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We study the normal families related to a Hayman conjecture of higher derivative and concerning shared values and get two normal
criteria. Our results improve the related theorems which were obtained independently, respectively by Fang and Yuan (2001), Yuan
et al. ((2011) and (2012)), Wang et al. (2011), and Qiu et al. (2012). Meanwhile, some examples are given to show the sharpness of

our results.

1. Introduction and Main Results

Let f(z) and g(z) be two nonconstant meromorphic func-
tions in a domain D < C, and let a be a finite complex
value. We say that f and g share a CM (or IM) in D provided
that f — a and g — a have the same zeros counting (or
ignoring) multiplicity in D. When a = oo, the zeros of f —a
mean the poles of f (see [1]). It is assumed that the reader is
familiar with the standard notations and the basic results of
Nevanlinna’s value-distribution theory ([1] or [2-4]).

It is very interesting to find normality criteria from the
point of view of shared values. In this area, Schwick [5] first
proved an interesting result that a family of meromorphic
functions in a domain is normal in which every function
shares three distinct finite complex numbers with their first
derivative. And later, more results about normality criteria
concerning shared values have emerged; for instance, see [6-
8]. In recent years, this subject has attracted the attention of
many researchers worldwide.

We now first introduce a normality criterion related to a
Hayman normal conjecture [9].

Theorem 1. Let F be a family of holomorphic (meromorphic)
functions defined in a domain, n € N, a+0, andb € C. If
f'(z) +af"(z)—b does not vanish in D for each function f(z) €
Fandn =2 (n = 3), then F is normal in D.

The results for the holomorphic case are due to Drasin
[10] for n > 3, Pang [11] for n = 3, Chen and Fang [12] for n =
2, Ye [13] for n = 2, and Chen and Gu [14] for the generalized
result with a and b replaced by meromorphic functions. The
results for the meromorphic case are due to Li [15], Li [16],
and Langley [17] for n > 5, Pang [11] for n = 4, Chen and
Fang [12] for n = 3, and Zalcman [18] for n = 3, obtained
independently.

When n = 2 and & is meromorphic, Theorem 1 is not
valid in general. Fang and Yuan [19] gave an example to show
this and got a special result below.

Example 2. The family of meromorphic functions & =
{fi(z) = jzl(\jz - 1)*:j = 1,2,...,} is not normal in
D = {z: |z| < 1}. This is deduced by fj(O) =j — 00,as
j — oo and Marty’s criterion [2], although for any f;(z) €

F, fi+ fi = j(jz -1 #0.

Here f*(£) denotes the spherical derivative
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Theorem 3. Let F be a family of meromorphic functions in a
domain D, and a+0, b € C. Iff’(z) + afz(z) — b does not



vanish in D and the poles of f(z) are of multiplicity >3 for each
f(2) € F, then F is normal in D.

In 2008, by the ideas of shared values, Zhang [8] proved
the following.

Theorem 4. Let F be a family of meromorphic (holomorphic)
functions in D, let n be a positive integer and let a, b be two
finite complex numbers such that a#0. Ifn > 4 (n > 2) and
for every pair of functions f and g in F, f' —af" and g' —ag"
share the value b IM, then F is normal in D.

Example 5 (see [8]). The family of meromorphic functions
F = {fj(z) = 1/\/7(2— 1/j): j =1,2,...,} is not normal in
D = {z: |z| < 1}. Obviously f; - f; = ~z/+[j(z = 1/j)’. So
for each pair of m, j, f]' - fj3 and f! — f2 share the value 0
in D, but # is not normal at the point z = 0, since f;(O) =
2\ /(1 + j) — 00,28 j — co.

Remark 6. Example 5 shows that Theorem 4 is not valid when
n = 3, and the condition n = 4 is best possible for
meromorphic case.

In 2011, Yuan et al. [20] and Wang et al. [21] proved the
following theorems, independently, respectively.

Theorem 7 (see [20, 21]). Let & be a family of meromorphic
functions in D and a, b two finite complex numbers such that
a#0. Suppose that each f € F has no simple pole. If f' —af’
and g' — ag® share the value b IM for every pair of functions f
and g in &, then F is normal in D.

Theorem 8 (see [20]). Let F be a family of meromorphic
functions in D and a and b two finite complex numbers such
that a +0. Suppose that each f € F admits zeros of multiple
and the poles of multiplicity at least 3. If f' —af* and g' — ag”
share the value b IM for every pair of functions f and g in F,
then & is normal in D.

Lately, Yuan et al. [22] and Qiu et al. [23] studied this
result, independently, respectively, in which the derivative f’
was replaced by kth derivative f*), and they got the following
results.

Theorem 9 (see [22]). Let F be a family of meromorphic
functions in D, and let k(> 2) and n(> k + 2) be two positive
integers. Let a( #0) and b be two finite complex numbers. If

(i) f® —af" and g® —ag" share b IM in D for every pair
of functions f and g in F,
(ii) f has no simple pole and no zero of multiplicity less

than k in D for every function f € &, then F is normal
in D.

Theorem 10 (see [22,23]). Let F be a family of meromorphic
functions in D, k(> 2) and n(> k + 3) be two positive integers.
Let a(#0) and b be two finite complex numbers. If

(i) % —af" and g® - ag" share b IM in D for every pair
of functions f and g in F,

Abstract and Applied Analysis

(ii) f has no zero of multiplicity less than k in D for every
function f € F, then F is normal in D.

It is natural to ask whether the condition n > k + 2 or
n > k + 3 in the previous theorems can be reduced. In this
paper, we study this problem and get the following results.

Theorem 11 (main theorem). Let D be a domain in C and let
F be a family of meromorphic functions in D. Let k,n,d €
N*,n>3,d > (k+1)/(n-2) and let a, b be two finite complex
numbers with a # 0. Suppose that every f € F has all its zeros
of multiplicity at least k and all its poles of multiplicity at least
d. If f® —af™ and g® — ag" share the value b IM for every
pair of functions (f, g) of F, then & is a normal family in D.

Remark 12. Whenn >k +2orn>k+3,wehaved = 1or2,
respectively. It follows that Theorem 11 generalizes Theorems
4,7,9, and 10.

Theorem 13 (main theorem). Let D be a domain in C and
let F be a family of meromorphic functions in D. Let k € N*
and a, b be two finite complex numbers with a # 0. Suppose that
every f € F has all its zeros of multiplicity at least k+ 1 and all
its poles of multiplicity at least k+2. If f® —af? and " —ag?
share the value b IM for every pair of functions (f, g) of F, then
F is a normal family in D.

Remark 14. When k =
generalizes Theorem 8.

1, it follows that Theorem 13

Example 15 (see [23]). Let n,k > 2 be two positive integers
and a a nonzero complex constant. The family of meromor-
phic functions is # = {f;(z) = 2= L2000
D = {z: |z| < 1}. Obviously, for each pair of m, j, f;k) —af?

i
and f,(:) — af,, share the value 0 in D, but & is not normal.

Example 16. Let k be a positive integer and a, b two nonzero

complex constants such that b; = a/(—l)k((Zk)!/k!)jk. The
family of meromorphic functions is # = { fj(z) = 1/(jz -

b)*': j =1,2,..},D = {z: |z| < 1}. Obviously, for each
pair of m, j, fj(k) - asz and £ —af? share the value 0 in D,

but & is normal since f*(0) — ocoas j — oo.

Remark 17. Example 15 shows that the condition that f(z)
admits zeros of multiplicity at least k is best in Theorem 11.
For the case k = 1, n = 3, Example5 shows that the
condition that f(z) admits poles of multiplicity at least d is
sharp in Theorem 11. For the case n = 2, Example 16 shows
that the condition that f(z) admits poles of multiplicity at
least k + 2 is sharp in Theorem 13. For the case k = 1, n = 2,
Example 2 shows that the condition that f(z) admits zeros of
multiplicity at least k + 1 in Theorem 13 is sharp.

2. Preliminary Lemmas

In order to prove our results, we need the following lemmas.
The first is the extended version Zalcman’s [24] concerning
normal families.
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Lemma 1 (see [25]). Let & be a family of meromorphic
functions on the unit disc satisfying all zeros of functions in F
having multiplicity >p and all poles of functions in F having
multiplicity >q. Let « be a real number satisfying —q < « < p.
Then F is not normal at 0 if and only if there exist

(a) a number 0 < r < 1;
(b) points z,, with |z,| < r;
(¢) functions f, € F;

(d) positive numbers p, — 0

such that g,({) = p,*f.(z, + p,{) converges spherically
uniformly on each compact subset of C to a nonconstant
meromorphic function g({), whose all zeros have multiplicity
>p and all poles have multiplicity >q and order is at most 2.

Lemma 2. Let f(z) be a meromorphic function such that
fOz) # 0andc € C\ {0}, kn,d € N* withn > 3,
d > (k+1)/(n—-2). If all zeros of f are of multiplicity at least
k and all poles of f are of multiplicity at least d, then

1 1 — 1
T(r,f)< EN <7’, 7) + N(?’, W) +S(r. f), (2)
where S(r, ) = o(T(r, f)), asr — o0, possibly outside a set
with finite linear measure.

Proof. Set
Y@
@)= 3)
Since f(k)(z) # 0, we have ®(z) # 0. Thus,
P A C)
(=)= D@ (4)
Hence,
£ ]
, — , 1 < N 1 +_
nm (r, f) m(rf)<m<r 3 )+ g 1
<m <r, —) +m (r,f(k)) + log+ﬁ
(k)
Sm( ,%)+m(r,f7>+m(r,f)+log+l?l|.
)

So that

) ®) .
(n-1)ym(r, f) Sm(r,5>+m<r,—) +log"—. (6)

On the other hand, (4) gives

nN (r, f) < N(r, ") =N<r,£>

where N(r, ® = f &) = 0) denotes the counting function of
zeros of both ® and f®.
We obtain

nN (r, f) < N(r, f) + kN (r, f)
+N(r,%>—ﬁ(r,<l)=f(k)=0),
(n—1)N(r, f) < kN (r, f)
+N(r,%>—ﬁ(r,®:f(k):0).
By (4), we have
N(r,cp)+ﬁ(r,%>
)
SN(r,%) +N(r,f)+ﬁ(r,(l> = 0= 0).

From (6)~(9), we obtain
(n-1)T(r, f)

<k (r,f)+T<r,é) —N(r,(D = f® = 0)+S(7’f)

IN

KN (r, f) + T (r,®) =N (r,® = f© = 0) + 8(r, f)

=)

skﬁ(r,f)+ﬁ(r,%>+N(r,<l))+ﬁ<r,(b
—N(r,(D=f(k) =0)+S(r,f)
< (k+1)ﬁ(r,f)+ﬁ<r,%>

+N(r,ﬁ) +S(r. f).
(10)

Since all zeros and poles of f are multiplicities at least k
and d, we get

N(rf)s 3N ()5 3TN < T 0 ),
D
“(r)=x ()
So that
T f) < %N<r%> +N(r’ 7® 1—cf"> +Sinf).
(12)
O

Lemma3. Let f(z) be a transcendental meromorphic function
such that f*®(z) # 0. Letk € N* and ¢ € C\ {0}. If all zeros
of f are of multiplicity at least k + 1 and all poles of f are of
multiplicity at least k + 2, then f® — cf? has infinitely many
zeros.



Proof. Suppose that f* — ¢f2 has only finitely many zeros;
then N(r, 1/(f o _ sz)) = 8(r, f). Clearly, an arbitrary zero
of f isazero of f® —cf? since all zeros of f are of multiplicity
at least k + 1; then we can deduce that f has only finite zeros,

so N(r,1/f) = O(logr) = S(r, f).

Set
@)
() = 13
@="mig (13)
Similarly, with the proof of Lemma 2, we can get
T(r,f)< (k+1)N(r, f) +N<r, ,lf>
(14)

+ﬁ<r,ﬁ)+$(r,f).

Since all poles of f are multiplicities at least k + 2, we
obtain

NG f) < osN N < 5T, 09)

so that
T(r,f)< (k+2)N<r,%>
+(k+2)ﬁ(r,ﬁ>+8(r,f) =S(r, f).

(16)

This is contradicting with the fact that f is transcendental.
Hence, Lemma 3 is proved completely. O

Lemma 4. Let f(z) be a nonconstant rational function such
that f®(z) # 0. Leta € C\ {0}, and k,n,m € N* with
n>2andm > (k+2)/(n—1).If f #0 and all poles of f are of
multiplicity at least m, then % — af™ has at least two zeros.

Proof. Suppose, to the contrary, that f* — af" has at most
one zero.

Since f #0, we get that f is a rational but not a polyno-
mial.

Case 1. 1f f® — af™ has only zero z, with multiplicity I, set

A

f(z)= ),31 (z- 22)132 oz - Zt)ﬁ:’

(z-7 17

where A is a nonzero constant and 3; > (k +2)/(n-1) (i =
1,2,...,1).
For the sake of simplicity, we denote

BitBt+p =2 (18)
From (17), we have

£ = 9¢) (19)

(z-2) " (z-2)"™ (22

where g(z) is a polynomial such that deg(g(z)) < k(¢ - 1).
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From (17) and (19), we get

9 —af
_ g(2)
(z-2)" (z-2)"" (2 - 2)"
B aA”
(z-2)"(z-2)" (2 -2)" (20)
= [9@ (z-2)" Pz - 2) "R

(g —g,)RTR aA"]

X ((z )Pz (- zt)"ﬁ’)_l.

By the assumption that f*) — af™ has exactly one zero z,
with multiply /, we have

B C(z - zo)l
(z-2)"(z-2)" (2 - 2)"

where C is a nonzero constant. Thus,

% —af" (1)

2) " aar

C(z - Zo)l =g(2)(z- Zl)(nil)ﬂlik' - (z - .
(22)

Differentiating (22), we obtain
Cl(z - z,)™"
= (Z _ Zl)(n—l)ﬁl—k—l . (Z _ Zt)(n—l)ﬁt—k—l
x|1g' (@) (z-2)(z-2)
t t
+9@ ) (-1p-k) [] (z-2)
i=1 j=Lj#i
(23)

For the sake of simplicity, we denote
-
9 () =Cl(z-z)"",

(n-1)B, k-1 (n-1),—k-1
9:(2) = (z-z,) . e (z-2) F

x| g @(z-2)(z-7)

+g(Z)i((H—1)ﬁi—k) [T (=-%)

i=1 j=Lj#i
(24)

Hence,

g1 (2) = g,(2). (25)
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Since (n — 1)f; — k — 1 > 1, we have g,(z;) = 0. But
91(z;)#0 (i =1,2,...,t),a contradiction.

Case 2.1f % —af" has no zeros, then I = 0 for (21). We have

C
£ ~af" = ,
(-2 -2 (- 2)"

where C is a nonzero constant. Thus,

(26)

C= g (Z) (Z _ zl)(n—l)ﬂl—k . (Z _ Zt)(n—l)ﬁ,—k B aA",
(27)

CDRE (g - 2)" P = Chan”
, = .

g(2) (Z - Zl)

Obviously, g(z)(z - zl)(”fl)ﬁlfk ez - zt)("fl)ﬁ‘fk isnota
constant, a contradiction.

Lemma 4 is proved. O

Lemma5. Let f(z) be a rational function and a € C\ {0}, and
k,n,m € N" withn > 2 and m > (k + 2)/(n — 1). If all zeros
of f are of multiplicity at least k + 1 and all poles of f are of
multiplicity at least m, then f* — af" has at least two distinct
zeros.

Proof. Suppose, to the contrary, that f* — af" has at most
one zero.

Case 1. When f is a nonconstant polynomial, noting that all
zeros of f have multiplicity at least k + 1, we know that f* —
af™ must have zeros. We claim that f has exactly one zero.
Otherwise, we can get that f* — af™ has at least two zeros,
which contradicts our assumption.

Set

f(z)=B(z-z,), (28)

where s > k + 1, B is a nonzero constant. Then

@ -af"(2)

)s—k

=B(z -z, (29)

x [s (s=1)--(s—k+1)—a(z- zo)(n_l)s+k] )

Since s — k > 1, we obtain that s(s — 1)---(s — k +
1) —a(z - zo)ﬁk has at least one zero which is not z, from
(29). Therefore, f® — af™ has at least two distinct zeros, a
contradiction.

Case II. When f is rational but not a polynomial, we consider
two cases.

Case 1. Suppose that f*) — af™ has only zero z, with multi-
plicity at least . If f +0, by Lemma 4, we get a contradiction.
So f haszeros, and then we can deduce that z,, is the only zero
of f. Otherwise, f® — af™ has at least two distinct zeros, a
contradiction.

We set

Alz-zy)

1= z-2)"(z-2)" - (z-2)"

where A is a nonzero constant and s > k+ 1, 3, > m >
(k+2)/(n-1)) (i=1,2,...,1).
For the sake of simplicity, we denote

BitBot-tp=q 31

From (31), we have

Az - ZO)S_kg (2)

o= . ()
(z-2)""(z-2)"" (2 -2
where g(z) is a polynomial with deg(g) < k(s + ¢ + 1).
From (30) and (32), we get
9 —af"
_ Az - zo)s_kg (2)
(z-2)"" 2= 2)"" (2 - 2 )"
~ A'(z - z,)"
(z-2)"(z-2)" - (z-2)"
= (Alz-2)™" (33)

« [g ) (z - Z])(H*I)ﬁﬁk(z _ 22)("*1)132*’(

(2= z) R g

X(z _ZO)(n—l)s+kD
X ((Z — zl)nﬁl(z B Zz)nﬁz L (Z _ zt)nﬁ,)

-1

By assumption that f* —af" has exactly one zero z, with
multiplicity [, we have

I
1 a2 HE w G
(z-2))""(2-2)" - (z2-2)""
where B is a nonzero constant. Thus,
Blz-z,) = Az —z,)""
n-1)p,-k n—1)pB,—k
x[g(2) (z-2)" P (g 2) " F
_aAn—l(Z _ ZO)(n—l)s+k] )
(35)

Case 1.1 If] > s—k, from (35), we can deduce that z, is a zero
of (z - zl)("_l)ﬁl_k vz = zt)("_l)ﬁ’_k, a contradiction.

Case 1.2. If | = s — k, from (35), it follows that

1)(”_1)/31_k . (Z —z )("_l)ﬁt_k

t

g@)(z-z
(36)

_ aAn—l(z _ ZO)(n—1)5+k =

B
1



Differentiating (36), we have
(Z _ Zl)(l’l*l)ﬁlfkfl . (Z _ zr)(i’l*l)ﬁt*kfl

(z-2)

x|g' @ (z-2)

(37)
1@ Y (-1 -k [] (z-2)
= j=1j#i
=a((n-1)s+k) A"il(z _ ZO)(H*I)Hkq.

For the sake of simplicity, we denote

. )(n—l)ﬁ,—k—l

5@ =(-2)"""" (2

g @ (z-2)(z-z)

+g(2)i((n—1)/3i— ) ﬁ (Z—Zj)]>

i=1 j=lj#i

g (2)=a((n-1)s+k) A"‘l(z _ ZO)(n71)5+k71.

(38)
Thus,
g1 (2)=g,(2). (39)

Since (n — 1)B; —k — 1 > 1, we get g,(z;) = 0, but
g2(z;)) #0 (i =1,2,...,1), a contradiction.

Case 2.1f f®)—af™ has no zeros, then I = 0 for (34). Similarly,
as the proof of Case 1, we also have a contradiction.
The proof is completed. O

3. Proofs of Theorems

Proof. In Theorem 11, suppose that & is not normal in D.
Then there exists at least one point z;, such that # is not
normal at the point z,. Without loss of generality, we assume
that z, = 0. By Lemma 1, there exist points z; — 0, positive
numbers p; — 0, and functions f; € F such that

9, =p"Vfi(z;+pk) = g (©) (40)

locally uniformly with respect to the spherical metric, where
g is a nonconstant meromorphic function in C and whose
poles and zeros are of multiplicity at least d and k, respec-
tively. Moreover, the order of g is at most 2.

From (40), we know that

g0 @ =MV O (4 p8) = g ©®), ()
G <5> P Vp
=p" ”(f}" (2 + pi€) - af} (2 + ;&) - b)
© & -ag"©
(42)

also locally uniformly with respect to the spherical metric.

Abstract and Applied Analysis

Case 1. If k = 1, by Theorems 4 and 7, the Theorem 11
assumes.

Case 2.If k = 2, n > 4, by Theorems 9 and 10, the Theorem 11
assumes.

Case 3.Ifk=2,n=30rk>3,3<n<k+1Ifn>k+2,by
Theorems 9 and 10, we can get Theorem 11).

1f g™ (£)—ag" (&) = 0, since all poles of g have multiplicity
at least d, we have

nT(r,g)=T(r,g") = T(r,g(k)) +0(1)
= m(r,g(k)) + N(r, g(k)) +0(1)

<m(r,g)+N(r,g) +kN (r,g) +S(r.g) (43)

k(n-
a1 T(r g)+S(r.g)

<m-1)T(r,g)+S(r.g).

<T(r,g)+

Therefore, g(§) is a constant, a contradiction. So g(k)(E) -

ag" (&) # 0.
By Lemma 2, we have

1 1 — 1
T(T,g)S %N<T’,§>+N<T,W>+S(T,g)

(44)
1 1 — 1
< zT(T,§>+N<F,W>+S(F,g).

Then

(1—%>T(r,g)sﬁ<r, >+S(r,g), (45)

g® - ag

1 — 1
T(r,g)g(l—f'k_1>N<T‘,M>+S(T‘,g). (46)

If g(k)(f) —ag"(&) #0, then (46) gives that g(£) is also a con-
stant. Hence, g(k)(f) —ag" (&) is a nonconstant meromorphic
function and has at least one zero.

Next we prove that g(k) (&) —ag" (&) has just a unique zero.

On the contrary, let & and & be two distinct zeros of g(k) -
ag" (&), and choose §(> 0) small enough such that D(§,,5) n
D(&;,0) = ¢, where D(&, 8) = {&§: |§-&| < 8}and D(§], ) =
{€:1€-&;| < 6}. From (42), by Hurwitz’s theorem, there exist
points £; € D(&,,9), EJ* € D(&;,6) such that for sufficiently

large j
f;k)(z +p;8 ) af (z +p;é ) b=0,

fj(k)(z +p] ) af (z +p] ) b=0.

By the hypothesis that for each pair of functions f and g
inZ, f® —af"and g* - ag" share b in D, we know that for
any positive integer m

f (Z]'+pj€j)_
fo (2 P87 -

(47)

afy, (2 + p;) —b =0,
af,, (zj + pjf;f) -b=0.

(48)
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Fix m, take j — oo, andnotezj+pjfj - 0, Zj+ij; -

0; then £®(0)—af"(0)—b = 0. Since the zeros of £ ~af" b
have no accumulation point, so

zj+pi§;=0, zj+pi§; =0. (49)
Hence, Ej = -z;/p; 5;‘ = —z;/p;. This contradicts Ej €
D(,,9), E; € D(&;,0) and D(§),8) n D(;,8) = ¢. So

g(k)(E) —ag" (&) has just a unique zero, which can be denoted
by &.

Noting that g has poles and zeros of multiplicities at least
d and k, respectively, (46) deduces that g(£) is a rational
function with degree at most 2.

If g(&) is a polynomial, noting that degg < 2 and the
multiplicities of zeros are at least k, we have k = 2 and n = 3.
Hence, there exist &; and ¢ # 0 such that g(§) = c(§ - 51)2, and
then g"(§) — ag’ (&) = c(2 — ac*(£ - &,)°) has 6 distinct zeros,
a contradiction.

Suppose that g(£) is not a polynomial, k = 2 and n = 3.
Then the multiplicities of poles of g(&) are atleast (k+1)/(n—
2) = 3, which implies that deg g > 3, a contradiction.

Suppose that g(£) is not a polynomial, k > 3and3 <n <
k + 1; we distinguish two cases.

Case i. If g(&) has zeros, since all zeros of g(£) have multiplic-
ity at least k(> 3), it follows that deg g > 3, a contradiction.

Case ii. If g(&) # 0, then (46) should be as follows

T(r9) <N (n )+ste). 0

oy
From (50), we can see that g(£) is a rational function with
degree at most 1. Since all poles of g(&) have multiplicity at
leastd(> (k+1)/(n—-2) = (k+1)/(k — 1) > 1), which gives
that deg g > 2, a contradiction.
This completes the proof of Theorem 11. O

Proof. In Theorem 13, suppose that F is not normal in D.
Then there exists at least one point z, such that & is not
normal at the point z,. Without loss of generality, we assume
that z, = 0. By Lemma 1, there exist points z; — 0, positive
numbers p; — 0, and functions f; € F such that

9, =pifi(z;+pE) = g (51)

locally uniformly with respect to the spherical metric, where
g is a nonconstant meromorphic function in C and whose
poles and zeros are of multiplicity at least k + 2 and k + 1,
respectively. Moreover, the order of g is at most 2.

From (51), we know

o © =0 (50 p8) = g O, )
9" © - ag; &) - p}'b
=, (f}7 (z;+ p&) —af] (z;+ &) -b)  (53)
= g () -ag’ )

also locally uniformly with respect to the spherical metric.

1f g™ (£)—ag?(£) = 0, since all poles of f have multiplicity
at least k + 2, we can deduce that g(£) is an entire function
easily. Thus,

2T (r,g) = T(r, gz) = T(r,g(k)) +0(1)

:m(r,g(k))+N(r,g(k)) +0(1) (54)

<m(r,g)+N(r,g) +kN (r,g) +S(r, 9)

<T(r,g)+S(r,g).

Therefore, g(£) is a constant, a contradiction. So g(k)(f) -
ag’ () # 0. By Lemmas 3, 4, and 5, g¥(§) - ag*()
has at least two distinct zeros. Proceeding as in the later
proof of Theorem 11, we will get a contradiction. The proof
is completed. O

Similarly, as the proof of Theorem1l, when f is a
holomorphic function, we can get the following theorem
which has been gotten in [23].

Theorem 18 (see [23]). Let D be a domain in C and let F be
a family of holomorphic functions in D. Let k,n € N*, n > 2
and let a, b be two finite complex numbers with a 0. Suppose
that every f € F has all its zeros of multiplicity at least k. If
f® —af" and g® — ag" share the value b IM for every pair of
functions (f, g) of F, then & is a normal family in D.
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