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Inspired by Moudafi (2011) and Takahashi et al. (2008), we present the shrinking projection method for the split common fixed-
point problem in Hilbert spaces, and we obtain the strong convergence theorem. As a special case, the split feasibility problem is

also considered.

1. Introduction

Let C and Q be nonempty closed convex sets in real Hilbert
spaces H, and H,, respectively. The split feasibility problem
(SFP) is to find

x € C, such that Ax € Q, 1)

where A : H, — H, is a bounded linear operator. We
use @ to denote the solution set of the SFP (1). The SFP
in finite-dimensional Hilbert space was first introduced by
Censor and Elfving [1]. In 2010, Xu [2] considered the SFP
in the setting of infinite-dimensional Hilbert space. The SFP
has received much attention due to its wide applications in
signal processing, image reconstruction, intensity-modulated
radiation therapy, and so on (see [3-6]). Several iterative
methods can be used to solve the SFP (1). Censor and
Elfving [1] constructed the iterative process which involves
the computation of the inverse of a matrix. A more popular
algorithm that solves the SFP is the CQ algorithm of Byrne
[3, 4]; that is, let x,, be an arbitrary point in H;:

Xp+1 = PC (I - YA* (I - PQ) A) Xn> (2)

where y > 0 is a parameter and P- and Py are metric
projections onto C and Q, respectively.

Let K be a nonempty closed convex subset of a real
Hilbert space H and let T : K — K be a mapping. We
denote by Fix(T') the fixed-point set of T; that is, Fix(T) =

{x € K : Tx = x}. A mapping T K — Kis
nonexpansive if [Tx — Ty| < |x — y| forall x,y € K. A
mapping T : K — K is quasinonexpansive if Fix(T) # 0
and [|[Tx — yll < |lx — yll forall x € K and y € Fix(T).
It is known that the fixed-point set of a quasinonexpansive
mapping is closed and convex (see [7, 8]). There are some
quasinonexpansive mappings which are not nonexpansive
(see [9-11]). For example, the level set of a continuous convex
function is characterized as the fixed-point set of a nonlinear
mapping called the subgradient projection, which is not
nonexpansive but quasinonexpansive.

Now we focus our attention on the following two-
operator split common fixed-point problem (SCFP):

find x* € C, such that Ax™ € Q, (3)

where A : H; — H, is a bounded linear operator and U :
H, — H,andT : H, — H, are two quasinonexpansive
mappings with Fix(U) = C and Fix(T) = Q. The solution set
of the SCFP (3) is denoted by

I={x"eC:Ax" €Q}. (4)

As far as we know, the SCFP is introduced by Censor and
Segal [12]. By taking U = P; and T = P, the SCFP
reduces to the SFP. Hence, the SCFP is a generalization of the
SFP. Moudafi [13] considered the following algorithm for the
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SCFP: let x, € H, be arbitrary, u;, = x;, — yBA*(I — T)Ax;,
and
X = (1= o) g + oq U () ©)
where 3 € (0,1), o € (0,1), and y € (0,1/Af3), with A being
the spectral radius of the operator A* A. He obtained the weak
convergence of the algorithm (5).
In 2008, Takahashi et al. [14] developed the shrinking
projection method for the nonexpansive mapping. Let T be

a nonexpansive mapping of K into itself such that Fix(T') + 0.
Let xy € H,C, = Kand u; = P x5

In = Gy + (1 - an) Tun’

Cun = {2 € Gty — 2 < Ju, - [},

Upn = Fe, Xo>
(6)

where 0 < &, < a < 1. They proved that the sequence {u,,}
converges strongly to PrixryXo-

Motivated by the above results, especially by Moudafi
[13] and Takahashi et al. [14], in this paper, we present the
shrinking projection methods for the split common fixed-
point problems. As a special case, the split feasibility problem
is also discussed.

2. Preliminaries

Throughout this paper, let N and R be the sets of positive
integers and real numbers, respectively. For any x € H, there
exists a unique point Pyx € K such that

s~ Pexl < -yl vy ek, )

where K is a nonempty closed convex subset of a real Hilbert
space H. The mapping Py is called the metric projection of H
onto K. Note that Py is a nonexpansive mapping. For x € H
and z € K, we have

z=Px e (x—-z,y-2z)<0 forevery yec K. (8)

We say that a mapping T : K — K is demiclosed at zero
if for any sequence {x,} ¢ K which converges weakly to x, the
strong convergence of the sequence {Tx, } to zero implies that
Tx = 0. It is well known that I — T' is demiclosed whenever
T is nonexpansive. In fact, this property is satisfied for more
general mappings (see [15, 16]).

We will use the following notations:

(1) x,, — x stands for the strong convergence of {x,,} to
X5

(2) x,, — x stands for the weak convergence of {x,} to x;

3) wy(x,) = {x: E!xn]_ — x} denotes the weak w-limit
set of {x,}.

Here are two useful lemmas.

Lemmal. Letx, y € H and let A € R. One has

o+ (1 ) |
2 2 2 (9)
Al + (=) [y A=A -y
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Lemma 2 (see [17]). Let K be a closed convex subset of a real
Hilbert space H and let {x,} be a sequence in H and u € H.
Let q = Pxu. If {x,} satisfies the following conditions:

@) w,(x,) C K,

(2) llx,, — ull < lu —qll for alln € N,

then one has x,, — q.

3. Shrinking Projection Methods

Now we are in a position to give the shrinking projection
method for split common fixed-point problem (3).

Theorem 3. Let H, and H, be real Hilbert spaces and let A :
H, — H, be a bounded linear operator. Let U : H, — H,
and T : H, — H, be two quasinonexpansive mappings with
Fix(U) = C and Fix(T) = Q. Suppose that I — U and I —
T are demiclosed at zero and solution set T of the SCFP (3) is
nonempty. For u € H, chosen arbitrarily, C, = H,, h; = Pc u,
define a sequence {h,} by the following algorithm:

w, = h,-yA* (I-T) Ah,,

In = &,w, + (1 - (Xn) an’
Cpa = {2 €C, |y, — 2| < |, 2|}
h

nel = PC u.

n+1

(10)
If the following are satisfied:

(1) {«,} € (0,1) and liminf, | e, (1 —a,) > 0,

(2) 0 <y < (1/App+), where A4, denotes the spectral
radius of the operator AA™,

then the sequence {h,} converges strongly to Pru.
Proof. We first show that I' ¢ C,, for all » € N. It is obvious

that I is contained in C; = H,. Suppose that I' ¢ C;. for some
k € N. We have, forany p e T c Cy,

Iy - oI’
= Jloewi + (1 = ) Uy P"2
< ollwy - plI” + (1 - ) i - pf*
= = yA" 1 =T) Al — p|’
= I = pI” = 2y (A" (1 =) Ay = p)
+y*|AT (1 -T) ARy

= |\ = p||* +2y (TARy - Aly, Aby — Ap)
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+y*{(I-T) Ahy, AA* (I - T) Ah)
< e = pI” + YA pae (1= T) ARy

+y [|TARy - Ap|* - |TAR - ARy - | Ay - Ap|’]
< |l = pI* + ¥ A aa | = T) ARy

~y|TAR - Al
= = pI* + ¥ (Phan- = DT -T) Al

2
< [l - pll™
(11
It follows that p € Cy, . Thus, we getI' ¢ C,, for all n € N.
Next we show that C,, is closed and convex for all n € N.
The set C, = H, is obviously closed and convex. Suppose that

C, is closed and convex. We see that C,,, is closed and convex
since ||y, — z|l < ||k, — z| is equivalent to

“yn"z - "hn"2 -2 <yn - hn’z> <0. (12)
It follows that C,, is closed and convex for all n € N. Therefore,

we obtain that the sequence {h,} is well defined.
From h,, = P¢ u, we have

(u-h,h,—y)=0 VyeC,. (13)

Recalling that ' ¢ C,, one has

(u-h,h,—p)>0 Vpel. (14)
Hence,
0<(u-hyh,-p)
=(u-hy,h,-u+u-p)
<= Ju =By * + e = Ju - ]
(15)
This implies that
e = o]l < 1 = (16)

which yields that {4} is bounded.
Fromh, = P uand h,,, = P _u € C,,, C C,, we get

0< <I/l - hn’hn - hn+l>
, 17)
<= o= hl” o+ = P e = B ]
which gives that
v =h,| < v = hpe |- (18)
Hence,

the limit nango v = b, exists. (19)

It follows from (17) that
“hn - hn+1||2
= = ull* + 2 1y = s u = )
# = by |
= “hn - u"2 +2 <hn —UU - hn + hn - hn+1>
i (20)
e
= _"hn - u”2 +2 <hn - hn - hn+1>
# = b |
< [, =l + u = B
Thus, we get
nli_,néo "hn - hn+1" =0. (21)
The fact that h,,, = P; _u € C,,, gives
"yn - hn+1" < “hn - hn+1|| — 0. (22)
The expressions (21) and (22) yield
lim ||y, —h,| =o0. (23)

We will prove that w,,(h,,) ¢ I'. Without loss of generality,
we assume that i, — h*. It follows from (11) that

y (1= yAaa) (T =D AR, |
< I, = pl* = I3 - 2l
< ("hn - P" + "yn - p”) ”hn - yn“ .

(24)
This together with (23) implies that
Jim |[(1-T) Ah,| = 0. (25)

We have Ah™ € Fix(T) = Q since I — T is demiclosed at zero.
Using (2?) and (25), we get w, — h*. For any p € T, one
has
7. - oI’
= |e,w, + (1 - a,) Uw, — p||2
= a,Jw, - pl* + (1 - &) [Uw, - p|’
& (1 - “n) ”an - wn“Z
< "wn - P"2 -, (1 - (xn) “an - wn"2

<[y = ol - o (1~ ) [Uw, ~ w, |,
(26)



which implies that
X (1 - ‘xn) “an - wn"2

= "hn - P”z - "yn —P“2

< ("hn - P“ + “yn - P”) "hn - yn” '
(27)

Therefore, one has

Jim [Uw, - w,| = o0. (28)

It follows that h* € Fix(U) = C since I — U is demiclosed
at zero. Thus, we have obtained w,(h,) € I. According to
Lemma 2, we see that h, — Pru. O

By Theorem 3, we immediately obtain the shrinking
projection method for the split feasibility problem.

Theorem 4. Let H, and H, be real Hilbert spaces and let C and
Q be nonempty closed convex subsets of H, and H,, respectively.
Let A: H, — H, be a bounded linear operator. Suppose that
the solution set ® of the SEP (1) is nonempty. Foru € H, chosen
arbitrarily, C, = H,, h; = Pc u, define a sequence {h,} by the
following algorithm:

w, = h, —yA" (I - Py) Ah,,

oW, + (1 - ‘xn) PCwn’

Vn
Cont = {2 €Cy x|y = 2| < |1, - 2|},

hn+1 = Pcn+l u.
(29)

If the following are satisfied:

(1) {«,} € (0,1) and liminf, | o, (1 —e,) >0,

(2)0 < y < 1/Apuv, where A,y denotes the spectral
radius of the operator AA™,

then the sequence {h,} converges strongly to Pgu.

Remark 5. Letting u = 0 in Theorems 3 and 4, we obtain the
shrinking projection methods for minimum-norm solutions
of corresponding problems.
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