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We deal with the existence of constant sign solutions for the following variable exponent system Neumann boundary value problem:
—div(|Vu?P72Vu) + Aul?P2u = F,(x,u,v) in Q, —=div(|Vv|[*2Vv) + A%y = F,(x,u,v) in Q, 0u/dy = 0 = dv/dy on dQ.
We give several sufficient conditions for the existence of the constant sign solutions, when F(x;, -, -) satisfies neither sub-(p(x), g(x))
growth condition, nor Ambrosetti-Rabinowitz condition (subcritical). In particular, we obtain the existence of eight constant sign

solutions.

1. Introduction

In recent years, there is a lot of interest in the study of various
mathematical problems with variable exponent (see [1-32]).
We refer readers to [1, 23, 31, 33] for the background of these
problems. On the existence of solutions for elliptic systems
with variable exponent, we refer to [15, 25, 27]. In this paper,
we consider the existence of constant sign solutions for the
following problem:

—div (|Vu|p(x)_2Vu) + APy = F,(x,u,v) in Q,

—div (le|q(x)72Vv) + AT = F (x,u,v)  in Q,

ou _ov

— =0= —
dy

= oy on 0Q),

(P)

where O ¢ RY is an open bounded domain and 90
possesses the cone property, p,q € C(Q) and p(x),q(x) > 1,
=Dl 1= = diV(IVuIP(x)_ZVu) is called the p(x)-Laplacian,
A > lisapositive parameter, and y is the outward unit normal
to 0Q. F satisfies

F(x,s,t)=a(x)G(x,s1), Y(ost)e QxRxR. (1)

We make the following assumption.
(Ay) a € L’(')(Q) is a nontrivial nonnegative singular
coefficient; G € C'(Q x R> — R) and satisfies

|G (x,s,8)| < C (|5|“(x)*1 n Itl/.%(x)/oc"(x) N 1)’

Vx € Q,

0 )
|G, (x,s,1)| <C (|t|ﬁ(X)’1 PRLCOM 1>’

Vx € Q,

where 7, &, B € C(Q), r(x) > 1,1 < a(x) < p*(x), 1 < B(x) <
q"(x) on Q, G, = (0/0s)G, G, = (0/0t)G, and satisfies

. 0 . 0
r(x) > max{(iéﬁ?) ,(P(X))O)<qﬁ(—(;))> >(Q(x))o},
(3)

where the notation f°(x) means the conjugate function of

f(x), namely, (1/ f(x)) + (1/f°(x)) = 1, and

Np (x)
—’ N)
N-p) PO @)

00, p(x) = N.

Pi(x)=
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When p(-) = p (a constant), p(x)-Laplacian is the
usual p-Laplacian. The p(x)-Laplacian is nonhomogeneity.
Because of its nonhomogeneity, the p(x)-Laplacian possesses
more complicated nonlinearity than the p-Laplacian. Many
results and methods for p-Laplacian problems do not hold
for p(x)-Laplacian problems anymore. For the following
examples.

(1°) if @ ¢ R" is an open bounded domain, the Rayleigh
quotient

Jo (1/p () [VulP¥dx

in (5)
wew @0 [, (1/p () [ulPPdx

’lp(v) =

is zero in general. Only under some special conditions, we
have A, > 0. For example, A, > 0 if and only if p() is
monotone in one-dimensional case (i.e., N = 1) (see [11]).
It is well known that the fact that A, > 0 is very important
in the study of p-Laplacian problems. For instance, in [34],
the first eigenvalue and first eigenfunction are used to discuss
the existence of positive solutions of p-Laplacian problems
successfully. But the p(x)-Laplacian does not have the first
eigenvalue and first eigenfunction in general.

(2°) The norm in L?9(Q) is of Luxemburg type (we will
explain later in Section 2). It is easy to see that JQ [P dx =
lhy
cannot keep the constant exponent relationship. It implies
that we will have more difficulties in the study of p(x)-
Laplacian problems. For example, it is very difficult to get
the best Sobolev imbedding constant when we deal with the
critical Sobolev exponent problems. Even if the best Sobolev
imbedding constant could be obtained, it is also very hard to
be applied to study the critical exponent problems.

(3%) In [35], the authors applied the homogeneous
transformation method to discuss the existence of positive
solutions for a class of superlinear semipositon systems.
Nonetheless, the p(x)-Laplacian is nonhomogeneity; this
method is very hard to be used on the p(x)-Laplacian
problems.

On the existence of constant sign solutions of p-Laplacian
problems, we refer to [35-40]. On the results of the constant
sign solutions of variable exponent differential equations, we
refer to [14, 19, 29].

Regarding the existence of solutions of (P), if F(x,-,-)
satisfies the sub-(p~, g~ ) growth condition, that is,

for some £ € Q. Hence the integral and the norm

max « (x) < minp (x),
xeQ x€Q

maxf (x) <ming (x), ()
x€Q x€Q

then the corresponding functional of (P) is coercive; if
F(x,-,-) satisfies the super-(p*,q") growth condition (sub-
critical), that is, the following Ambrosetti-Rabinowitz condi-
tion:

|

G(x,s,t)+ LgG(x,s,t),

0<G(x,s1) <
< (XS) S 023t (7)

s
6,

Q

Vx € Q,
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where positive constants 0, and 0, satisty

maxp (x) < 0; < p* (x),

maxq (x) <0, <q" (x),
x€Q) x€Q

(8)

then the corresponding functional of (P) satisfies Palais-
Smale conditions (see [15, 25]). If F(x, -, ) satisfies the subcrit-
ical growth condition, but it satisfies neither the sub-(p~, g ")
growth condition nor the super-(p*,q") growth condition,
then it would be difficult to testify that the corresponding
functional is coercive or satisfying Palais-Smale conditions;
the results in this case are rare.

In this paper, we deal with the existence of constant sign
solutions of the problem (P), when the corresponding func-
tional neither is coercive nor satisfies Ambrosetti-Rabinowitz
condition. For example, we discuss the existence of solutions
of (P), when F satisfies sub-(p(x),q(x)) growth condition
near the origin in local; that is, the following condition

F(x,s,t) >0 (|5|€1(x) + |t|ez(x)) ,
Y (x,s,t) € Qy x (0,8) x (0,8),

on Q,

)

where 1 <€ (x) < p(x), 1<e(x)<q(x)

or F satisfies super-(p(x),q(x)) growth condition in local
(subcritical growth); that is, the following condition:

s 0 t 0
0 G ,,tS _G 7yt __G ;3t7
<Glost) < g5 Gs )t gy 5 G wsh)
xeQ, s>0, t>0, |[s|+][t]=M,
(10)

where positive functions 0, (-) and 0,(-) satisfy
Px) <O (x)<p (x),  qx)<0(x)<q (x), "
1

Vx € Q.

In particular, we get the existence of eight constant sign
solutions of (P).

This paper is divided into four sections. In Section 2,
we introduce some basic properties of the variable exponent
Lebesgue-Sobolev spaces. In Section 3, several properties
of p(x)-Laplacian are presented. In Section 4, we give the
existence results of constant sign solutions of problem (P).

2. Preliminary Results and Notations

Throughout this paper, the letters ¢, ¢;, C;, i = 1,2,.. ., denote
positive constants which may vary from line to line but are
independent of the terms which will take part in any limit
process.

In order to discuss the problem (P), we need some
theories on space whp (')(Q) which we call variable exponent

Sobolev space. Firstly, we state some basic properties of spaces
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whPO(Q) and p(x)-Laplacian which we will use later (for

details, see [6, 10, 12, 13]). Write
C,(Q)={nlhec(Q),h(x) 21 for x € O},

h" =ess suph(x),

h™ =ess inf h(x),
x€Q x€Q
for any h € L™ (Q);
S(Q) = {u | u is a measurable real-valued function in Q},
9@ = {u €S(Q) | J lu(x) PP dx < oo}
Q
(12)
We introduce the norm on L*V(Q) by

u(x) [P™

|u|P(,)=inf{A>0|J dxsl}, (13)
Q

and (LPY(Q), |- |P(')) becomes a Banach space; we call it
variable exponent Lebesgue space.

Proposition 1 (see [6]). (i) The space (LPOQ), | - o)) is a
separable, uniform convex Banach space, and its conjugate

space is LPO(‘)(Q), where (1/p(x)) + (l/po(x)) = 1. For any
ue Q) andv e LPO(')(Q), one has

U uvdxl < (L + ;> (1] ) 1Vl pocy- (14)
o o))

(ii) If py, p, € C+(§), p1(x) < py(x) for any x € Q, then
L229(Q) ¢ LPY(Q), and the imbedding is continuous.

Denote Y = HLLP i)(Q) with the norm

k .
Ixlly = Z|)”|pi(‘), Vy=(y'...)") ey,  (15)
i=1

where p;(x) € C,(Q),i =1,...,m; then Y is a Banach space.

Proposition 2. If f(x, y) : @ x R¥ — R™ is a Caratheodory
function, that is, f satisfies the following:

(i) fora.e.x € Q, y — f(x,y) is a continuous function
from R to R™;

(ii) for any y € R*, x — f(x, y) is measurable.

If there exist B(x), py(x),..., pe(x) € C+(§), p(x) €
L), and positive constant ¢ > 0 such that

k
|f (e y)l <p(x)+ CZlyi|Pi(x)/ﬁ(x)
i=1 (16)

forany x € Q, ye R,

then the Nemytsky operator from Y to (LPO(Q))™ defined by
(Nfu)(x) = f(x,u(x)) is a continuous and bounded operator.

3
Proof. Similar to the proof of [41], we omit it here. O
Proposition 3 (see [6]). If one denotes
p () = J WP@dx, Vue 1’9 (Q), (17)
Q

then
(i) |u|p(,) <1(=L>1) e p(u) < 1(=1;> 1)

po Mlpey < 1=

(i) luly) > 1= ulb ) < pu) < lul?
ulbo) = p(u) = fulf);
(iii) |u|p(.) - 0 p(u) — 0 Iulp(‘) — 00 & p(u) —
0.
Proposition 4 (see [6]). Ifu, u, € LP(')(Q), n=12,..,then
the following statements are equivalent to each other:
(2) lim,, _, (o p(1,, —u) = 0;
(3) u, — uin measure in Q and lim, _, p(u,) = p(u).

The spaces WI’P(‘)(Q) and Wl’q(‘)(Q) are defined by

WO (Q) = {u e 1PV (Q) | [Vul € PV ()},
(18)
wh9(Q) = {v e 199(Q) | [Vy] € 119 ()},

and endowed with the following norm:

Vu|[P®
ul| .y = inf >0 J l— dx+J
|| ”p() {[4 | ol u 0

q(x)
dx+J
Q

We denote by WOI’P (')(Q) the closure of C;°(Q) in
whrO(Q).

u(x) [PX

¢

del]»,

q(x)
dx < 1} .

(19)

. Vu u(x)
IIu||.=1nf{ >0|J‘—
q() U ol u

Proposition 5 (see [6]). (i) WhPO(Q) isa separable reflexive
Banach space.

(i) If B € C+(§) and B(x) < p*(x) for any x € Q,
then the imbedding from whPO(Q) to Lﬁ(')(Q) is compact and
continuous.

Let B € C+(5), p € S(Q), and pu(x) > 0 forae. x € Q.
Define

Lo (@) = {u |uesS(Q) j w () ()P dx < oo} ,
Q
(20)
with the norm
|”|Lﬁ‘('_’><o> = [ul(yucn

B(x) (21)

=inf{A>o|Ly(x)‘@

del};

then Lﬁ (('.))(Q) is a Banach space.



Proposition 6 (see [12]). Assume that the boundary of Q
possesses the cone property and 1 < p € C(Q). Suppose that
MGL’()( ), (x) > 0 fora.e. x € Q, r € C(Q), andr™ > 1. If
peC (Q) and

r(x)-1
r(x )

then the embedding W"P0(Q) — Lﬁ(("))(Q) is compact.

1<B(x)< ——2—p"(x), VxeO (22)

Denote X = W'PO(Q) x WO (Q). The norm || - || on X
is defined by

1, W1 = max { [l s 1Vl40 } - (23)

For any (u,v) and (@, ) in X, let

®1(u)=I ()(|VM|P""dx+A|u|P">) )

®, (1) = L ﬁ (199179 dx + A7) dx

(24)
O (u,v) =D, (u) +D,(v),
Y (u,v) = J F (x,u,v)dx.
Q
Then
@' (u,v) (¢, ) = D@ (u,v) (9) + D,® (,) (v), 05)

¥ () (9.) = DY () (9) + DY () (),

where

D, ® (u,v) () = L IVuP¥ 2 VuVedx + J-Q Mul?®?ugp dx
= @) () (9),

D,® (u,v) (y) = J;) |Vv|q(x)72Vvadx + JQ AT 2y dx
=0, () (y),

0
DY (u,v) (¢) = JQ aF (x,u,v) pdx,

o)
DY (u,v) (v) = JQ g/F (x,u,v) wdx.
(26)

The integral functional associated with the problem (P) is
J (u,v) Y (u,v). (27)

Without loss of generality, we may assume that
G(x,0,0) = 0, Vx € Q. Obviously, We have

= (u,v) -

1
G(x,u,v) = J [u0,G (x, tu, tv) + v0,G (x, tu, tv)] dt
0

Vx e Q,
(28)
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where 0; denotes the partial derivative of G with respect to its
jth variable; then the condition (A,) holds
G () < c(lu*™ + P +1), vxeQ. (29
From Propositions 2 and 6 and condition (4,), it is easy

to see that J € C'(X, R) and satisfies
DyJ (u,v) (¢) + D,J (u, v

T (w,v) (¢ y) = )(v),  (30)

where

D,J (u,v) (¢) = D@ (u,v) (p) - Dy¥ (,v) (),

(31)
D,] (u,v) (y) = D@ (u,v) () - D,Y¥ (,v) (v)-
We say (1, v) € X is a critical point of ] if
I wv) (99) =0, V(py)€X. (32)

The dual space of X will be denoted by X*; then for any
H e X", there exists f € (W"PO(Q))*, g € WO (Q))*
such that H(u,v) = f(u) + g(v). We denote |- [l Il - Il py»

and |-l 4 to be the norms of X", (WP (Q))*, and
wt 4C )(Q)) , respectively. It is well known,

IHIL = £l 5y * 1900 (33)
and X* = (W"PO(Q))* x (W (Q))*. Therefore
@, = 1P w, 0 + 1Dy G
Proposition 7. (i) If G satisfies
Glxs.t) > e—sG (x,5,8) + 0—12th (%,5,£) >0
(35)

for x € Q, |s|61 + |t|62 >2M,

then G(x,s,1) < ¢, [(Is| + 1) + 1], V(x, 5, 1) € QO x R X R.
(ii) If G satisfies

0<G(x,s,t) < lsGs (x,s,t) + ith (x,s,1)
0, 0,

(36)

for xeQ, |s +1t/% = 2M,

then G(x,5,v) = o,[(s|® + |t]%) - 1], V(x, 5,1) € O x R x R.

Proof. (i) Similar to the proof of [15], we omit it here. O

3. Properties of Operators

In this section, we will discuss the properties of p(x)-
Laplacian and Nemytsky operator.

From Propositions 2 and 6, we can easily see that ® ¢
C'(X,R).
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Proposition 8 (see [25]). (i) @ is a convex functional;
(i) ®' is strictly monotone; that is, for any (u,,v,),
(uy, v,) € X with (uy, v;) # (uy, v,), we have

(<I>' (uy,v)) = @ (u,, vz)) (uy —tpvy = v,) >0, (37)

(iii) @' is a mapping of type (S, ); that is, if (u,,, v,,)) — (u, v)
in X and

n@o [(D, (un’ Vn) - q)l (u’ V)] (un - UV, - V) <0, (38)
then (u,,v,) — (u,v)in X;

(iv) @' : X — X* is a bounded homeomorphism.

Theorem 9. If the assumption (A,) is satisfied, then ¥ €
C! (X, R). Moreover, ¥ and ¥' are weakly-strongly continuous;
thatis, (u,,v,) — (u,v) in X implies\¥(u,,,v,) — Y(u,v)and
Y (u,v,) — ¥(uv)in X*.

Proof. Suppose {(u,, v,)} is a weak convergent sequence in X.
From Proposition 6, we can conclude that {(u,, v,)} is strong

convergent in L' x L#), where y, € C(Q) and satisfies

r(x)—-1 .,

1<y(x)< r ) p (x),
1<p) < ’ixfxil (), (9)
Vx € Q.

O

From Proposition 2, we can see that ¥ is weakly-strongly
continuous, and \I"(un, v,) — ¥ (u,v) in X*.

Since X is a separable and reflexive Banach space, there
are {e;} ¢ X and {e;‘} C X* such that

X = span{e,j=1,2..},

X" = span” {e;,j = 1,2,...},
1
* >
(ered =1y
For convenience, we write

k 0
Xj:span{ej}, Yk:@Xj, Zk:@Xj.
=1 =1

(40)
i=j,
i].

(41)

Definition 10. One says that ] satisfies (PS) condition in X, if
any sequence {(u,,,v,)} € X such that {J(u,,v,)} is bounded
and ||]'(un,vn)||* — 0,asn — 00, has a convergent
subsequence.

One assumes G satisfies the following condition:

(B) there exist functions 0,,0, € cl(Q) satistying p(x) <
0,(x) < p*(x), g(x) < 6,(x) < q*(x) on Q and

OGosn+ 26w s D,

0<G(x,81t) < ——
<Glast) < g 0, ot

(42)

vxeQ, |s|%+t% > 2Mm.

Lemma 11. If (A > 1) is large enough, (A,) and (B) are
satisfied; then ] satisfies (PS) condition on X.

Proof. It follows from (B) that

1 1
F(x,s,t) < —sF,(x,s,t) + —tF, (x,s,t) + ca(x),
0, 0, (43)

Y (x,s,t) € Q% R

Denote

I, = min (L - )
R, p(x) 0)(x) ’
(44)

It is easy to see that [}, 1, > 0.
Let {(u,, v,)} be a (PS) sequence. By computation,

¢ +(||un||p(~) * ”"n"q(-))
] 1 1
=] (un’ Vn) -7 (un’ Vn) (muw mvn>
_ J (19,7 A ) e
Q

p(x)

1 q(x) q(x)
+L_x)(|wn| + M) dx

=
—

1 ()~
+ J-Q 7 | Vit [P 7200, V0, (x) dix

S (190 A )

|
)
.ED
—| =

x)-2

1
+ Lz ) vn|an|q( Vv, V0, (x) dx



IS px) p(x)
210( 50 (x)><|v”"| # A, P dix

p
1 ) p)
! Lz(q(x) 0, (x))<|v"nl + Alw,| )dx

|V0 ()C)| (x)—
- S 9
1
V6, ()] qlx
- \Y 4
Jo Ty Il 7l e

> 1, J (19,7 + Ao ) dx
Q

th | (19 A ) dx
Q

Ivel (x)l plx)-1

L, e e
|VO2 (X)l q(x)-1

- J 0% (X) |Vn| |V | d‘x ol

(45)
From Young inequality, we have

|V0 (x)|| AV unlp(x)—l

1 ( 1 >P(X)
lp(x) ; |un|

p(x) -1 )1\ P/ (PCI1) »
Cl—p(x) (81|Vun| ) (46)

1 1 p(x)
15 G0 o
P (x) g

p(x) -

1
sP(x)/ p(x) 1)|v IP(X)
p(x)

+C——¢]

Similarly, we have

lVGZ (x) |
63 (x)

ool 7,

1 1 q(x)
270 9 |Vn|
q(x) £

(47)

q(x) - )/(qx)-1) %)
q(x) Lot a7

2
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Assume ¢, is a small enough positive constant and A > 1
is large enough; we have

+("”n"p(-) + "Vn“q(-))

! _1 _1
>] (un’ Vn) -7 (u”’ v") <91 (x) Mo 0, (x) Vn>

2l x) )
> 2L L (19207 + M, [P dix

(48)

# 22 [ (19l A ) dx -

Thus {llu,ll,,} and {llv,ll,} are bounded. Therefore
{(u,,,v,)} has a weak convergent subsequence (which we still
denote by {(u,,, v,)}) such that (u,,,v,) — (u,v) asn — +oo.
According to Theorem 9, we have ¥'(u,,v,) — ¥ (u,v) as
n — +oo. Since J'(u,,v,) = ®'(u,,v,) - ¥ (u,,v,) — 0as
n — +oo,wehaveCD'(un, v,) — ¥ (u,v)asn — +0o.Since
®' is a homeomorphism, we have that {(u,,v,)} is strong
convergent in X. ]

4. Existence and Multiplicity of Solutions

In this section, using the critical point theory, we will discuss
the existence and multiple existence of constant sign solutions
of problem (P).

Definition 12. One calls (4, v) € X is a weak solution of (P) if

j IVulP 72V . Vo dx + J AMulP® 2y @dx
Q Q

= J F, (x,u,v) @dx, VYo e WY (Q),
¢ (49)
jﬂ |Vvlq(x)_2Vv -Vydx + L} /\|v|q(x)_2v ~ydx

= J F,(x,u,v)ydx, Vyew" Q).
Q

It is easy to see that the critical point of ] is a solution of
(P).

Denote G™(x,u,v) = G(x,Su),SW), F'(x,u,v) =
F(x,S(u),S(v)), where S(t) = max{0,t}. For any (u,v) € X,
we say (u, v) belong to the first, the second, the third, or the
fourth quadrant of X, ifu > 0andv > 0,u < Oandv > 0,
u<0andv <0,and u > 0and v < 0, respectively.

Definition 13. (i) One calls that F satisfies sub-(p(x), q(x))
growth condition near the origin in the first quadrant of X, if

it satisfies the following.
(A)

F(x,5,8) 2 0 (s +1¢2),
a3 (50)
Y (x,s,t) € Qy x(0,0) x (0,6),

where 1 < €,(x) < p(x), 1 < €,(x) < g(x) on 50.
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(ii) One calls that F satisfies super-(p(x),q(x)) growth
condition near the infinity in the first quadrant of X, if it
satisfies

(A)) 0 < Gixst) < (1/6))sGy(x,s,t) +
(1/0,)tG,(x,s5,t) for x € Qand |s|” + /> > 2M > 0
with s, > 0.

Remark. (i) Similarly, we can give the definitions of F
satistfying sub-(p(x), g(x)) growth condition near the origin,
super-(p(x), q(x)) growth condition near the origin or near
the infinity in the second, the third, and the fourth quadrant
of X, respectively.

(ii) We say F satisfies sub-(p(x), q(x)) growth condition
near the origin, super-(p(x), q(x)) growth condition near the
infinity in X, if F satisfies corresponding growth condition in
every quadrant of X.

(iii) We say F satisfies some growth condition in local, if
it satisfies some growth condition in a quadrant.

We will discuss the existence of solutions in the following
three cases:

Case (I): F satisfies sub-(p(x), q(x)) growth condition
near the origin in local;

Case (II): F satisfies super-(p(x), g(x)) growth condi-
tion near the infinity in local;

Case (III): F satisfies sub-(p(x), g(x)) growth condi-
tion near the origin and super-(p(x),g(x)) growth
condition near the infinity in local.

4.1. Case (I). We assume

(S) F satisfies F,(x,s,t) = F,(x,s,t) = 0,Vx € Q,Vs,t €
R with st = 0.

Theorem 14. If A > 0 is large enough and F satisfies (A,),
(S), and sub-(p(x),q(x)) growth condition near the origin in
the first quadrant of X, then the problem (P) has a nontrivial
constant sign solution in the first quadrant of X.

Proof. 1tis easy to check that G (x, s,t) € CH{QxR% R), and

Er (x,u,v) = F, (x,S(1),S(v)),

(51)
Fy (x,u,v) = F, (x,S (1), S (v)).
Let us consider the following auxiliary problem:
—div (|Vu|p(x)_2Vu) + AP 2y = El (x,u,v) in Q,
—div (|Vv|q(x)72Vv) + A2y = Ef (x,u,v) inQ,
a_u =0= Q on 0Q.
oy oy

(P7)
The corresponding functional is

T"u,v) =@ w,v) - ¥ (u,v), Vv eX, (52)

7
where
¥ (u,v) = J F* (x,u,v) dx
! (53)
= J F(x,S(u),S(v)dx, V(u,v)eX.
Q
We divide Q into several disjoint subsets Q,...,Q,,
which satisfy
miinp0 () > maxa (x) > maxp(x), j=1,...,np
xeQ; (x) x€Q; x€Q;
(54)
. q" (%) .
min > maxf3 (x) > maxq (x), =1,...,n,.
x€Q; r0 (x) xeﬁjﬁ( ) xeﬁjq( ) J 0

In the following, we denote

f; =minf(x),  f; =maxf (x)
x€Q; x€Q;
j=L...n, VfeC(Q),
_ 1 p(x) P&
®g, (u,v) = .[Q]. ) (IVuI + Ayl )dx (55)

1
+ | —— (17 + A7) dx,
Lz]. q(x) ( )

Y (u,v) € X.

Suppose [(w,v)|| =
Proposition 6, we have

0 is small enough. By (A,) and

)

]+ (u,v) = Z {(DQJ- (u,v) — ‘[Q. F* (%, u,v) dX}

j=1 J

> ”ZO {@Qj (u,v)
=1
- [ a@[au+m
Y (56)
+c(|u|°‘? + |v|’3?)] dx}

> Y {@q, (49) - [, @G (lul + Iv) v
i1 '

~C (Jut® + 1% ) .



Note that oc; > p}r and ﬂ;r > q}r. When [[(u, V)| = & is
small enough, it follows from Proposition 3 that

IMURIEDY Hcpoj (,v) - L. a(x) (Jul + |v|)dx}

j=1

> %cb (wv) - joa(m (1l + V) dx

> —Jul?, + ||v|| |u|
2p+ po T 40 " pr

Ay j a (x) (ul + ) dx.
(57)

Obviously,
[ 1ol G+ 1 i = (lal o el + o ¥l)

< (lalpoy + lalgpey) (14l o0y + Vg

C. (lulyey + My ) -

(58)
Noting that [|(u, v)|| = max{llullp(i), ||v||q(_)} = §, without
loss of generality, we may assume that ||u|| )= 0.
Assume C, |ul, < (1/4p+)||u||§:_). Obviously
1 1 +
Il ~C.lul, > il (59)

Assume C*|u|p(_) > (1/4P+)“”"§Z~) = (1/4p+)6p+, When
A is large enough, then we have

A\
| | > 1( 5P> > 4C,8 > 4C, [ul .
2P 4p*C,
(60)
Thus, when A is large enough, we have

A + 1 +

P o p
2P+” ullyey + = 2" |”|p() C*|”|p24—+||ullp(.)—4p+8 _
(61)

0 < (1/8p)luly, = (1/8p")8" . Wehave

Assume C, Ivlq

1 + 1 + A-1 + A -
_ p = ung p
pprlulf + 5 MG + Sl + 5

C. (lul, +1vl,) (62)

Iulq

L se',

8+

= Clvlgy 2

216f’+
4+
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> (1/8p")ull,, = (1/8p")8" . Similar
to the above discussion, when A is large enough, we have

A-

Assume C, Ivlq(,)

1 p
u v u u
2 +|| ||p() " ”q() P | |P(') 2q+ | |
-C, (|u|p +1vl,) (63)
1 +
P
>l

Therefore, when A is large enough, we have

1
T (u,v) > max{ lul?, ., ||v|| ()} >C>0,
4p* P() 4q* q (64)

when [[(u, v)|| = 8.

It is easy to see that ] * is weak lower semicontinuous.
Therefore, J*(u,v) can archive its infimum at some point
(u,,v,). Obviously, (u,,v,) = (S(-u,),S(-v,)) € X. Taking
(u,,v,) as a test function for (P*), it is easy to see that
(u,,v,) =(0,0). Thus (u,, v,) is nonnegative, and then it is a
constant sign solution of (P).

Note that (50) is satisfied. Without loss of generality, we
may assume that

maxe,; (x) < minp (x), maxe, (x) < mmq (x). (65)
x€Q x€Q, x€Q x€Q)

Take 1y, vy € C3(€Q) which are nontrivial nonnegative. It
is easy to see that

T (tug, tvy) = © (tug, tv,y) —

<o (tuO) tVO) - O'J- (Itu0|€1(x) |t‘V |€z(x ) x
Q

W (tug, tvg)

<0 ast— 0.
(66)

Thus J(u,v) has at least one nontrivial critical point
(u,,v,) in the first quadrant of X with J(u,,v,) < 0.
Thus, (u,,v,) is a nontrivial constant sign solution of (P).
According to condition (S), it is easy to see that u, and v,
are all nontrivial. O

Theorem 15. If A > 0 is large enough and F satisfies (A,),
(S), and sub-(p(x),q(x)) growth condition near the origin in
X, then problem (P) has at least four nontrivial constant sign
solutions.

Proof. (i) Similar to the proof of Theorem 14, we can see that
(P) has a nontrivial constant sign (u;, v;) in the ith quadrant of
X, such that J(u;, v;) < 0,i = 1,2, 3, 4. According to condition
(S), u; and v; are both nontrivial. Thus (P) has at least four
constant sign solutions. O

4.2. Case (1I)

Theorem 16. If A > 0 is large enough and F satisfies (A,), (S),
and the super-(p(x), q(x)) growth condition near the infinity
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in the first quadrant of X, then (P) has a nontrivial constant
sign solution in the first quadrant of X.

Proof. 1t is easy to check that G"(x, s, 1) € C'(QxR%R) and

E; (x,u,v) = F, (x,S(u),S(v)),
(67)

F: (x,u,v) =F, (x,S(u),S(v)).

Let us consider the auxiliary problem (P").

The corresponding functional is
J ) =@ wv) -¥ W), Ywv)eX,  (68)

where

Y (u,v) = J;) F* (x,u,v)dx = JQ F(x,S(u),S(v)dx,

V(u,v) € X.
(69)

We will prove that J* satisfies the conditions of Mountain
Pass Lemma.
It is easy to see that G* satisfies

1 1
0<G (x,s1)< 9—st (x,s,t) + 9—1‘G;r (x,8,t) + M,
1 2

(70)
for x € Q and Isle1 + |t|‘92 > 2M > 0, where
M, =max max [|G(x,s1)|+][sG,(x,s,1)|
x€Q |s/%1 +]t)%2 <2M (71)

+[tG, (x,5,1)]].

From Lemma 11, we can see that J"(u, v) satisfies (PS)
condition in X.
From (29) and Proposition 7, we have

G (rnn) 2 ¢ [(lul” + ™) 1],
(72)
Y (x, 1, v) € Q% [1,+00) x [1,+00).

In the following, we denote

fi=minf(x),  ff=maxf (),
xEQJ» x€Q

€8l
j=L...n, VfeC(Q),
1
D, (4, =J —— (1Vu?™ + AulP) d
a, (,v) @p@U“' WP dx  (73)

1
+| == (197 + A1) dx,
JQ q(x) ( )

i
V(u,v) € X.

Without loss of generality, we may assume that

P (x) 0" < minl ¥

Lj er—j 70 (x) i ) xe(Tj 70 (x) :

Similar to the proof of Theorem 14, when A > 0 is large
enough, we can get

1(mv)>§j¢m w,)>nmx{ nuﬂy4+nn }

j= 1

>C >0, when |(uv)|]=0

(75)

For fixed (1, vy) € X with 1, v, > 1 and t > 1, we have
T (tug, tvg) = © (tug, tvy) — J F* (x, tug, tvy) dx
Q
< O (tug, tvy)

- J la (x)] (te1 |uo|61 + t62|u0|62) dx +c
Q
)
< Z { tuo,tvo

—J la ()| (t9‘|u0|91 +1
Q

J

92|v0|92)dx]>

(76)

Since p] <0 andq] < 02] on Q],] (tug, tvy) — —00
ast — +00. ObVlously, 77(0,0) = 0; then J* satisfies the
conditions of Mountain Pass Lemma (see [42, 43]). So, we
can conclude that J(u, v) has at least one nontrivial critical
point (u,,v,) with J(u,,v,) > 0. Obviously, (u_,v,)
(S(-u,),S(-v,)) e X. Taking (u,,v,) as a test function,
it is easy to see that (u,,v,) = (0,0). Thus (u,,v,) is
nontrivial nonnegative; then it is a constant sign solution of
(P). According to condition (S), it is easy to see that «, and
v, are both nontrivial and satisty J(u,,v,) > 0. O

Theorem 17. If A > 0 is large enough and F satisfies (A,), (S),
and the super-(p(x), q(x)) growth condition near infinity in X,
then (P) has four nontrivial constant sign solutions.

Proof. As F satisfies the super-(p(x), q(x)) growth condition
in X, then F satisfies the super-(p(x), q(x)) growth condition
in every quadrant of X. By Theorem 16, we can see that (P)
has a solution (u;, v;) in the ith quadrant of X and satisfies
J(u;,v;) > 0and u; and v; (i = 1,2,3,4) are both nontrivial.

O

4.3. Case (III)

Theorem 18. If A > 0 is large enough and F satisfies (A,),
(S), sub-(p(x),q(x)) growth condition near the origin, and
super-(p(x),q(x)) growth condition near the infinity in the
first quadrant of X, then (P) has two nontrivial constant sign
solutions in the first quadrant of X.

Proof. Similar to the proof of Theorem 16, we can get the
existence of solution (u,, v;) in the first quadrant in X, which



10

satisfies J(u,v,) > 0, and u; and v, both are nontrivial. By
Theorem 14, (P) has the second solution (u;, v;) in the first
quadrant in X, which satisfies J(u],v)) < 0, and u; and v]
both are nontrivial. Therefore, (P) has at least two constant

sign solutions. O
Note. Let
[P B® s 0, v>0
F(x,u,v) = 77
(%, 1,v) {|u|“2(x)|vllg2(x), rest, 77)
where o, &y, B, B, € C,(Q) and satisfy
px¥) <o (x),  qx)<p(x),
(78)
o) B
pr(x) g (x)

a,(x) — p(x) and B, (x) — g(x) are all changed sign functions,
and

/32 (x)
q* (x)

a, (x)

p*(x)

+ <1 (79)

then we can see that the functional J* satisfies (PS) condition
and (P) has a nontrivial constant sign solution, but J does
not satisfy the Ambrosetti-Rabinowitz condition, and it is not
coercive.

Theorem 19. If A > 0 is large enough and F satisfies (A,), (S),
sub-(p(x), q(x)) growth condition near the origin, and super-
(p(x), q(x)) growth condition near the infinity in X, then (P)
has eight nontrivial constant sign solutions in X.

Proof. Similar to the proof of Theorem 18, we can see that
(P) has nontrivial solutions (u;,v;) and (&, v}) in the ith
quadrant in X, which satisfy J(u;,v;) > 0 and J(u;,v) < 0,
and u;, v;,u; and v; are all nontrivial. Thus (P) has at least
eight nontrivial constant sign solutions. O

Conflict of Interests

The author declares that there is no conflict of interests
regarding the publication of this paper.

Acknowledgment

This work is partly supported by Natural Science Foundation
of Ningbo (no. 2013A610276), the Professional Develop-
ment Program of Zhejiang Province Visiting Scholar (no.
FX2013117), National Natural Science Foundation of China
(no. 11326161), and the key projects of Science and Tech-
nology Research of the Henan Education Department (no.
14A110011).

References
[1] E. Acerbi and G. Mingione, “Regularity results for a class of

functionals with non-standard growth,” Archive for Rational
Mechanics and Analysis, vol. 156, no. 2, pp. 121-140, 2001.

Abstract and Applied Analysis

[2] C. O. Alves and J. L. P. Barreiro, “Existence and multiplicity of
solutions for a p(x)-Laplacian equation with critical growth,”
Journal of Mathematical Analysis and Applications, vol. 403, no.
1, pp. 143-154, 2013.

[3] P. Amorim and S. Antontsev, “Young measure solutions for the
wave equation with p(x,t)-Laplacian: existence and blow-up,”
Nonlinear Analysis. Theory, Methods & Applications, vol. 92, pp.
153-167, 2013.

[4] S. Antontsev, M. Chipot,and S. Shmarev, “Uniqueness and com-
parison theorems for solutions of doubly nonlinear parabolic
equations with nonstandard growth conditions,” Communica-
tions on Pure and Applied Analysis, vol. 12, no. 4, pp. 1527-1546,
2013.

[5] A. Coscia and G. Mingione, “Hoélder continuity of the gradient
of p(x)-harmonic mappings,” Comptes Rendus de l'Académie des
Sciences. Série 1. Mathématique, vol. 328, no. 4, pp. 363-368,
1999.

[6] X. Fan and D. Zhao, “On the spaces L*®(Q) and W™™)(Q)
Journal of Mathematical Analysis and Applications, vol. 263, no.
2, pp. 424-446, 2001,

[7] X. Fan, “Global C"* regularity for variable exponent elliptic
equations in divergence form,” Journal of Differential Equations,
vol. 235, no. 2, pp. 397-417, 2007.

[8] X. L. Fan, “On the sub-supersolution method for p(x)-
Laplacian equations,” Journal of Mathematical Analysis and
Applications, vol. 330, no. 1, pp. 665-682, 2007.

[9] X. L. Fan, Y. Z. Zhao, and D. Zhao, “Compact imbedding
theorems with symmetry of Strauss-Lions type for the space
WEPCNQ) Journal of Mathematical Analysis and Applications,
vol. 255, no. 1, pp. 333-348, 2001.

[10] X.-L. Fan and Q.-H. Zhang, “Existence of solutions for p(x)-
Laplacian Dirichlet problem,” Nonlinear Analysis. Theory, Meth-
ods & Applications, vol. 52, no. 8, pp. 1843-1852, 2003.

[11] X. L. Fan, Q. H. Zhang, and D. Zhao, “Eigenvalues of p(x)-
Laplacian Dirichlet problem,” Journal of Mathematical Analysis
and Applications, vol. 302, no. 2, pp. 306-317, 2005.

[12] X. L. Fan, “Solutions for p(x)-Laplacian Dirichlet problems
with singular coefficients,” Journal of Mathematical Analysis and
Applications, vol. 312, no. 2, pp. 464-477, 2005.

[13] X.L.Fan,].S.Shen, and D. Zhao, “Sobolev embedding theorems
for spaces W*P*)(Q)) Journal of Mathematical Analysis and
Applications, vol. 262, no. 2, pp. 749-760, 2001.

[14] L. Gasinski and N. S. Papageorgiou, “A pair of positive solutions
for the Dirichlet p(z)-Laplacian with concave and convex
nonlinearities,” Journal of Global Optimization, vol. 56, no. 4,
pp. 1347-1360, 2013.

[15] A. El Hamidi, “Existence results to elliptic systems with non-
standard growth conditions,” Journal of Mathematical Analysis
and Applications, vol. 300, no. 1, pp. 30-42, 2004.

[16] P. Harjulehto, V. Latvala, and O. Toivanen, “A variant of
the Geman-McClure model for image restoration,” Journal of
Mathematical Analysis and Applications, vol. 399, no. 2, pp. 676
681, 2013.

P. Harjulehto, P. Hdsto, and V. Latvala, “Harnack’s inequality for
p(-)-harmonic functions with unbounded exponent p,” Journal
of Mathematical Analysis and Applications, vol. 352, no. 1, pp.
345-359, 2009.

(18] O. Kovatik and J. Rékosnik, “On spaces L*™ and W*¢®?
Czechoslovak Mathematical Journal, vol. 41, no. 4, pp. 592-618,
1991.

(17



Abstract and Applied Analysis

[19] W. L. Liu and P. H. Zhao, “Existence of positive solutions for
p(x)-Laplacian equations in unbounded domains,” Nonlinear
Analysis. Theory, Methods & Applications, vol. 69, no. 10, pp.
3358-3371, 2008.

[20] T. Lukkari, “Singular solutions of elliptic equations with non-
standard growth,” Mathematische Nachrichten, vol. 282, no. 12,
pp. 1770-1787, 2009.

[21] M. Mihdilescu, G. Morosanu, and D. Stancu-Dumitru, “Equa-
tions involving a variable exponent Grushin-type operator,”
Nonlinearity, vol. 24, no. 10, pp. 2663-2680, 2011.

[22] M. Mihailescu, V. Ridulescu, and D. Stancu-Dumitru, “A
Caffarelli-Kohn-Nirenberg-type inequality with variable expo-
nent and applications to PDEs,” Complex Variables and Elliptic
Equations, vol. 56, no. 7-9, pp. 659-669, 2011.

[23] M. Ruzicka, Electrorheological Fluids: Modeling and Mathemat-
ical Theory, vol. 1748 of Lecture Notes in Mathematics, Springer,
2000.

[24] S. G. Samko, “Density of C;°(R") in the generalized Sobolev

spaces W™P*)(R"), Rossiiskaya Akademiya Nauk. Doklady
Akademii Nauk, vol. 369, no. 4, pp. 451-454, 1999.

[25] X. Xu and Y. An, “Existence and multiplicity of solutions for
elliptic systems with nonstandard growth condition in R™
Nonlinear Analysis. Theory, Methods & Applications, vol. 68, no.
4, pp. 956-968, 2008.

[26] Q. H. Zhang, Y. Wang, and Z. M. Qiu, “Existence of solutions
and boundary asymptotic behavior of p(r)-Laplacian equation
multi-point boundary value problems,” Nonlinear Analysis.
Theory, Methods & Applications, vol. 72, no. 6, pp. 2950-2973,
2010.

[27] Q.H.Zhang,Y.R. Guo, and G. X. Chen, “Existence and multiple
solutions for a variable exponent system,” Nonlinear Analysis.
Theory, Methods & Applications, vol. 73, no. 12, pp. 3788-3804,
2010.

[28] Q. H. Zhang, “Existence of positive solutions to a class of
p(x)-Laplacian equations with singular nonlinearities,” Applied
Mathematics Letters, vol. 25, no. 12, pp. 2381-2384, 2012.

[29] Q. H. Zhang, Z. M. Qiu, and R. Dong, “Existence and asymp-
totic behavior of positive solutions for a variable exponent ellip-
tic system without variational structure;” Nonlinear Analysis.
Theory, Methods & Applications, vol. 72, no. 1, pp. 354-363, 2010.

[30] Q.H.Zhang, “Existence, nonexistence and asymptotic behavior
of boundary blow-up solutions to p(x)-Laplacian problems
with singular coefficient,” Nonlinear Analysis. Theory, Methods
& Applications, vol. 74, no. 6, pp. 2045-2061, 2011.

[31] V. V. Zhikov, “Averaging of functionals of the calculus of
variations and elasticity theory,” Izvestiya Akademii Nauk SSSR.
Seriya Matematicheskaya, vol. 29, pp. 33-36, 1987.

[32] V. V. Zhikov, “Existence theorem for some pairs of coupled
elliptic equations,” Doklady Mathematics, vol. 77, no. 1, pp. 80-
84, 2008.

[33] Y. Chen, S. Levine, and M. Rao, “Variable exponent, linear
growth functionals in image restoration,” SIAM Journal on
Applied Mathematics, vol. 66, no. 4, pp. 1383-1406, 2006.

[34] D. D. Hai and R. Shivaji, “An existence result on positive
solutions for a class of p-Laplacian systems,” Nonlinear Analysis.
Theory, Methods & Applications, vol. 56, no. 7, pp. 1007-1010,
2004.

[35] M. Chhetri and P. Girg, “Existence of positive solutions for a
class of superlinear semipositone systems,” Journal of Mathe-
matical Analysis and Applications, vol. 408, no. 2, pp. 781-788,
2013.

1

[36] T.-S. Hsu, “Multiple positive solutions for quasilinear elliptic
problems involving concave-convex nonlinearities and multiple
Hardy-type terms,” Acta Mathematica Scientia B. English Edi-
tion, vol. 33, no. 5, pp. 1314-1328, 2013.

[37] L. B. Jin and C. M. Li, “Positive solutions to a class of second-
order semilinear elliptic equations in an exterior domain,’
Nonlinear Analysis. Theory, Methods & Applications, vol. 79, pp.
233-237,2013.

[38] D.Motreanu, V. V. Motreanu, and N. S. Papageorgiou, “A degree
theoretic approach for multiple solutions of constant sign for
nonlinear elliptic equations,” Manuscripta Mathematica, vol.
124, no. 4, pp. 507-531, 2007.

[39] N. S. Papageorgiou and F. Papalini, “Constant sign and nodal
solutions for logistic-type equations with equidiffusive reac-
tion,” Monatshefte fiir Mathematik, vol. 165, no. 1, pp. 91-116,
2012.

[40] S. Carl and D. Motreanu, “Constant-sign and sign-changing
solutions for nonlinear eigenvalue problems,” Nonlinear Anal-
ysis. Theory, Methods ¢ Applications, vol. 68, no. 9, pp. 2668—
2676, 2008.

[41] K. C. Chang, Critical Point Theory and Applications, Shanghai
Scientific and Technology Press, Shanghai, China, 1986.

[42] M. Struwe, Variational Methods, Springer, Berlin, Germany,
1990.

[43] M. Willem, Minimax Theorems, Birkhduser, Boston, Mass, USA,
1996.



