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We consider the recently introduced notion of .7 -statistical convergence (Das, Savas and Ghosal, Appl. Math. Lett., 24(9) (2011),
1509-1514, Savas and Das, Appl. Math. Lett. 24(6) (2011), 826-830) in probabilistic normed spaces and in the following (Sengimen
and Pehlivan (2008 vol. 26, 2008 vol. 87, 2009)) we introduce the notions like strong .7-statistical cluster points and extremal limit
points, and strong .7 -statistical continuity and strong .7 -statistical D-boundedness in probabilistic normed spaces and study some

of their important properties.

1. Introduction

The idea of convergence of real sequences had been extended
to statistical convergence by Fast [1] and basic ideas were
further developed in [2-5]. Recall that “asymptotic density”
ofaset A € Nis defined as

d(A) = lim L {k<n:ke A}, )
nHOOn

provided that the limit exists, where N denotes the set of
natural numbers and the vertical bar stands for cardinality
of the enclosed set. The sequence {p, },,cn Of reals is said to be
statistically convergent to a real number p if, for each € > 0,

nangO%|{k£n: |xi — x| > €}| = 0. (2)

The concepts of . and ¥ *-convergence, two important
generalizations of statistical convergence, were introduced
and investigated by Kostyrko et al. [6]. The ideas were
based on the notion of ideal .# of N. Subsequently, a lot of
investigations have been done on ideal convergence (see [7-
17] where many more references both on ideal as well as
statistical convergence can be found). Very recently, ideals

were used in a different way to generalize the notion of
statistical convergence [18, 19] and certain new and summa-
bility methods were introduced and their basic properties
were investigated. More recently these ideas were extended
to double sequences in [20].

On the other hand, the idea of probabilistic metric space
was first introduced by Menger [21] in the name of “statistical
metric space” Probabilistic normed space (briefly PN space)
is a generalisation of an ordinary normed linear space. In a
PN space, the norms of the vectors are represented by the
distribution functions instead of nonnegative real numbers.
Detailed theory of these spaces can be found in the famous
book written by Schweizer and Sklar [22] and the monogram
[23]. One can also see the papers [22, 24-35] where the basic
ideas were established. Several topologies can be defined on
this space. But the topology that was found to be most useful
is the “strong topology” Sencimen and Pehlivan have very
recently extended the notion of strong convergence to strong
statistical convergence in probabilistic metric spaces [36] and
carried out further investigations on statistical continuity and
statistical D-boundedness in PN spaces [37, 38]. These were
followed by the studies of strong ideal convergence in PM
and PN spaces in [10, 13, 39], studies of lacunary statistical
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convergence in PN spaces in [40]. As a natural extension,
we had recently introduced the idea of strong .7 -statistical
convergence in PM spaces [41] and as a followup in this
paper we investigate the notion of strong .7 -statistical limit
and cluster points in PN spaces. Further, we have introduced
the concepts like strong .7-statistical continuity and strong
J -statistical D-boundedness in such spaces and investigated
some of their important properties.

2. Preliminaries

First, we recall some of the basic concepts related to the theory
of probabilistic metric and normed spaces (see [22, 23, 31-
39, 42] for more details).

Definition 1. A nondecreasing function F : R — [0,1]
defined on R with F(-00) = 0 and F(oo) = 1, where R =
[-00, 00], is called a distribution function.

The set of all left continuous distribution functions over
(—00, 00) is denoted by A. One considers the relation “<” on
A defined by F < Gifand only if F(x) < G(x) forall x € R. It

can be easily verified that the relation “<” is a partially order
on A.

Definition 2. For any a € R, the unit step function at a is
denoted by ¢, and is defined to be a function in A given by

if —co<x<a,

%uﬁﬁQ 3)

1, ifa<x<oo.

Definition 3. A sequence {F,},n of distribution functions
converges weakly to a distribution function F and one writes

F, = Fifand only if the sequence {F,(x)}, .y converges to
F(x) at each continuity point x of F.

Definition 4. The distance between F and G in A is denoted
by d; (F,G) and is defined as the infimum of all numbers h €
(0, 1] such that the inequalities

F(x-h)-h<G(x)<F(x+h)+h,

(4)
Gx-h)-h<F(x)<G(x+h)+h

hold for every x € (-1/h, 1/h).

Here, we are interested in the subset of A consisting of
those elements F that satisfy F(0) = 0.

Definition 5. A distance distribution function is a nonde-
creasing function F defined on R" = [0, c0] that satisfies
F(0) = 0 and F(oo) = 1 and is left continuous on (0, co).

The set of all distance distribution functions is denoted
by A*. The function d; is clearly a metric on A™. The metric
space (A*,d}) is compact and hence complete.

Theorem 6. Let F € A" be given. Then, for any t > 0, F(t) >
1—tifandonlyifd;(F,¢,) < t.

Note. Geometrically, d;(F,¢,) is the abscissa of the point
of intersection of the line y = 1 — x and the graph of F
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(if necessary we add vertical line segment at the point of
discontinuity).

Definition 7. A triangular norm (briefly, a t-norm) T is a
binary operation on the unit interval T' : [0,1] x [0,1] —
[0,1] that is associative, commutative, nondecreasing in
each place, and has 1 as identity. The operations defined by
M(x,y) = min{x, y} and n(x, y) = xy are particular ¢-
norms. Given a t-norm T, its T-conorm T™ is defined as a
mappingon [0,1] X [0, 1] by T*(x, ) =1 -T(1 - x,1 - ).

Definition 8. A triangle function is a binary operation
on A*, T : A" x A®* — A", which is commutative,
associative, and nondecreasing in each place, and has ¢, as
identity. Triangle functions can be constructed through left-
continuous t-norms. If T' is such a T-norm, then

7 (F,G)(x) =sup{T (F(s),G(t)) :s+t=x} (5

is a triangle function, where x € R™. If, moreover, T is

continuous, then 7 _ is uniformly continuous on (A", d,). If
% . . T

T is a continuous ¢t-conorm, then

7. (FG)(x) =inf{T* (F(s),G(t)) : s+t =x} (6)

is a triangle function which is uniformly continuous on
(A", dy).

Definition 9. A probabilistic metric space (briefly a PM
space) is a triplet (X, &, ) where X is a nonempty set, & is
a function from X x X into A¥, and 7 is a triangle function.
The following conditions are satisfied for all x, y,z € X:

(PM1) G, %) = &3
(PM2) F(x, y) ey if x# y;

(PM3) F(x, y) = F(y,x);

(PM4) F(x,2) > 7(F(x, ), F(1, 2)).

In the sequel, we will denote F(x, y) by F,, and its value
att by F,(2).

Definition 10. A probabilistic normed space (briefly a PN
space) is a quadruple (X, 7, 7,7"), where X is a real linear
space, T and 7" are continuous triangle functions with 7 < 7*,
and # is a mapping (the probabilistic norm) from X into the
space of distribution functions A* such that, writing N, for
n(p) for all p, g in X, the following conditions hold:

(N1) N, = & if and only if p = 6, the null vector in X;
(N2) N_, =N

(N3) N,y 2 T(N,, Np)s

(N4) N, < (N, s N(1_ap) forall o € [0,1].

A Menger PN space under T is a PN space (X,7,7,7") in
which 7 = 7_and 7" = 7, for some continuous ¢-norm T

and its t-conorm T™. It is denoted by (X, #, T).
Throughout the text, X will represent the PN space
(X, 7,7, 7").
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Theorem 11. Let (X,#,7,7") be a probabilistic normed space
and let § be the function from X x X to A™ defined by

%(x’y):rl(x_y):Nx—y‘ (7)

Then, (X,n,7,7") is a probabilistic metric space (briefly PM
space).

Definition 12. Let X be a PN space. For x € X and ¢ > 0, the
strong t-neighbourhood of p is defined as the set

Nyt)={geX:d (N, &)<t} (8)

Since 7 is continuous, strong neighbourhood system 9 =
{/Vp(t) :t > 0, p € X} that determines a Hausdorft and first
countable topology for X. This topology is called the strong
topology for X.

Remark 13. Throughout the rest of this paper, we always
assume that in a PN space X the triangle function 7 is
continuous and X is endowed with strong topology.

Definition 14. A sequence {p,},cy in the PN space X is said
to be strongly convergent to a point p in X and one writes
p, — porlim,  p, = pifforanyt > 0 there exists a
natural number N such that p, € A » (t) whenever n > N.

Definition 15. Given a nonempty set A in the PN space X, its
probabilistic radius % 4 is defined by

¢, (x), if x € [0,00),
1, if x = oo,

Ry(x) = ‘l )

where I”! f(x) denotes the left limit of the function f at the
point x and ¢, (x) = inf{Np(x) 1 pe Al

Definition 16. A nonempty set A in a PN space X is said to be

(1) certainly bounded if #,(x,) = 1 for some x, €
(0, 00);

(2) perhaps bounded if # 4(x) < 1 for every x € (0, 00)
and l_lgi?A(+oo) =1;

(3) perhaps unbounded if % ,(x,) > 0 for some x, €
(0,00) and l_lﬂA(+oo) € (0,1);

(4) certainly unbounded if I"' % 4(+00) = 0 that is, if
'%A = 800.

Moreover, A is said to be distributionally bounded (D-
bounded) if either (1) or (2) holds; that is, if # , € @ = {F €
A" : I"'F(+00) = 1}; otherwise, if Z, € A™ \ @7, then A is
said to be D-unbounded.

In the following, we now recall some of the basic concepts
related to ideals.

Definition I7. Let X be any nonempty set. A nonempty family
J € P(X) is called an ideal in X if

(1) A,B € .¥ implies AUB € .7;
(2) Ae FandB< Aimply B € .7.

Definition 18. Let X be any nonempty set. A nonempty family
F € P(X) is called a filter in X if

@0 ¢ F;
(2) A,B € F implies AN B € &;
(3) Ae Fand A < Bimply B € #.

If #isanidealin X, then #(¥) = {X\A: A € J}isa
filter in X, which is called the filter associated with the ideal
. Anideal .5 in X is called proper if and only if X ¢ .7. .7
is called nontrivial if .7 # {0}. An ideal is called an admissible
ideal if it is proper and contains {x} for all x € X.

Definition 19. An admissible ideal ¥ is said to satisfy the
condition (AP) if, for every countable family of mutually
disjoint sets {A;,A,,...} belonging to .7, there exists a
countable family of sets {B;, B,, .. .} such that A ;AB; isa finite
setfor every j € Nand B=U?,B; € .7.

Throughout the paper, .# stands for a nontrivial admissi-
ble ideal of N and % (.¥) is the filter associated with the ideal
J of N.

Definition 20 (see [18]). A sequence of real numbers {x,}, cn
is said to be 7 -statistically convergent to x if, for each e > 0
and d > 0,

1
{nEN:—|{k£n:|xk—x|26}|25}€J. (10)
n
In this case, we write x,, — x (S(.%)).

Definition 21 (see [41]). A sequence {x,},y in a PM space
(X, B, 1) is said to be strong .7 -statistically convergent to x
if, for eache > 0and 6 > 0,

{neN:l]{kSn:xk¢./!/x(e)}|28}GJ. (11)
n
In this case, we write x, — x (Spy(-#)) and the class

of all strong .7-statistically convergent sequences is simply
denoted by Spy (7).

Definition 22 (see [41]). A sequence {x,},.y in a PM space
(X, B, 1) is said to be strong .7-statistically Cauchy if, for
every € > 0, there exists a positive integer N = N(¢) such
that, for any § > 0,

{neN:inSn:xkgE/VxN(e)Hz@}EJ. (12)

3. Strong .7 -Statistical Limit Points and Strong
7 -Statistical Cluster Points in Probabilistic
Normed Spaces

In this section, we extend the notions of strong statistical limit
points and strong statistical cluster points in PN spaces using
ideals. Let (X,#, 7, 7") be a PN space.

Definition 23 (see [36]). Let {p,},n be a sequence in X. We
say that a point p € X is a strong limit point of {p,},en



provided that there exists a subsequence of {p,},y that
strongly converges to p. We denote the set of all strong limit

points of {p,,},.en bY L (p,,)-

Definition 24. Let{p,},n be a sequence in X and let { pnj} jeN

be a subsequence of {p,},cn. DenoteK = {n, <n, < ---} =
{nj : jeNLIf forall § > 0,

{neNzlukgn:keKHz@}ej, 13)
n

then we say that { Py, }jen 1s an 7 -statistical thin subsequence
of {p,},en- If; for some & > 0,

{neN:%l{kSn:keKHzé}eJ’, (14)

then { pnj} jen 1s called an 7 -statistical nonthin subsequence
of {pn}neN .

In this sequel, we will abbreviate the subsequence {p,, }en
of {p,}en as {plx, where K = {n, <n, <---}.

Definition 25. Let {p,},cn be a sequence in X. An element
q € X is a strong .7 -statistical limit point of {p,,},,c provided
that there exists a set M = {m; < m, < ---} C N such that,
for some § > 0,

{neN:1|{kSn:keM}|za}¢f, (15)
n

and the subsequence {p,, }xen strongly converges to g. We
denote the set of all strong .7 -statistical limit points of { p, },.cn

by A gz (Pp)-

Definition 26. Let {p,},cn be asequencein X. An elementr €
X is a strong .7 -statistical cluster point of {p,},y provided
that for every e > 0 there is a & = §(e) > 0 such that

{n eN: %Hk <n:dp (Npk_r,so) < eH > 8} ¢ 7. (16)

We denote the set of all strong .7 -statistical cluster points of
{Patnen bY I o) (P)-

Theorem 27. For any sequence {p,},en in X, one has
A7) (Pn) € Tsr)(Pn) € Ls(py)-

Proof. Assume that g € Ag s (p,). Then, there exists a set
M = {m; < m, < ---} such that, for some § > 0, say
0ppin e N: (U/m){k < n: k e M}| = 6,} ¢ 7 and
the subsequence {p,, }ren Of {P,}uen strongly converges to
g. Now, for every e > 0, {n € N : d;(N, ,,&) < € 2
M\ {m, e M : dL(Npmk—q’ &) > €}. Since p,, — g strongly,
the set {m; € M : dL(NPmk
€ > 0. Let € > 0 be given. If possible let, for every § > 0,

_q,so) > ¢} is finite for every
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meN:A/miik <n: dL(NPk_q,so) < €} > 8} € 7. Then,

we have

fren:s lfksnd, (N, pe) <ef] <o}

« {ne N :
Hksn:kEM\{mk € N:dL(Npmqu’so) ZGH'

<5}

={n€N:l|{kSn:k€M}|<8'},
n

S =

17)

where ' > 8+ky/nandk, = [{m;, € M : dL(NPMk_q, &) = €}l.
Clearly, {n e N: (I/m)l{fk <n:ke M}| 28"} c{neN:
(I/m){k < n: dL(NPk_q,so) < €}| = 6}. Now, choose 6 > 0

small enough and 7, € N in such a way that § + ko/n, < 8’ =
&g- Then,

{neNzlukSn;keMHzao}
n

C {n eN: % Hk <n:dp (Npk_q,so) < €}| > 8} (18)

u{L,2,...,ny}.

By our assumption, the set on the right-hand side belongs to
SFandsof{neN: (1/n{k<n:ke M} =34,} € 7, which
is a contradiction. This implies that there is a § > 0 such that
{n e N:(A/mlfk < n:d (N, _5&) <€}l 26 ¢ 7.
Therefore, q € L 7 (p,)-

Next, let g € Ig 7 (p,). Then, for every € > 0, there is a
6 =08(¢) >0suchthat{n e N: (1/n)|{k <n: dL(Npk—q’ &) <
€}| > 8} ¢ 7. This means that there are infinitely many terms
of the sequence {p,},cy in every strong e-neighbourhood of
g; thatis, g € L,(p,). This completes the proof. O

Theorem 28. Let {p,},cn be a sequence in X. If p, —
P (Spy (), then rS(])(Pn) = {p}.

Proof. Let p, — p (Spm(F)). Then, {n € N : (1/n)|{k <
n: dL(Npk,p,sO) > ¢} >0} € Fforalle > 0and d > 0.
Clearly, {n e N : (I/n)[{k < n: dL(NPk_P,so) <€} =8} ¢ 7.
Therefore, p € Ty 7 (p,). Now, assume that there exists at least
oner € Iy 7 (p,) such that r # p. Since the strong topology is
Hausdorff, we can choose t, t' > 0 such that

{n eN:d; (an_,,so) < t'} c {n eN:d; (an—p>80) > t}.
(19)

Hence, we get, for any § > 0,
fren: k< poe s, (1)} =0}

) (20)
cl{neN:slfksn:poer, 0} >0},
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Since p, — p (Spm(F)), the set on the right-hand side
belongs to 7. This implies that, for the chosen t' > 0, {n €
N: 1/nl{k <n: dL(Npk,r,eo) < t'} > 8} € 7 for every
8 > 0. This contradicts the fact that r € Iy 7 (p,). Therefore,
we have Ts.s) (p,) =1p} OJ

Theorem 29. For any sequence {p,},cy in X, the set Ty ) (p,)
of strong J-statistical cluster points of {p,},en is strongly
closed.

Proof. Let p € x(Ig 7 (p,)), where k(A) denotes the strong
closure of the set A (see [22]). Choose t > 0. Then, Iy 7 (p,) N

N () #0. Letr € Ig 4 (p,) N A ,(2). Choose ' > 0 in such
away that #/,(t') € N (). Since r € Ty 7)(p,), there exists a

0; > Osuchthat{n e N: (1/n)[{k <n: p € N, =6} ¢
#. Since /V,(t') C ,/Vp(t), it follows that

{neN “k<nipoen,(t )}|281}

(21)

{neN n|{k<n peed, @)= }
Asin e N: (U/nlfk < n: p e N, = 8,} ¢ 7,
consequently {n e N: (1/m){ik <n: p, e N (t)}| >0} ¢
. Hence, p € I 5 (p,); that is, x(Tg (pn)) < Tgn(pn)-
This proves that Iy 7 (p,) is strongly closed O

Theorem 30. If {p,},cn and {q,},en are two sequences in X
and there exists a set M = {m; < m, < ---} C Nsuch that {n €
N:(1/nfk<n:k¢ M} =8 € Fand Pm, = qu,for all
k € N, then A g 7(Pn) = A g.)(q,) and Tg 7 (P,) = Ts.7)(q,)-

Proof. Assume that u € Ag 5 (p,). Let {p}x = {pnj}jeN be
an . -statistical nonthin subsequence of {p,} that strongly
converges to u, where K = {n; < n, < ---}. Since {n € N :
A/mik<n:k¢ M} >28te F,ineN:(I/n{k<n:ke
K\M}| =268} € 7. But(1/n)l{k < n:k e K}| = (1/m)l{k <
n:ke KnM} + (1/n)l{k < n: k € K\ M}|. Hence,
meN:(A/mik<n:keK} =28 c{neN:(1/n{k<n:
keKnM}|2d8/2lufneN: (1/nml{k<n:ke K\M} >
0/2}. Since the set on the left-hand side does not belong to .
whereas the second set on the right-hand side belongs to .7,
the first set on the right-hand side cannot belong to .#. This
shows that {g} g is a 7 -statistical nonthin subsequence of
{@}nen that strongly converges to u. Hence, u € Ag 5 (q,)
and so A7) (p,) S Ag(q,). Similarly, we can prove that
As7)(@n) € A (Pn)- Hence, A7) (p,) = Agir)(qn)-

The second assertion Iy 5 (p,) = Tg.)(q,) can be
similarly proved. O

4. Strong .7 -Statistical Continuity in
Probabilistic Normed Spaces

In this section, we introduce the notion of the strong .7-
statistical continuity and investigate the same for a proba-
bilistic norm, vector addition operation, and scalar multipli-
cation.

Definition 31. Let (X,n,7,7") and (Y,7,7,7") be two proba-
bilistic normed spaces. A function f : X — Y is said to
be strongly .7-statistically continuous at a point x, € X if
x, — %o (Spy(F)) implies that f(x,) — f(x;) (Spp(F)).

If f is strongly 7-statistically continuous at each point
of aset M C X, then f is said to be strongly .7-statistically
continuous on M.

Theorem 32. Let (X,#,7,7") bea PN space. Let X be endowed
with the strong topology and let A™ be endowed with the d, -
metric topology. Then, n; is a strongly .7 -statistically continuous
mapping from X to A™.

Proof. It is known that the probabilistic norm # is a uniformly
continuous mapping from X to A*; that is, for any t > 0,

there exists a A > 0 such that d; (N, N;) < t whenever

p € N ,(A). Now, let {p,},,c be a sequence in X such that
P — P Spym (). Then, we have, for each t > 0, {n € N :
dy(N,,Ny) 2t} € {neN:p, ¢ 4,1} Clearly, for all
t>0and o >0,

fnen: = |fksnid (N,.N,) > o} > 0]
(22)
clren:fksnipoes, 20

—

Since p, — p (Spy(F)), the set on the right-hand side
belongs to 7. Consequently, for any t,6 > 0, {n € N :
(I/ml{k < n : d(N,,N,) > t}| > &} € .7. Hence, by
definition, we have N — N, (Spp(-7)). This means that
1 is a strongly .7 - stat1st1cally contlnuous mapping. O

Theorem 33. Let (X,7,7,7") be a PN space. Let X be endowed
with the strong topology and let A* be endowed with the d, -
metric topology. Also assume that X x X is endowed with
the corresponding product topology. Then, vector addition is a
strongly 7 -statistically continuous mapping from X x X to X.

Proof. Let {p,},en and {g,},en be two sequences in X such

that p, — p (Spm(F)) and 4, — qSpm(F)). As
Nipsgo-pra) 2 TWNppNo—g)s diN(p 1) (prgpr &) <
LN, 5o Ny _g)> &) for every n € N. Again since conti-

nuity of 7 1mphes its uniform continuity, it follows that for
any t > 0 thereisa A > 0 such that d;(7(F,G),g,) < t
whenever d;(F,¢,) < A and d;(G,g,) < A, where F,G ¢
A", Now, let t > 0. Then, we can find a A > 0 such that
dL(T( —p» Ny —g)»€) < t whenever dL( _pr &) < A and
d (N, - q,so) < /\ Hence, d(N(p, 1q.)-(p+q)° 80) < t whenever
Pn € ¥ p(A) and g, € # (A). Thus, we have, for all ¢ > 0,

{” eN:d; (N(pn+qn)—(p+q)’50) = t}
(23)

c{neN:p, ¢/, MulneN:q, ¢/, W)}



Therefore, we have, forallt > 0and § > 0,
1
{” €N: " Hk <n:d (N(Pk+qk)*(P+q)’€o) 2 tH = 5}

1 8
c{neN:Z'{ksn:pk¢ﬂp(/\)}|25} (24)

1 )

U{neN:;Hkgn:qké/l/q()\)ﬂzz}.
Since p, — p (Spy(F)) and g, — g (Spp(F)), each set
on the right-hand side belongs to .7 and so their union also
belongs to .#. Therefore, we get, for eacht > 0and§ > 0, {n €
N (1/ml{k < n 2 di (N 1q)-(prq) &) =t} = 8} € 7. This
shows that (p, + q,) — (p +q) (Spy(F)) which completes
the proof. O

Corollary 34. Let (X,#,7,7") be a PN space. The mapping v
from X x X to A" defined as v(p,q) = N, for any p,q € X
is strongly 7 -statistically continuous.

Proof. Proof of this result immediately follows from Theo-
rems 32 and 33. O

We now investigate the strong .7-statistical continuity
properties of scalar multiplication given by ./ («, p) = ap for
alla e Rand p € X.

Lemma 35 (see [37]). Forany« € R, r € X, and h > 0, there
existsa A > 0 such that d;(N,,,&,) < h wheneverd;(N,,¢,) <
A

Theorem 36. The mapping M is strongly .7 -statistically con-
tinuous in its second place; that is, for a fixed « € R, scalar
multiplication is a strongly .7 -statistically continuous mapping
from X to X.

Proof. Let « € R be fixed and let {p,},n be a sequence in
X such that p, — p (Spp(-#)). Then, by Lemma 35, for any
h>0,wecanfinda) > Osuchthat{n € N:d; (N, _,,&) <

A} € {n e N1 d (Nyp, _p)» €) < h}. Therefore, for any § > 0,

1
fren: Sk snid (Nypopreo) = 1| = 6}
(25)
c {n en: L {k<n:d (N, )= Al 28}.

n

Since p, — p (Spy(F)), the set on the right-hand side
belongs to .#. Therefore, forany 4 > 0 and 6 > 0, {n € N :
(I/ml{k < n: d (N (pr — p)&) = h}| = 8} € 7. Hence,
ap, — ap (Spy(F)). O

However, in general, the mapping . needs not to be
strongly .7 -statistically continuous in its first place.
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Example 37 Let X be the real line R viewed as a one-
dimensional linear space and let T = 1y, and t* = 1), where
Ty and T, are the continuous triangle functions defined by

(tw (F,G)) (t) = sup {max{F (u) + G(v) — 1,0} : u+ v = t},

(1p (F,G)) (t) = sup {min {F (1) ,G ()} : u+v = t}.
(26)

For p € R, define 7 by setting #(0) = ¢, and

:|ﬂ+18+ 1
Pl +27 " [p] +2

for p#£0. (27)

W(p):Np €

00>

Clearly, (X,#,7,7") is a PN space. Choose an infinite set A €
#. Now, consider the real sequence {w,,}, . defined by

1, ifneA,
- 28
%=1 fnenya (28)
n

0 (Spp(F)) but
d (N, p> &) + 0 (Spy(F)). This example shows that the
mapping from R into X defined by a +— «ap is not strongly
J -statistically continuous for any fixed p € X; that is, the
mapping . is not strongly .7 -statistically continuous in its
first place.

It can be easily shown that «, —

A triangle function 7” is called Archimedean if 7* admits
no idempotents other than ¢, and €,,. More details on
Archimedean triangle function can be found in the book [22].
If 7" is Archimedean, then we can establish the following
lemmas.

Lemma 38 (see [37]). If t™ is Archimedean, then, for any p €
X such that N, # &, and any h > 0, there exists a f > 0 such
that d; (N, &) < h whenever |a < B.

Theorem 39. If (X,n,7,7") is PN space such that t* is
Archimedean and if N, #¢, for every p € X, then for
any fixed p € X the mapping M is strongly 7 -statistically
continuous in its first place.

Proof. Let p € X be fixed and let {«,},,c be a real sequence
such that o, — « (S(.#)). Let h > 0 be given. By Lemma 38,
we can find a f > 0 such that d; (N(,_y),, &) < h whenever
|r — af < . In particular, o, — | < f implies that
d;(N(g,-a)p> €0) < h. Therefore, {n € N : d; (N, _a)p>&) >
h} € {n e N:|a, —al| = f5}. It now readily follows that, for all
6>0,

fren: Sk <n:d, (N ope) 2 1| 2 6
(29)

g{neN:%|{k§n:|¢xk—(x|2[3}|26}.

Since o, — « (S(.7)), the set on the right-hand side belongs
to 7 and, consequently, forany § > O and h > 0, {n € N :
(1/n)l{k < n : dL(N(ak,a)p,so) > h}| > 8} € 7. Therefore,
a,p — ap (Spy(F)) as desired. O
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The following lemmas will be needed to prove our next
result.

Lemma 40 (see [37]
peX

). If0 < a < B, then Ng, < N, for any

Lemma 41 (see [37]). Let T be a continuous triangle function
and let S be the set of all triplets (F,G, H) in A" x A" x A" such
that F > 1(H,G) and G > ©(H, F). Then, for any h > 0, there
exists a A > 0 such that if (F,G,H) is in S and d; (H, gy) < A,
then d;(F,G) < h.

Theorem 42. Let (X,1,7,7") be a PN space such that T* is
Archimedean and N, # €, for all p € X. Then, the scalar
multiplication is a jointly strong 7 -statistically continuous
mapping from R x X endowed with the natural product
topology onto X. Furthermore, the mappingy' : Rx X — A*
given by ' (e, p) = nap) = N foranya € Randany p € X
is also jointly strong .7 -statistically continuous.

Proof. Let {p,},cn be a sequence in X such that p, —
P (Spm(F)) and let {a,},c be a real sequence such that
a, — o (S(F)).Consider theset M, = {n € N : |a,—«| < 1}.
Since o, — « (S(7)), we have, for every § > 0,
mneN:QA/mlfk <n:lo —of =1} = 6} € J; that is,
fneN:A/m{k<n:k¢ M} =06 e S Nowifn e M,
then |o,| < |a| + 1. From the properties of probabilistic
norm, we have N , o0 = T( a,(py-p) Niay-a)p) =

TN, Nywpp) 2 (lal+1)(p,~p)> N(a,e0p)-
us, if n € M, then we have Ay (N, p,-ap) €0) <
AL (T(N(ag+1)(p,-p)> Nio,-a)p)> €0)- Next, let £ > 0. Since

7 is uniformly continuous, we can find a A > 0 such
that d(T(N(as1)(p,-p) Na,-a)p)€) <t whenever
dL(N(|06|+1)(Pn*P)’£0) < A and dL(N(“nfa)p,q)) < A. For
such a A > 0, consider the sets

&) <A},

M, = {neN:dL(

(lal+1)(p,—p)°
(30)
My = {neN:d (N wpe) <Al
Ifk € M; N M, N M;, then clearly d; (N4, p, ~ap)> &) < t.
Hence, {n € N : dL(N(%Pn,ap),eO) >t} € {n e N :

Ay (Ngas1)(p,—p €0) = AL U{n € N di (N _a)pr &) 2
AMU{n € N: |a, — a] > 1}. Consequently, we can write
(I/ml{k < n @ AN p-apy &) =t < (A/n)l{k < n :
L(N (leel+1)(pe—p)> 80) 2 AH + (1/n)|{k <n: dL(N (—a)p> 50) =
A+ (1/n)

[{k <n: |y — «f > 1}]. Then, for any § > 0,
{n eN: % Hk sn: dL (N(‘kak"xp)’so) 2 t}' 2 6}
C {n eN:

1
[{ke <2 dy (v (Nateny-py Neay-rp) ) 2 2}|

n
26}

é
- {T’l € N : % Hk <n: dL (N(|a|+1)(Pk—P)’80) > AH > g}

W[ >

U {n eN: % Hk <n:d (N(ak_a)‘o,so) > AH >

}

1 1)
N: = [{k : - 1 — .
U{ne nl{ <n:|og-af> }|23}

(31)

Clearly, all the three sets on the right-hand side of the
expression belong to .7. Therefore, for any 6 > 0, {n € N :
(I/m)l{k < n: d (N, p-ap)» €0) = t}l = 8} € 7 which shows
that &, p, — ap (Spy(F)). This completes the proof of the
first part of the theorem.

Let us now show that the mapping 4’ is jointly strong
J -statistically continuous. Assume that p, — p (Spp(F))
and o, — « (S(7)). Then, we have at,,p, — ap (Spp(F)).
Therefore d; (N, &) — 0 (S(.#)). Now, we can write,

a, py—ap’
for every n € N, N, , > T(Ng , _op> Nop) and N, >
T(Nap-a,p,» N p,)- BY Lemma 41, we can say that for any h >

0 there exists a /\ > 0 such that d; (N, , , Ny,) < h whenever
A (Ng, p —ap>€) < A. Now, using the argument similar to
that of the preceding proof, we obtain d; (N, ,,N,,) —

0 (S(.)). Hence, it follows that ' is jointly strong .7-
statistically continuous. O

5. Strong .7 -Statistically D-Bounded
Sequences in Probabilistic Normed Spaces

Definition 43 (see [38]). Let (X,%,7,7") be a PN space. A
sequence {p,},cn in X is statistically D-bounded provided
that there exists a set K = {n;, < n, < ---} < N with
0(K) =lim,,_, ,(1/n)[{k < n: k € K}| = 1 such that {pnk}keN
is D-bounded.

In this section, we generalize the above definition for
sequences in a PN space and introduce the concept of a
strongly .7 -statistically D-bounded sequence.

Definition 44. Let (X,#,T, 7") be a PN space. A sequence
{p.tnen in X is strongly 7 -statistically D-bounded provided
that there exists a set K = {n, < n, < ---} ¢ N such that
fneN:(/n{k<n:k ¢ K}| >0} € Fforany § > 0 and
{Pn, }ken is D-bounded.

= Ry, € 2*. Note that

a D-bounded sequence is always strongly .7-statistically D-
bounded, but the converse is not generally true.

Clearly, in this case, # Py keN)

Theorem 45. A sequence {p, }, v it the PN space X is strongly
I -statistically D-bounded if and only if there exists a set K =

{ny<n, <---twithineN:(I/n)[{k<n:k¢ K} >68le s
for any 8 > 0 and a distribution function G € D" such that
N, =G,

Proof. The proof of the theorem immediately follows from
Theorem 2.1 of [29] and Definition 44. ]

Example 46. Let us consider the simple space (R, | - |, G, M),
where | - | denotes the usual norm on R; G € A", G#¢y, &,



and the probabilistic norm#: R — A" is given by 5(0) = ¢,
and, fort > 0, p#0,

np(f)=Np(t)=G<ﬁ). (32)

This space is called Menger PN space under M where M is the
t-norm defined by M(x, y) = min{x, y}. Now, assume that
there is a x, € (0, c0) such that G(x,) = 1 and I"G(0) = 0.

Next, assume that N = U?ZID ; is a decomposition of N
(ie, D N D; = 0 for k+1) where D; (j = 1,2,3,...) are
infinite sets defined as D, = {2771(2s = 1) : s € N}. Denote
by .7 the class of all A ¢ N such that A intersects only a finite
number of D's. It can be easily verified that .7 is an admissible
ideal. Note that IDj(l,n)|/n = (1/nl{ik <n:ke Dj}I <
1/2/7" forall j € N. Now, for every & > 0, there exists a j, € N
such that |Dj0(1,n)|/n < 1/2%71 < 8. Therefore, {n € N :
IDjU(l,n)I/n >0} < {D, UDZU---UDjO,l} = A (say). Clearly,
A € J. We define a sequence {p,},,n 10 the PN space (R, |- |,
G, M) by

_|n ianDjo (33)
Pn=1 ifn¢D,.

The subsequence {p} , where ¢ stands for the complement,
Jo

is certainly bounded and hence D-bounded in (R, | - |, G, M).
Moreover, the subsequence {p} D, i certainly unbounded in
(R, ||, G, M). Therefore, the sequence {p,,},,c is strongly .7 -
statistically D-bounded, but it is not statistically D-bounded
as 6(D jo) +0.

We now present certain results which are modifications of
similar results proved for statistically D-bounded sequences
[38]. The proofs of these results are parallel to the correspond-
ing results of [38] with necessary modifications.

Theorem 47. If {p,},n is a strongly F-statistically D-
bounded sequence in the PN space (X, 1, T, 7"), then there exists
a D-bounded sequence {q,},n and a strongly .7 -statistically
null sequence {r,,}, such that p, = q,, + 1, for alln € N.

Proof. Let {p,},cn be a strongly .7-statistically D-bounded
sequence in the PN space. Then, there exists a set K = {n; <
ny<---}cNwith{neN:(A/m){k<n:k¢K} >} e,
for any § > 0, such that {p}x is D-bounded. Now, define

P if n e K,
n = 6, otherwise,
(34)
{9, if n e K,
rn = .
p,» otherwise.
We have, for eache > 0and § > 0,
fren: |k <nid, (N, pe) =] >0}
(35)

g{neN;lukgn:uana}.
n
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Since the set on the right-hand side belongs to .7, {n € N :
(1/m){k < n : dL(Nrk—9>80) > e}| > 6} € J. Thus, r, —
0 (Spp(F)). The sequence {g,} ey is clearly D-bounded. It is
easy to see that p, = g, +1,, where {q,},,cn is D-bounded and
r, = 0 (Spy(F)). O

Theorem 48. Let (X,#,7,7") be a PN space in which n(X) €
D" and D" is invariant under T; that is, T(D" xD") < D' If
{Putuen is a sequence in X such that p, — p (Spy(F)), then
{Putnen is strongly 7 -statistically D-bounded.

Proof. Let p, — p (Spy(F)). Then, for each G € D™\ {g,},
thereexistsaset K = {n; <n, <---}with{n e N: (1/n)|{k <
n:k¢ K} =08} € 7, forany§ > 0, such that ank_ > G.
Therefore, ank > T(ank,p,Np) > 1(G, Np)for alln, € K. By

our assumption, we have 7(G, N ) € 2% and now the result
follows from Theorem 45. O

Theorem 49. Let (X,#,7,7") be a PN space in which n(X) <
D" and D" is invariant under . If {p,} e is strongly F-
statistically Cauchy sequence in X, then it is strongly .7-
statistically D-bounded.

Proof. Let {p,},cn be strongly 7-statistically Cauchy. Then,
for every G € O* \ {¢,}, there existsaset K = {n; <n, <---}
for which {n e N : (1/n)l{k < n: k ¢ K}| > 6} € J for any
8 >0andaN € N, such that N >G. LetG € D7\ {g,}

pnkpr -
be given, and then we can find a N € N such that N P
"k
T(NPnk—PN’NPN) > 7(G, N, ). By our assumption, we have

7(G,N pn) € 2% and the rest follows from Theorem 45. O

Theorem 50. Let {p,},.n be a strongly J-statistically D-
bounded sequence in the PN space (X,n,7,7"). If D" is
invariant under T, then the sequence {&p,},cy is strongly .7 -
statistically D-bounded for every fixed o« € R.

Proof. By axiom (N2), it is sufficient to consider the case o >
0.If = 0 or @ = 1, then {ap,},cy is strongly 7 -statistically
D-bounded. Let « € (0,1). Since {p,},en is strongly .7-
statistically D-bounded, there exists a set K = {n; < n, <
...} cNsuchthat{n e N: (1/n)[{k <n:k ¢ K}| >6} ¢ 5
for any 8 > 0 and R, € 2. Thus, we have Nop, =

ank > R(p), which means that Z,,, € D", where {ap}x =
{ap,, ke Therefore, {ap,},ey is strongly 7 -statistically D-

bounded. Now, let « > 1 and set m = ||| + 1. Then, Nyp, 2
3

Nmpl"k 2 T(N(m*I)Pnk’NPnk) 2 TfT(N(m’Z)Pnk’ank)’N "k) 2

7" (N nk,...,ank) > T (‘%{P}K"

Tmil(%{p}l(, ey (%{ }K) € 9+. Hence, %{
completes the proofl?

""%{P}K)’ where

€ 9" which
O

apli

Theorem 51. Let {p,},cny and {q,},eny be two strongly 7-
statistically D-bounded sequences in the PN space (X,n,7,7").
If 9" is invariant under 7, then the sequence {p, + q,},en i
also strongly 7 -statistically D-bounded.

Proof. Let {p,},en and {g,,},cn De two strongly .7 -statistically
D-bounded sequences in the PN space (X,#,7,7"). Then,
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there exist sets K = {k; < k, < ---} ¢ Nand L = {[; <
I, < ---} ¢ Nsuch that forany § > 0, {n € N : (I/n)|{k <
n:ke¢ K} >682e Fand{me N: (A/mik <n:k¢
L} > §/2} € Jand Ry, , Ry, € 2*. Now, consider the
set KNL = {n, <n, <---} ¢ N. Obviously, K N L#0.
We also have {n € N : (I/n)|{k < n : k ¢ KnL} >
S cfmeN:(A/miik <n:k¢ K} =382uin e
N : (1/n){k < n : k ¢ L}| > §/2}. Since both sets on the
right-hand side belong to .#, then {n € N : (1/n)|{k < n :
k ¢ KnL} > & € #. We observe that, forn, € KN L,

bty 2 TWNp, o N, ) 2 TN, Rig), ) 2 T(F 0 Ryg,)
and therefore we can write %{p”k+an:keN} > (R Rig,)>

where Z,, € D" and R, € D. By our assumption
T(%{P}K’%{q}l) (S 9+. Thus, (%{Pnk"'%k:kEN} (S 9+ for all
meKnLand{neN: (I/n){k<n:k¢ KNL} >6te S
for all & > 0. Thus, the sequence {p, + g}, yields a D-
bounded subset of X. This completes the proof. O

Corollary 52. Let (X,n,7,7") be a PN space. If D" is
invariant under T, that is, 7(2% x @) < D7, then the set
of all strongly 7 -statistically D-bounded sequences in X forms
a real linear space.
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