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This paper is concerned with some properties of a periodic two-component Camassa-Holm system. By constructing two sequences
of solutions of the two-component Camassa-Holm system, we prove that the solution map of the Cauchy problem of the two-
component Camassa-Holm system is not uniformly continuous in H* (S), s > 5/2.

1. Introduction

In this paper, we consider the Cauchy problem of the
following two-component periodic Camassa-Holm system:

m, +um, +2mu, = —pp,, t>0, x €R,

pr+(pu), =0, >0, x€R,

u (0,x) = uy (x), p(0,x)=p,(x), xeR, (1)

u(t,x+1)=u(tx), pt,x+1)=p(tx),

t>0, x €R,

where m = u — u,,. The Camassa-Holm equation can be
obtained via the obvious reduction p = 0.

The Camassa-Holm (CH) equation has been extended
to a two-component integrable system (CH2) by combining
its integrability property with compressibility, or free-surface
elevation dynamics in its shallow-water interpretation [1, 2];
that is,

m, + um, +2mu, +opp, =0, t>0,xeR,

)
pr+(pu), =0, t>0, xeR,
where m = u — u,, and 0 = +I. Local well-posedness of
system (2) with o = 1 was obtained by [1, 3]. The precise blow-
up scenarios and blow-up phenomena of strong solution for

system (2) was established by [1, 3-6]. Just recently, Gui and
Liu [7] studied system (1) with o = 1 in Besov space and they
obtained the local well-posedness. In this paper, we consider
the Cauchy problem of system (1) and study some properties
of it.

If p = 0, then system (2) becomes the well-known
Camassa-Holm equation [8]. In the past decade, the
Camassa-Holm equation has attracted much attention
because of its integrability and the existence of multipeakon
solution; see [4, 8-22] for the details. The Cauchy problem
and initial boundary value problem of the Camassa-Holm
equation have been studied extensively [10, 23]. It has been
shown that the Camassa-Holm equation is locally well-
posedness [10] for initial data u, € H*(S), s > 3/2. Moreover,
it has global strong solutions [10, 18] and finite time blow-up
solutions [10]. On the other hand, it has global weak solution
in HY(S) [8, 9, 13, 19]. The advantage of the Camassa-Holm
equation in comparison with the KdV equation lies in the fact
that the Camassa-Holm equation has peaked solutions and
models wave breaking (i.e., the solution remains bounded
while its slope becomes unbounded in finite time [8, 10, 24]).

Recently, some properties of solutions to the Camassa-
Holm equation have been studied by many authors. Himonas
et al. [15] studied the persistence properties and unique
continuation of solutions of the Camassa-Holm equation.
They showed that a strong solution of the Camassa-Holm
equation, initially decaying exponentially together with its
spatial derivative, must be identically equal to zero if it also
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decays exponentially at a later time; see [11, 22] for the
same properties of solutions to other shallow water equa-
tions. Just recently, Himonas and Kenig [16] and Himonas
et al. [14, 17] considered the nonuniform dependence on
initial data for the Camassa-Holm equation on the line
and on the circle, respectively. Lv et al. [25] obtained the
nonuniform dependence on initial data for u-b equation.
Lv and Wang [26] considered the system (1) with p =
Y — V. and obtained the nonuniform dependence on initial
data.

In this paper, we will consider the nonuniform depen-
dence on initial data to system (1). We remark that there
is significant difference between system (1) and system (1)
with p = y — y,,. It is easy to see that when p = y — y,,,
there are some similar properties between the two equations
in system (1). Thus the proof of nonuniform dependence on
initial data to system (1) with p = y — y,, is similar to the
single equation, for example, Camassa-Holm equation. But in
system (1), p and u have different properties; see Theorem 1.
This needs constructing different asymptotic solution; see
Section 3.

This paper is organized as follows. In Section 2, we recall
the well-posedness result of Hu and Yin [27] and use it to
prove the basic energy estimate from which we derive a lower
bound for the lifespan of the solution as well as an estimate of
the H5(S) x H*"(S) norm of the solution (u(t, x), p(t,x)) in
terms of H*(S) x H*™'(S) norm of the initial data (14, p). In
Section 3, we construct approximate solutions, compute the
error, and estimate the H'-norm of this error. In Section 4,
we estimate the difference between approximate and actual
solutions, where the exact solution is a solution to system (1)
with initial data given by the approximate solutions evaluated
at time zero. The nonuniform dependence on initial data for
system (1) is established in Section 5 by constructing two
sequences of solutions to system (1) in a bounded subset
of the Sobolev space H*(S), whose distance at the initial
time is converging to zero while at any later time it is
bounded below by a positive constant. During preparing our
paper, we find another paper [28] where the same problem
has been considered, but our method is different from
theirs.

Notation. In the following, we denote by # the spatial
convolution. Given a Banach space Z, we denote its norm by
| - Il;. Since all space of functions are over S, for simplicity,
we drop S in our notations of function spaces if there is no
ambiguity. Let [A,B] = AB — BA denote the commutator
of linear operator A and B; see [29, 30] for the details. Set

2 2 2
2l gt = lutllzys + lplizyet, where z = (u, p).

2. Local Well-Posedness

In this section we first recall the known results of Hu and Yin
[27] and give a new estimate of the solution to (1).

Let A = (1 - ai)“ % Then the operator A2 acting on
L3(S) can be expressed by its associated Green’s function
p Y
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G(x) = cosh(x — [x] — (1/2))/2 sinh(1/2), where [x] stands
for the integer part of x, as

APf ()= (G* f) )

_lj cosh (x — y— [x - y] - (1/2))
=3

sinh (1/2) f)dy,

feL*(S).
(3)

Hence (1) is equivalent to the following system:
2f 2 1 5 1 5
U, + uu, = —0, A (u +§”x+EP)’

t>0,x€eR,

p+up, =-u.p, t>0,x¢eR, (4)

u (0,x) = uy (x), p(0,x)=py(x), x €R,

ut,x+1)=u(tx), pltx+1)=p(tx)),
t>0, xeR.

In the rest of this paper, we will consider the following system:

_ 1 1
ut+uux=—axA2<u2+§ui+—p2>,

2
t>0, x€S,
(5)
pr+rup,=-u.p, t>0,x¢€S,

u(0,x) =uy(x), p0,x)=py(x), x€8.

The following result is obtained by Hu and Yin [27].
Theorem 1 (see [27]). Given z, = (uy, p,) € H® x H,
s > 2. Then there exists a maximal existence time T =

T(llzoll ggssepge-1) > 0 and a unique solution z = (u, p) to system
(5) such that

z=2(-2)

eC([0,T); H x H™ ) nC' ([0,T); H™ x H™?).

(6)

Moreover, the solution depends continuously on the initial data;
that is, the mapping

2o — z(2) : H x H™
— C([0.7);H x H"™") (7)
nC' ([0, T); H™ x H?)
is continuous.

Next, we will give an explicit estimate for the maximal
existence time T. Also, we will show that at any time ¢ in
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the time interval [0, T;)] the H*-norm of the solution z (¢, x) is
dominated by the H*-norm of the initial data zy(x). In order
to do this, we need the following lemmas.

Lemma 2 (see [29]). If r > 0, then H N L™ is an algebra.
Moreover,

| f9ler < CUSleolgller + 11

where C is a positive constant depending only on r.

9leo) > (8)

H

Lemma 3 (see [29]). Ifr > 0, then

1A% 1 gl < € (1 fellcol

where C is a positive constant depending only on r.

A7), + 1N L al) s )

Theorem 4. Lets > 5/2.Ifz = (u, p) is a solution of system (5)
with initial data z, described in Theorem 1, then the maximal
existence time T satisfies

1

2G|z e

T>T,: R (10)

where C, is a constant depending only on s. Also, we have

Iz (Ol gnrr < 2|20 x> 0 <t < T (1)
Proof. The derivation of the lower bound for the maximal
existence time (10) and the solution size estimate (11) is based

on the following differential inequality for the solution z:

1d

2 3
=Nz Oz < Cllz Ol

0<t<T. 12
2 dt 12)

Suppose that (12) holds. Then, integrating (12) from 0 to t, we
have

"ZO HSxH*! ) (13)
= Clfohr

lz Ol s <

It follows from the above inequality that ||z(t)| sy st is finite
if Cllzgll goxp1t < 1. Let Ty = 1/2C 1zl s yepge-1» then, for
0 <t <T,, we have

[ -
1- Cs”ZO”Hva*lTO

= 2"Zo

lz (Ol g < - (14)
Now we prove inequality (12). Note that the products uu,

and up, are only in H' if u,p € H°. To deal with this

problem, we will consider the following modified system:

Ueta), + T, (uuy)

_ 1 1
= -9, A <]€u2 + E]Eui + EJSP2>’

(15)
>0, x€S,

(]Ep)t+]£(upx)=_]£(uxp)’ t>0,x€§,

where for each ¢ € (0,1] the operator J, is the Friedrichs
mollifier defined by

Jef () =J.(f) (x) = je = f. (16)

Here j,(x) = (1/¢)j(x/¢), and j(x) is a C* function sup-
ported in the interval [-1, 1] such that j(x) > 0, Jg j(x)dx =
1. Applying the operator A® and A*" to the first and second
equations of (15), respectively, then multiplying the resulting
equations by A°J,u and A*"' ], p, respectively, and integrating
them with respect to x € S, we obtain

1d

2 s s
-= = —| A AJud
2 dt "]Su H J§ ]s (uux) ]su X
- J oA P9 A < Jaub + 1 Jou
S 2
1 2 s
+§]€p )A Judx,
(17)
1d 2 s—1 s—1
—-— oa=—1 A A d
zdt”]sp H «[S ]S (upx) ]sp X
(18)

- J As_ljs (uxp) AS_I]SP dx.
S

We estimate the right-hand sides of (17) and (18), and we will
use the fact that A°® and J, are commutative and

(]sf>g)0 = (f’]sg)(y ”]su

To estimate the first integrals in the right-hand sides of (17)
and (18) we write them as follows:

i <l (19)

J AT, (uu,) A Judx = J A (uu,) JA Tudx
s s
= ([A% ] uy, TN T o),
+ (uluy, J AT ),
J AT (up) AT T pdx = J AT (up,) JAT T pdx
s s

= (A% u] pr A p),

+ (uApr, ]eAsfllgp)O.
(20)

Using Lemma 3 and (19), we can estimate the first part in the
right-hand sides of (20)

(ISR PR RO RO NI (VSR PR N2 )
< Cludl el
(A ] po TA g < ol

+ ||px||oo"u”H‘

2
Hs !

P

Hsfl >



where we use the fact that [[u]| ;s = [|A*ull,. Noting that

1Ueul £ull, < CludloI £ 1> (22)

which is obtained by Himonas and Kenig (see [16, Lemma 2]),
and integrating by parts, we obtain

|(uAsux> ]sAsjsu)Ol = |(]£uASux’ Asjsu)()|
= |(Ue u] 00w, AT u),

+(U] 0.\ u, AT ), |

< U ] 0 A% u] el (23)

+ % (A T, AT ) |
< C ll tllgo Il uillzgs,
(A o 1A o) | = ([T ] 9457 0, A ) |

+ % |(uXAS_1]sp, As_ljsp)0| (24)

2
Hs

< Clualloolle

Combining (21)-(24), we have

[ AT ) AT ts] < C ] s 25
S

U AT, (up) A Tpdx
s (26)

< Gy (luallo + loclloo) (Ml + el ) -

For the second integral in the right-hand side of (17), we have

J BXAS*2 <]£u2 + l]sui + l]Epz) A Judx
S 2 2

< ||BXAH < Jau® + % Jouil + % ]£p2>

leell g
g (27)

<

2 1.5 1.5
Jou™ + Efgux + ELP e llea]l s

2
Hs—l ) >

where we have used Lemma 2 with r = s— 1. Similarly, for the
second and third integrals in the right-hand side of (18), we
get

< C, (Itllo + 1Pl oo + llttclloo) (el + [l

S [27N Py ] e

IJ AT, (uep) A pdx
s 28)

< Colluclcollelize
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Submitting (25), (27), and (26), (28) into (17) and (18), respec-
tively, we obtain

1d
5 g Vel < Co (Moo + ol + Bl loelco)

x (Nl + [Pl )
(29)
1d 2
5 gplePllier < Ce (oo + Pl + o + lpello)
x (e + ol -
Consequently,
1d
bV T (el + Veplir)
< Cs (oo + lplloo + litello + locllee) GO
x (Il + Dol ) -
Then, letting € go to 0, we have
1d
5 ¢ (s + Dol
< Cs (oo + lploo + litello + locllce) - GV
x (lullz + [Pl )
or
e O s = C MOl + lpl)
2 dt HSxHS1 = ~s C C (32)
X 12 (O gt
Since s > 5/2, using Sobolev’s inequality we have that
lu®ller < Collu Ollzs - lp Ol < Clle O - (33)

From (32) we obtain the desired inequality (12). This com-
pletes the proof of Theorem 4. O

Recall that [|2(t)[2 s = Ul + o)1, where
z(t) = (u(t), p(t)). It follows from Theorem 4 that

llet Ol [l ()

ot < 12 Ollp

< 2|z 0<t<T,.

HSxH1»

3. Approximate Solutions

In this section we first construct a two-parameter family of
approximate solutions by using a similar method to [17] and
then compute the error and last estimate the H' x L*-norm
of the error.

Following [17], our approximate solutions ut =y,
x) and p“’”\ = p“”)L (t, x) to (5) will consist of a low frequency
and a high frequency part, that is,

1 = WAt + 17 cos (Ax — wt),
(35)
pw”\ =A™+ 1 cos (Ax — wt),

where w is in a bounded set of S and A is in the set of positive
integers Z .
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Now we compute the error. Substituting the approximate

solution (u®*, p“’”\ ) into the first and second equation of (5),
we get the following error:

uw,/\ + uw,)t uw,/\

t X

P00 () 430+ S (6 )s G9)

w,A w, A _w,A wA wA
F=p> +u™"p " +u p.

Direct calculation shows that

w,A + WA w,A
Mt u Mx

= —%A_ZSH sin (2Ax - 2wt) := E,,
o n () + (Y 4 L)

- _gA_ZSHA_Z sin 2Ax — 2wt) (37)

— 3w\ A% sin (Ax — wt)
1._ _
+ E)L 2N sin 2Ax - 2wt)

— A A sin (Ax — wt)
= E, + E;+ E, + Es.
Similarly, we have

w,A WA _w,A
P+ U

= -1"%sin (Ax — wt)

w,A_w,A
++u,p

(38)
— A" 5in (2Ax - 2wt)

=F +F,.

Let C be a generic positive constant. For any positive
quantities P and Q, we write P < Q (P 2 Q) meaning that
P <CQ (P = CQ) in the following.

Next, we estimate the error. We remark that the error of
the periodic Camassa-Holm equation contains E;(i = 1,2, 3)
and the estimate of E; was contained in paper [17]. In [17],
they obtained that

[Eu e Bzl [ Bl < A7, 9)
[Bli <A77

Now, we estimate E; and F; (i = 1,2). We need the
following lemma.

Lemma 5 (see [17]). Letoc e R.IfA € Z, and A > 1 then
llcos (Ax = )l go(sy = A7, a € R. (40)

The above relation also holds if cos(Ax — «) is replaced with
sin(Ax — ).

Estimating the H'-Norm of Es. By using the definition of A,
we have

[Es]|;p = “w)szA*2 sin (Ax — wt)“H1
= 'w[s+l| llsin (Ax — wt)|| -1 (41)
<A
where we used Lemma 5.
Estimating the L*-Norms of F, and F,. Also, we have
Il = 127 sin (- )] < 17,
(42)
IFo]l = A7 sin 2Ax - 208) |, < A7,

Collecting all error estimates together, we have the following
Theorem.

Theorem 6. Let s > 5/2. If w is bounded, then for A > 1 we
have

IEN g, IFl2 < A (43)
4. Difference between Approximate and
Actual Solutions

In this section, we will estimate the difference between the
approximate and actual solutions.

Let (u,,(t, x), p, (£, x)) be the solution to system (5)
with initial data of the value of the approximate solu-
tion (u“r(t, x),pw”\(t, x)) at time zero; that is, (u,,(t, x),
P (t, x)) satisfies

atuw,l + uw,/\axuw,)L

-2 2 1 2 1 2
+ axA (Mw,A + E(axuw,/\) + Epw,/\> =0,
t>0,x€S,
ath,/\ + ”w,Aawa,A + ”w,/\an,A =0, t>0,x¢€ S’

U, (0,x) = O 0,x) = T+ A cos (Ax), x €S,

o (0,%) = p* (0,%) = wA ™ + A cos (Ax), x€S.
(44)

Note that (u,, (0, x), p, 1 (0, x)) € H*xH*',s > 0. Moreover,
we have

||uw,)t (0, x)le SlwlAh+1, A,
(45)

<lwl AT +1, A1

"pw,)L (0’ x)l

Hs—l
Therefore, if s > 5/2, by using Theorems 1 and 4, we have

that, for any w in a bounded set and A > 1, problem (44) has
a unique solution z,,, € C([0,T]; H*) x C([0, T]; H*") with

1 1

T
 Teor Oy 1+AT 7

1. (46)

HSxH*!



To estimate the difference between the approximate and
actual solutions, we let

Ve mug, o= pTop D)
Then (v, o) satisfies

w,A w,A
Ve = W + UV 4 v

- 1 1
—0 ATV + Evi + 502 —2uy

A

w, w,A
UV, —p a]=E, t>0,x€S,
0, —vo, +ua, + vt

A

- (avx—uw’ a—pw’lvx) =F, t>0,x€S,

v(0,x)=0(0,x) =0, xE€8,

(48)

where E and F are defined as in Section 3.
Now we prove that the H'-norm of difference decays.

Theorem 7. Let s > 5/2; then

vl <A, llo@le <A™, 0<t<T, A> 1
(49)
Proof. Note that
%%"V(t)"?{l = L (v, + vyvy) dx, (50)
1d
EE”G(t)"iz = L o0, dx. (51)

Applying the operator 1 — 92 = A* to both sides of the first
equations of system (48), we have

v, = NE - A (uw’)tvx - vu?”\)

w,A w,A w,A
- (2u v+Hu v+ p a)x (52)

2
+ 5(0 )x + 3V, = 2V, Ve — VWosn + Virss

A w,A

o,=F- (u“” o, + vp‘;”k) - ( o+ p“”)‘vx) + (vo),. (53)

Substituting (52) and (53) into (50) and (51), respectively, we
obtain

1d

2 25 2( wA w,A
EE”V(t)”HI = LVA de—J vA? (uty, + vt ) dx

S

| v(2utv + utv, + pto) dx
s X X x
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+ % L v(az)xdx

+ J§ (V (31/Vx - 2vaxx ~ VWixx T Vxxt)

Y, Vy) dx,
(54)
li”a )% = J oFdx - J o (uw”\o + vp“”)\) dx
2 dt L s s X X

_ J o (p“’”‘vx + auﬁ’l) dx + j o(vo),dx.
s s
(55)

It is direct to calculate that
J; (V (3VVx - 2vaxx T Wixx T Vxxt) + vaxt) dx

(56)

= L [(vS)X - (vzvxx)x + (vvxt)x] dx =0.

Substituting the above equalities into (54) and adding the
resulting equations, we get

| =

(v Ol + llo ®1}-)

N | =
QU

t

= J vA*E dx + J oF dx
s s
- J VA (uw’Avx + vu?”\) dx
s

(57)

- V(Zuw”\v+u“’”‘v +p” 0) dx
s X X x

We first look at the last term I,. Integrating by parts gives

I = L [%v(o’z)x + o(va)x] dx =0. (58)

Estimates of Integrals I, and I,. Integrating by parts and
applying the Cauchy-Schwarz inequality, we have

lj vA’E dx
s

= US (VE = v,E,) dx| < |Ellgg v (),
(59)

|L oF dx| < |Fll2llo (®)]2.
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Estimates of Integrals I,. Integrating by parts, we get
-1 = J vA® (u‘””‘vx + vu;”A) dx
S
= J v (u“”Avx + vuﬁ”\) dx (60)
S

+J vx(uw”\vx) dx+J vx(vuz’A) dx,
S x S x

and estimate its first part by

J y (uw’Avx + vu?”\) dx
s

(61)
< (Ju* @, + Jue @] ) v O

Its second part can be estimated by

L vx(uw”‘vx)xdx L (u?”\vi + %uw’A(vi)x> dx
1

J u“”Avidx
2 |)s

Py x

A 2
< Ju?| v Ol

(62)

For the last part, integrating by parts, we obtain

w,A
L vx(vux )xdx

< +

w,A 2
L u, vidx

w,A
L W dx

< (Ju* @), + e @] ) v ol
(63)

Estimates of Integrals 1, and I. Integrating by parts, we can
deal with the integral I:

|L| = l— L o (u*o, +vp) dx

o A A
J ?ug +vop. dx
s

(64)
< (Ju* @] + 02 0] )
x (llol2 + v ()12
Similarly, we can estimate the term I,
TR E—
< (Ju* @ + [0 @) (65)

< (ol + v ®llF;) -

7
Estimate of the Integral I5. Integrating by parts, we have
|I;| = Ij V(Zu“’”\v +uty + p‘””\a)xdx
s
= | v, (2utv +uMv, + pto) dx
LX( vt ptlo) (66)

< ([ ], + [ 0], + 10 @)
< (v ®lip +llo ®17:) -

Combining the estimations of I, -I,, we have that

d
S (WOl + 10 @)

< (IElgp + 1F ) (v Ol + llo ©)llz2)
(ol + | o], + el o],
+He o], + e 0])
x (Iv@®lizs + o @®)l7)-
Note that

1O = WA+ 17 cos (Ax — wt),
(68)

W,

p A= A+ 1 cos (Mx — wi) 5
we have axu“” = -1~ sin(Ax — wt). Furthermore, we have
o1
axuw,)u o apw,A N < )L_S+1, (69)
o], .
s < 27

Submitting (69) into (67) and using Theorem 6, we obtain
1d

5 212 Ol o)
< ANz Oz + ANz O,z
which implies that
Iz (Ol gz < A (71)
Noting that
v Ol o Ol 2 < Iz Ollpperzs (72)

combining the above inequality, we complete the proof of
Theorem 7. O

5. Nonuniform Dependence

In this section, we will prove nonuniform dependence for
system (5) by taking advantage of the information provided
by Theorems 1-4, 6, and 7. Our main result is the following.



Theorem 8. Ifs > 5/2, then the data-to-solution z(0) — z(t)
for system (5) is not uniformly continuous from any bounded
subset of H* x H™" into C([-T, T); H) x C([-T, TI; H™"),
where z(0) = (uy(x), py(x)) and z(t) = (u(t, x), p(t, x)). More
precisely, there exist two sequences of solutions (u,(t), py(t))
and (1) (t), py(t)) to the differential equations of (5) in
C([-T,T]; H®) x C([-T, T]; H") such that

ler 5 + 17 ®)

o+ 1o Ollger + 15 O < 1

jace 0,
(73)

im [y (0) =, (0) - = lim lox (0) = 73 (0)

lim inf ([ur (6) = 5y (O] + o2 () = P2 O] s) 2 sint,

(| < T < 1.
(74)

Proof. Let (u)(t), py(£)) = (uy(t,x), p (£, x)) and (i, (1),
pr(®) = (u_y,(t, x), p_y5(t, x)), where (u, ,(t, x), py (£, X))
and (u_y 5 (£, x), p_1 1 (£, x)) are the unique solution to Cauchy
problem (44) with initial data w0, x), pl’)L (0,x)) and
(w10, x), pfl’)t (0, x)), respectively.

It follows from Theorem 1 that these solutions belong in
C([0,T]; H*) x C([0, T]; H*™"). By (48) and the assumptions
after Theorem 1, we see that T is independent of A > 1.
Letting k = [s] + 2 and using estimate (34), we have

ltein Ol lcin Ollger < |2 O g @5

where z52(0) = (u*"(0), p*"4(0)) and 25 () tppr =

2 2
I 0) e + 054 (0) 5t If A s large enough, then from
Lemma 5 we have

O] I TRRY O
+ ATl (%) cos (Ax — wt)HHk (76)
< A9 /\k—s”¢||2,
which gives
| @) < A< (77)
Combining (75) with (77), we obtain
ltern Ol s A A1 (78)
Estimate (77) together with (78) yields
| () = iy O, <A A1 (79)
Theorem 7 implies that
|t ) = wap @], <A A> L (80)
Now, applying the interpolation inequality
bl < Bollz" ol
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with s; = 1ands, = [s] + 2 = k and using estimates (79) and
(80), we get

[ 0) = st O < [ O = s O
A () =gy 0

< ) SUe=)/(k=1) 5 (k=s)(s-1)/ (k1)

< AEEDE ) s,

(82)
Hence

| @) - upyp ()

e
Hss)» , A1, (83)

where & = 1/(s + 2).
Next, we prove (73) and (74). From (44), we have

“ul’A (0) - M_l’)\ (0)

w =227

H°

=2 —50 as A — oo,

) (84)
lpa (0) = poi g O s = 227 e
=150 as A — oo,
which implies that (73) holds.
Now, we prove (74). Obviously, we have
lim inf (Jur @®) = i3 O]l + o2 @ = Pr O )
(85)
lim inf t) —uy (O] -
> lim in (N GENG]
Thus we only prove that
li{lli.;lf"u/\ (t) =8y ()| 2 sint, [{]<T<1.  (g6)

It is easy to see that

g p ) = uyy )] = “ul’/\ ) - (1)

H

o G0

NC%)

o TR GETERNG

H'

It follows from (77) that

— A5,

Y A G EETa ©)

“ul,/\ (t) - u*l,/\ (t) HS

A> 1,
(88)

which implies that

lim influ, , (t) —u [9](
/\—>oo|| 12 @) =gy (|5

(89)

> lim inf|u™* () - w4 (1)
A— 00

H'
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Using the identity
cosoc—cos/S:—Zsin“+ﬁsin“_ﬁ (90)
2 2
gives
W) = u M (1) = 207 + 207 sin (Ax) sin . (91)
Thus,

“ul”\ (t) - y (t)l

- . . -1
e 2 2A *llsin Ax|l g [sint] = 247 |1 s

> A7|Isin Ax| s [sint] — A7, A 1.
(92)
Letting A — oo in the above inequality, we have
o LA -1A .
lll{n_)g;f“u ®) -u " @), = Isint. (93)

Summing inequalities (89) and (93) up, it yields inequality
(74). This completes the proof of this Theorem. O
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