that

N M
DY N v 60 (fi = fi (60) + Gy (vt w (x,8), fi)

k=1i=-2

-Gy (LW (x8), ff (x,1))] <0,

(61)
for any function f; € U,4. Note that the term
N M N M
Y Aava (60 fi+ Y Y My (ntw(x,1), )
k=1i=—2 ko1 i=2 (62)

in (61)

reaches its maximum value at f, = f7(x,t) € Uy, for k =
., N. Let us consider the first term in (62),

N M
Y D A (% 8) fio (63)
k=1i=—2
that can be rewritten in the form
Z Z ZA,kv,k (x,1) f, (64)
k=1i=-2r=1

to be subject to

Aikvik (x, t) fk’ r= k,
r+k

AV (x,1) f, = {0 (65)

>

If we define v = Zk ) Zz——Z Asvir(x, 1), we obtain

Zv(x t) fi + Z lek?,k (o t,w(xt), fi),  (66)

k=1i=-2

the conclusion of the maximum principle. This completes the
proof of Theorem 6. O



Theorem 7. Consider the control system equations (1)-(4) and
(8)-(9a), (9b), (9¢), and (9d). Let the functions Gy be in the
form

?;C (x,t,w) +H,i (%t fi)»
k=1,....N

Gy (x.tw, fi) =

67
i=-2,-1,0,..., M, (67)

and let v satisfying (13a) and (13b)-(14a) and (14b) be the
nonzero solution of

M i
v = Z Z)\lkE)G x,tw (x, t)) (68)

k=1i=-2 ow

Assume that there exist admissible control functions
fl,fz,.. ,fay  and the constants Ay, Ay, i =
-2,- LMk = ., N that satisfy the maximum
principle equations (58). Let us assume that following
assumptions are satisfied:

(@fork = 1,...,N, &, h;, Ci». .., G, are convex
functions of w and G,, h,y are convex functions of w,;
(b) Ay <0, Ay <0, fori=-1,....,m k=1,...,N;

(¢) the constraints equation (9a), (9b), (9¢), and (9d) are
satisfied by f1, frr...> fr

(d) if the strict inequality holds in (9a), (9b), (9¢), and (9d),
the corresponding Lagrange multiplier A, = 0;

(€) =2 Gy —A_ hyy are convex functions of w and
—A_hyy is convex function of w,, for k = 1,...,
N, m<i<M.

Under these assumptions, the maximum principle given by (58)
is also sufficient condition for the admissible control functions
1> f5 -5 fiy to be optimal. The condition (d) is proved in
[36]. If the hyy, Gy, and hyy are linear functions of w and w,,
respectively, the condition (e) is satisfied, fork = 1,...,N, m <
i< M.

Proof. If f;’s and w satisfy (9a), (9b), (9¢), and (9d), then, by
the condition (d),

th J- ik [Gk (X t, w) Gk (x t,w )] dx dt

0

t e 4 '
. j J N [HL (ot £) - Hi (., )] dedt = 0,
o Jo -

for i=-2,- M, k=1,.

following 1nequa11ty

., N. Then, we can write the

Ao [Fo (fvs forevis fn) = Fo (f1 foo s £
e
[l G, () - 5 (s (s,)

+9, (x,w (x, tf)) -9, (x, w’ (x, tf))] dx.
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||\ ME

ty N
J J: Z /\,k {G;c (x.t,w(x1) -G (xt,w (x,1))
k

—

i

- [H (5t fie (x,1)

- H,i (2.1, fr (x, t))]} dxdt

) S0k s (1) = s (s ()

¢ N

[ S G 1) < o ()

(70)
By using the convexity assumption (e),

= Ao [Fo (fis oo S) = Fo (fis foo -

¢ 0% .
> [ 0| 52w (mty) dw ()

0% o
+ 8_2 (x, w, (x, tf) Aw, (x, tf))] dx

Wy

Rl

M

L L Z Z%ka (x5 t,w (x,1)) Aw (x, 1) dx dt

k=1i=-2

M

L L Z Y A [Hi (ot fr (1))

k=1i=-2

—H (., f (x,1)) | dx dt

L Ta D Pk (1)) B (1) d

k=1

O, Oy .
[ g (o] () b (st ) dx

0 k=1

= —r/\o [aai (x w (x tf)) Aw(x,tf)

0

0% .
+a—wj (x,w; (x,t/)) Aw, (x, tf)] dx

- rf r(/ﬂv) Aw (x,t) dx dt
0
t ¢ N M )
* J f J R [Hy, (3., f (x,1))
~Hy (., fi (x,1)) ] dx dt
w' (xt5)) Aw(x,t)

+ )‘-zk% (x, w, (x, tf)) Aw, (x, tf)] dx.
t

(71)
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And finally by applying Lemma 2 and the conditions (13a)
and (13b)-(14a) and (14b), we obtain

Ao [Fo (fis forovos Sn) = Fo (f1s fose s F0)]
> rfj L;v(x, O If: xat) - fi (60)]

0 Jo

N M .
+ 33 A [Hi (.t f (x,1))
k=1i=-2
- Hy (%, fi (x,1))] } dx dt.
(72)

Note that the right-hand side of (72) is nonnegative due to
the condition (b). Then, we obtain

Fo(fit), (61, fn(x1)
= I (fi o), f, (,8) .., fru (x,1)) > 0.
It follows that the maximum principle is also a sufficient

condition for a global minimum of the performance index
(8). It completes the proof of Theorem 7. O

(73)

5. Conclusion

A necessary optimality condition for a general class of dam-
ped hyperbolic partial differential equation in one-space dim-
ension is derived in the form of a maximum principle by
using the derived set and regular point concepts. Under pro-
per convexity assumption on state variable, it is proved that-
the maximum principle is also sufficient condition for the
controls to be optimal . In [1-7], the systems under consider-
ation include only one control function. Also, the necessary
and sufficient conditions for optimality are given for a
single hyperbolic differential equation without damping term
subject to the homogeneous boundary conditions in one-
space dimension. But, in the present paper, as an original con-
tribution to literature, the necessary and sufficient optimality
conditions obtained in [1-7] are generalized for a general
class of damped hyperbolic equation involving damping
and several control functions subject to nonhomogeneous
boundary conditions in one space dimension.
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