Hindawi Publishing Corporation
Abstract and Applied Analysis

Volume 2013, Article ID 613928, 13 pages
http://dx.doi.org/10.1155/2013/613928

Research Article

A Unified Iterative Treatment for Solutions of Problems of
Split Feasibility and Equilibrium in Hilbert Spaces

Young-Ye Huang' and Chung-Chien Hong’

! Department of Accounting Information, Southern Taiwan University of Science and Technology, 1 Nantai Street,

Yongkang District, Tainan 71005, Taiwan

2 Department of Industrial Management, National Pingtung University of Science and Technology, 1 Shuefu Road,

Neipu, Pingtung 91201, Taiwan

Correspondence should be addressed to Chung-Chien Hong; chong@mail.npust.edu.tw

Received 21 May 2013; Revised 30 August 2013; Accepted 1 September 2013

Academic Editor: Simeon Reich

Copyright © 2013 Y.-Y. Huang and C.-C. Hong. This is an open access article distributed under the Creative Commons Attribution
License, which permits unrestricted use, distribution, and reproduction in any medium, provided the original work is properly

cited.

We at first raise the so called split feasibility fixed point problem which covers the problems of split feasibility, convex feasibility,
and equilibrium as special cases and then give two types of algorithms for finding solutions of this problem and establish the
corresponding strong convergence theorems for the sequences generated by our algorithms. As a consequence, we apply them to
study the split feasibility problem, the zero point problem of maximal monotone operators, and the equilibrium problem and to
show that the unique minimum norm solutions of these problems can be obtained through our algorithms. Since the variational
inequalities, convex differentiable optimization, and Nash equilibria in noncooperative games can be formulated as equilibrium
problems, each type of our algorithms can be considered as a generalized methodology for solving the aforementioned problems.

1. Introduction

Throughout this paper, # denotes a real Hilbert space with
inner product -, -) and the norm | - ||, I the identity mapping
on 7, N the set of all natural numbers, and R the set of all
real numbers. For a self-mapping T on &, Fix(T') denotes the
set of all fixed points of T.If M : # — 27 is a set-valued
mapping; then P (M) denotes its domain, that is, (M) =
{x e & : M(x)+0}.

Let C and Q be nonempty closed convex subsets of
two Hilbert spaces 7, and 7,, respectively, and let A :
Z, — F,beabounded linear mapping. The split feasibility
problem (SEP) is the problem of finding a point with the

property
x"e€C, Ax eQ @

The SFP was first introduced by Censor and Elfving [1] for
modeling inverse problems which arise from phase retrievals
and medical image reconstruction. Recently, it has been

found that the SFP can also be used to model the intensity-
modulated radiation therapy. For details, the readers are
referred to Xu [2] and the references therein.

Assume that the SFP has a solution. There are many
iterative methods designed to approximate its solutions. The
most popular algorithm is the CQ algorithm introduced by
Byrne [3, 4].

Start with any x, € J, and generate a sequence {x,}
through the iteration

Xp+1 = PC [I - YA* (I - PQ) A] Xn> (2)

wherey € (0, 2/IAl%), A* the adjoint of A, and P and Pq are
the metric projections onto C and Q, respectively.

The sequence {x,} generated by the CQ algorithm (2)
converges weakly to a solution of SFP(1), cf. [2-4]. Under the
assumption that SFP(1) has a solution, it is known that a point
x* € # solves SFP(1) if and only if x* is a fixed point of the
operator

Po[I-yA™ (I1-Po) A (3)



cf. [2], where Xu also proposed the regularized method,
Xper = Po[T=y, (A" (I-Po) A+ &, D) x,,  (4)

and proved that the sequence {x,} converges strongly to
the minimum norm solution of SFP(1) provided that the
parameters {e, } and {y, } verify some suitable conditions. This
regularized method was further investigated by Yao et al. [5]
and Yao et al. [6].

Putting S = Prand T = P SFP(1) is of the forms:

find x* € #,

©)

so that x* € Fix (S), Ax" € Fix(T).

As ametric projection is firmly nonexpansive, it is reasonable
to require the S and T in (5) to be firmly nonexpansive only
and call it a split feasibility fixed point problem (SFFP). Many
interesting problems in the literature can be described as
SFEP.

(i) A set-valuedmap M : # — 27 is called monotone if

(x=y,u-v)y=0 (6)

forall x, y € D(M) and for any u € M(x),v € M(y). M is
said to be maximal monotone ifits graph {(x,u) : x € #, u €
M(x)} is not properly contained in the graph of any other
monotone operator. A point v € # is called a zero point of a
maximal monotone operator M if0 € M(v). The set ofall zero
points of M is denoted by M0, which is equal to Fix(J})
for any & > 0, where J, iw denotes the resolvent of a monotone
operator M; that is, ];Vf(x) = (I +aM) ! (x) for anyx € 7. It
is known that for any « > 0, ] ;VI is firmly nonexpansive. Now,
let M and N be two maximal monotone operators on #; and
I ,, respectively. Replacing C and Q with M~'0 = Fix(JM)
and N!0 = Fix(]l];]), respectively, in (1), the SFP becomes a
SFFP:

find x* € #,
7
so that x* e Fix (J}'),  Ax" e Fix(Jy). 7

Putting A = I, the previous SFFP is reduced to the common
zero point problem of two maximal monotone operators:

find x* € #, so that x* e M'0onN""0. (8)

(ii) Let f : Cx C — R. An equilibrium problem is the
problem of finding X € C such that

f(®y)=0,

whose solution set is denoted by EP(f). For solving an
equilibrium problem, we usually assume that the function f
satisfies the following conditions:
(A1) f(x,x) =0, forall x € C;
(A2) f is monotone, that is, f(x,y) + f(y,x) < 0, for
all x € G;

(A3) for all x,y,z € C, lim suptlof((l - t)x +tz,y) <
[ )

VyeC, 9)
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(A4) forall x € C, f(x,-) is convex and lower semicontin-
uous.

Blum and Oettli [7] and Aoyama et al. [8] showed that there
exists a unique z € C such that

1
f(z,y)+;(y—z,z—x) >0, VyeC. (10)
Moreover, For r > 0, define ]rf :H — Cby

]rfxz{zeC:f(z,y)+%(y—z,z—x)20, VyeC}
(11)

forall x € . Combettes and Hirstoaga [9] showed that there
hold

(a) ]rf is single-valued;
(b) ]f is firmly nonexpansive;

(c) Fix(J]) = EP(f);
(d) EP(f) is closed and convex.

Now, let f: CxC — Randg: QxQ — R betwo
functions satisfying conditions (Al)-(A4). Replacing C and
Qwith EP(f) = Fix(]‘{:) and EP(g) = Fix(]g), respectively, in
(1), the SFP becomes a SFFP:

find x* € #,

(12)
* . f * . g

so that x ele(]“), Ax eF1x(]ﬁ>.

Putting 7, = #,, C = Q, and A = I, the previous SFFP is

reduced to the common equilibrium problem:

find x" € C
(13)
so that f(x",y)>0, g(x",y)>0, VyeC.
(iii) When #, = %, = Z, and the bounded linear
operator A is the identity mapping, SFP(1) is reduced to the
convex feasibility problem (CFP):

find x* € # so that x* eCnNQ, (14)

which in turn can be described as a SFFP:

find x* € #
(15)
so that x* € Fix (S), Ax" € Fix(T),
where § = Pcand T = P,. Although SFFP(5) contains CFP
as a special case, it cannot cover the multiple-set split convex
feasibility problem described in [10].

In this paper, we are concerned with iterative methods
for SFFP(5). We derive some weak convergence theorems for
SFFP(5) in Section 3. In Section 4, we describe SFFP(5) in a
more general form.
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Let {S,} and {T,} be two families of firmly nonexpan-
sive self-mappings on F, and H,, respectively, so that
N2, Fix(S,) # 0 and N2, Fix(T,) #+ 0

find x* € #,
(16)

so that x* € N2, Fix(S,), Ax" e n? Fix (T,)

and obtain the following main result.

Let {a,}, {b,}, {c,}, and {d,} be sequences in [0,1] with
a,+b,+c,+d, =1and a, € (0,1) forall n € N. Let {y,} bea
sequence in (0, 2/1AIP) and let {e,,} be a bounded sequence in
Z|. Suppose that the solution set Q) of SFFP(16) is nonempty.
For any u € %\, start with an arbitrary x, € | and define a
sequence {x,} by

Xp1 = AU+ bx, +¢,S, [[-y,A" (I-T,) Al x, +d,e,.
(17)

Then, the sequence {x,,} converges strongly to Pu provided that
the following conditions are satisfied:

() lim, , a, = lim,_, (d,/a,) = 0, Yoo a, = 0o,
Zgil dn < 005

(ii) lim,, _, o, inf ,(2y, — Y2l AI*) > 0, lim,,_, , inf b,c, >
0;

(iii) there are two nonnegative real-valued functions k, and
K, on N with

IS, = x| < #; (m) ||S,x — x|,

VmeN, Vn>m, Vx € #,
(18)
ITy = 3| < %2 () | Ty = ]

VmeN, Vn>m, Vy e Z,.

Based on the concept of using contractions to approx-
imate nonexpansive mappings, another type of algorithms
for SFFP(5) is also introduced, and the corresponding strong
convergence theorem for the sequence generated by such
algorithm is given too.

In Section 5, since resolvents of monotone operators are
firmly nonexpansive, we replace the sequences {S,} and {T,}
of firmly nonexpansive mappings in the previous condition
(iii) by two sequences of resolvents of maximal monotone
operators. Then, the proposed algorithm becomes a scheme
to approach the minimum norm solution of zero point prob-
lem of maximal monotone operators and the equilibrium
problem. It is worth noting that as Blum and Oettli [7]
showed that the variational inequalities, convex differentiable
optimization, and Nash equilibria in noncooperative games
can be formulated as equilibrium problems, the proposed
algorithm can be considered as a generalized methodology
for solving all aforementioned problems.

2. Preliminaries

In order to facilitate our investigation in this paper, we recall
some basic facts. A mapping S : # — Z is said to be

(i) nonexpansive if

Isc-syl < x5l voyews 0

(ii) firmly nonexpansive if
ISx = Sy|* < (x = 3,Sx =Sy}, Vx,ye Z; (20)
(iii) A-averaged by G if
S=(1-A1)I+AG, (21)

for some A € (0, 1) and some nonexpansive mapping
G;

(iv) v-inverse strongly monotone (v-ism), with v > 0, if
(x-9,8x-Sy) = |Sx-Sy|’, Vxyex.  (22)

If S is nonexpansive, then the fixed point set Fix(S) of S is
closed and convex, cf. [11]. If S = (1-A)I+AG is averaged, then
Sis nonexpansive with Fix(S) = Fix(G). Itis well known that S
is firmly nonexpansive if and only if it is 1/2-averaged, cf. [11],
and so is I — S. Here we would like to mention that the term
“averaged mapping” originated in [12,13]. In [12], Baillon el at.
showed that if S is a A-averaged mapping by G on a nonempty
closed convex subset C of a uniformly convex Banach space,
then Fix(G) = ¢ if and only if lim,, _,  IS"x|| = oo for all x
in C. Moreover, in [13], Bruck and Reich showed that if the
above C satisfies C = —C and § is odd, then {S"x} converges
strongly to a fixed point of G.

Let C be a nonempty closed convex subset of #. The
metric projection P from % onto C is the mapping that
assigns each x € # the unique point Pox in C with the

property
e~ Peoe] = min |y -] (23)

It is known that P, is firmly nonexpansive and characterized
by the inequality: for any x € 7,

(x=Pcx,y-Pcx) <0, VyeC. (24)

We need some lemmas that will be quoted in the sequel.

Lemma 1 (see [4]). If S is a self-mapping on I, then the
following assertions hold.

(a) S is nonexpansive if and only if the complement I — S is
1/2-averaged.

(b) If S is v-ism and y > 0, then yS is (v/y)-ism.

(c) Sis a-averaged if and only if I — S is (1/2«)-ism.

(d) If S is ot,-averaged and T is «,-averaged, then the
composite ST is &) + o, — o, &, -averaged.

(e)If S and U are averaged on F so that Fix(S) N
Fix(U) # 0, then

Fix (SU) = Fix (S) N Fix (U). (25)



For « > 0, the resolvent ](f of a maximal monotone
operator A on % has the following properties.

Lemma 2. Let A be a maximal monotone operator on .
Then,

(a) J2 is single-valued and firmly nonexpansive;
(b) DUL) = # and Fix(J2) = A7'0;

(c) (the resolvent identity) for u,A > 0, the following
identity holds:

]jx=]f<£x+<1—£>]ﬁx>, Vx € . (26)

We referred readers to [14-24] for maximal monotone
operators and their related algorithms.

Lemma 3. Let x, y,z € Z. Then,

@) lx + yI? < Ix1? + 2¢p, x + y);
(b) forany A € R,
IAx+ (1= y|’

2 2 (27)
= Al + A=V [y =A@ =1 |x - [

(c) fora,b,c € [0,1] witha+b+c =1,
Jax + by + cz|* = allxl® + bl y| + clzl’
—ablx - y|* —aclx - 2> (28)
~bely <"

Lemma 4 (see [11] (demiclosedness principle)). Let S be a
nonexpansive self-mapping on  and suppose that {x,} is a
sequence in J such that {x,} converges weakly to some z € H
and lim, _, |lx, — Sx,|l = 0. Then, Sz = z.

Lemma 5 (see [23]). Let {s,} be a sequence of nonnegative real
numbers satisfying

Sp1 < (1—a,) s, + o, +v,, neN, (29)

where {«,}, {,}, and {v,} verify the following conditions:

@ {o,} € [0,1], 3.2, o, = 00
(i) lim sup,, _, 4, < 0;

(iii) {v,} € [0,00) and Y2, v, < c0.

s, =0.

n— o0 n

Then, lim

Lemma 6 (see [25]). Let {s,} be a sequence in R that does not
decrease at infinity in the sense that there exists a subsequence
{sni} such that

Sp, <8,

it ViEN. (30)

For any k € N, define m;. = max{j < k : s; < s;,;}. Then,
my — coask — ocoand max{s,, s} < s, 1, forallk € N.
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3. Weak Convergence Theorems

In this section, we at first transform SFFP(5) into a fixed point
problem for the operator S(I — pA* (I — T)A), where y is any
positive real number. And then use fixed point algorithms to
solve SFFP(5). From now on until the end of this paper, unless
we state specifically, S and S, n € N (resp., T and T, n €
N) are firmly nonexpansive self-mappings on 7, (resp., #,),
and A denotes a bounded linear operator from 7, into %,
with adjoint A™.

Lemma 7. Let S be a firmly nonexpansive self-mapping on #
with Fix(S) # 0. Then, for any x € I, one has

(x=8x,v—-8x) <0, VveFix(S). (31)

Proof. Since v € Fix(S) and S is firmly nonexpansive, we have

ISx = vlI* = |Sx — Sv|I*
< (x-v,8x—Sv) (32)

={(x-nSx-v),
and hence,

(x = 8Sx,v—8x) = (x—v,v—8x)

+ (v —8x,v—Sx)
) (3)
=|v-Sx|" - {x—v,Sx —v)

< v=5SxI* = ISx - v|* = 0.

O

Although (x—Sx, v—Sx) < 0,forall v € Fix(S) is similar to
the characterization inequality (24) for the metric projection
Priy(s)> as Sx needs not to be in Fix(S), it is in general different
from Py 5 (x). For example, let Sx = 3x/4 for all x € R,
which is obviously firmly nonexpansive with Fix(S) = {0}.
Thus, Py s)(x) = 0 for all x € R, while Sx # 0 for all x 0.

Proposition 8. For any y € (0, 2/IAl1%), the operator I —
yA*(I-T)Ais y||A||2/2-avemged and S[I — yA*(I - T)A] is
2+ y||A||2)/4—avemged.

Proof. Using the fact that T is firmly nonexpansive, it is
routine to show that A*(I-T)A is 1/|| A||*-ism, and so pA*(I-
T)Ais 1/y||A||2-ism by Lemma 1(b). Thus, Lemma 1(c) shows
that I — pA*(I — T)A is y||A||2/2—averaged. As S is firmly
nonexpansive, it is 1/2-averaged. Therefore, S[I-yA* (I-T)A]
is (1/2) + (YIAI%/2) = (YIAIP/4) = (2 + Yl Al*)/4)-averaged
by Lemma 1(d). O

Proposition 9. Let Q) be the solution set of SEFP(5); that is,
Q = Fix(S) N A™(Fix(T)). For any y € (0,2/||A|*), let U =
I—yA*(I-T)A. Suppose that Q # 0. Then, Fix(SU) = Fix(S)n
Fix(U) = Q.
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Proof. If x* solves SFFP(5), we have x* € Fix(S) and Ax™ €
Fix(T). Now, note that Ax™ € Fix(T) implies

(I-T)Ax" =0, (34)
and so
(I-yA"(I-T)A)x" =x", (35)

which means that x* € Fix(U). Consequently, x* € Fix(S) N
Fix(U). This shows that Q € Fix(S) N Fix(U).

For the inverse inclusion, let x* be any member of
Fix(S) n Fix(U) and pick v € Q. It is readily seen from
x* € Fix(U) that

A" (I-T)Ax" =0. (36)
Since Av € Fix(T'), an application of Lemma 7 yields
((I-T)Ax",Av-TAx") <0, (37)
which together with (36) implies that
(1 = T) Ax*|* = ((I - T) Ax", Ax" — Av)
+((I-T)Ax", Av - TAx")
(38)
<((I-T)Ax", Ax" - Av)
=(A"(I-T)Ax,x" -v) = 0.

This comes to conclude that Ax* € Fix(T), and hence x* €
Q once we note that x* € Fix(S). Finally, since Q#0 by
assumption, we have Fix(S)NFix(U) = Q # 0. Thus, Fix(SU) =
Fix(S) N Fix(U) follows from Lemma 1(e). O

Proposition 10 (see [2, 4]). If G is an averaged self-mapping
on I with Fix(G) # 0, then for any x € , the sequence {G"x}
converges weakly to a fixed point of G.

An immediate consequence of Propositions 8, 9, and 10 is
the following convergence result.

Theorem 11. Assume that SFFP(5) has a solution. Then, for
anyy € (0, 2/1AI%) and starting with any point x, € ¥, the
sequence {x,} generated by

Xy =S[I—yA" (I-T)A] x, (39)
converges weakly to a solution of SFFP(5).

Proposition 12 (see [2]). Let G be a a-averaged self-mapping
on X with Fix(G) # 0 and assume that {e,} is a sequence in
[0, 1/«] such that

zan (é - ocn> = 00. (40)

Then, for any x, € I, the sequence {x,} generated by the
Mann’s algorithm

X, = (1 - «a,) x, + a,Gx,, (41)

converges weakly to a fixed point of G.

Applying Propositions 8, 9, and 12, we have the following
result.

Theorem 13. Assume that SFFP(5) has a solution and y €
(0,2/1AI%). Let {a,} be a sequence in [0,4/(2 + yllAl*)] with

. 4
Zan<m —(Xn> = 0. (42)

n=1

Then, for any x, € X, the sequence {x,} generated by the
Mann’s algorithm

X1 = (L—0,)x, +a,S[I-yA" (I -T)A]x,  (43)
converges weakly to a solution of SFFP(5).

4. Strong Convergence Theorems

In this section, we devise two algorithms, one for SFFP(16)
and the other for SFFP(5). We deal with SFFP(16) firstly. To
begin with, we need a lemma.

Lemma 14. For anyy € (0, 2/1AI%) and all x,y € ¥, one
has

|1 = yA* (I = T)Alx - [I - yA" (I - T)Aly|’
< = ¥l = (2v - ¥’1AF) (44)
x |(I - T)Ax - (I - T)Ay|’.

Proof. Since T is firmly nonexpansive, so is I — T'. Hence, for
all x, y € #,, we have

(I - T)Ax - (I - T) Ay’
(45)
<(Ax-Ay,(I-T)Ax—(I-T) Ay).

Consequently,

|1 - yA" (I - T)Alx — [I - yA" (I - T)Aly|’

= = yI” -2
X {x—y, A" (I-T)Ax — A" (I - T) Ay)
+Y AT (I -T)Ax - A* (I -T) Ay|

==y -2y
x (Ax— Ay,(I-T) Ax — (I - T) Ay) (46)
+ Y| AT (I - T)Ax — A*(T - T)Ay|’

< [x =y - 29| - DAx - (1 - D) AY|’
V1A - D) Ax - (I - T)Ay|

= lx =" - (2v="141%)

x | = T)Ax — (1 - T)Ay|.



Theorem15. Let{a,}, {b,}, {c,}, and{d,} be sequencesin [0, 1]
witha,+b,+c,+d, = Landa, € (0,1) foralln € N. Let {y, } be
a sequence in (0, 2/1AI1%) and let {e,,} be a bounded sequence in
Z|. Suppose that the solution set Q) of SFFP(16) is nonempty.
Foranyu € J,, start with any x, € I and define a sequence

{x,} by

X1 = @+ byx, +¢,S, [[-y,A" (I1-T,) Al x, +d,e,.
(47)

Then the sequence {x,} converges strongly to Pou provided that
the following conditions are satisfied:

(1) hmnaooan = hmnﬁoo(dn/an) =0, 2221 a, = 00,

Yoo, d, < oo;

(ii) lim,, _, o, inf ,(2y, — Y2l AI%) > 0, lim,,_, , inf b,c, >
0;

(iii) there are two nonnegative real-valued functions k, and
K, on N with

[ = x| < 5y (m) IS, - ]

VmeN, Vn>m, Vx € I,
(48)
[Ty =3l <1 m) | Ty =51

VmeN, Vn>m,Vy € Z,.

Proof. Put p = Pyu. For simplicity, put G, = S,,(I — y,A" (I -
T,)A). In view of Proposition 9, G,, is nonexpansive, so

%1 = £l
= “an (u_p) +bn (xn_p)
6, (ann - P) + dn (en - P)“

<a,|u-p|+ (b, +c,)

(49)

x|z = pll + du llew = 2l

from which follows that {x,} is a bounded sequence. Taking
into account Lemma 3, we get

% -

= lla, (u—p) + b, (x, - p)
+6,(Gyx,, = p) + dy(e, - P

< [u(x, = P) + (G, — p) + e, — P
+2a, (U= P, X1 — P)

b

1-a,

(xn _p)

n

(Gn'xn - p)

1-a,

2
n

1-a,

+

(e, — p)
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+2an <u_p’xn+1 _P>

<(-a) (2

1-a,

n

2
b= ol + 12

< 16w, oI + T2y~ o)
= b6l = Gl + 26, = P~ p)
< bl ol + 6 lGox, - pIf
ey~ pl = b, -Gl

+2an <u_p’xn+1 _P> .
(50)

Meanwhile, we have by Lemma 14 that
1G,x. — oI
=[S, (I -y, A" (I - T,) A) x,,
= 8, (I-y, A" (1-T,) A) p|
<1 -y, A" (I-T,) A)x, (51)
~(I-y,A"(I-T,) A) p|’
< e, - I* - (27, - vahal®)
x |(T - T,)Ax, — (I - T,) Ap|’.
Therefore, we deduce that
BTy §
<b,|lx, - p|’
+ 6 [ = oI = (230 - 21 A1)
x | - T,)Ax, - (I - T,)Ap|’]
+dylle, = pl = bucallxs = Goxal” 52)
+2a, (U = P, X1 — P)
= (B, + 6) |, = pII* + dyle, - 2|
+2a, (U= ps X1 — P)
- 6, (20, ~ AIAP) | - T,)Ax, |
= Bc,llx, = Gl
We now carry on with the proof by considering the following

two cases: (I) {[lx,,— pll} is eventually decreasing and (II) {||x,,—
pli} is not eventually decreasing.

Case I. Suppose that {||x,,— pll} is eventually decreasing; that is,
there is n, € N such that {|lx, — P"}nan is decreasing. In this
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case, lim
have

2o oollX, — pll exists in R. From inequality (52) we

6, (2y, — VAIAIP) | - T,) Ax, |
+b,6, )%, — ann”z
, , (53)
< (bn + Cn) "xn - p“ + dn“en - P"
+2a, <u — P Xp — P> - “xnﬂ - P"2’
which together with the boundedness of {x, } and conditions
(i) and (ii) implies

Jim [lx, - G,x,[ =0,
(54)
nango |Ax, - T,Ax,| = 0.

Then, an application of condition (iii) follows that for all m €
N)

lim [lx, - G,x,[ = lim [[Ax, - T, Ax,| = 0.  (55)

n— 00

Since {x,} is bounded, it has a subsequence {x,, } such that
{x,, } converges weakly to some z € # and

lim sup (u = p, x,.1 = P)

= lim (u-p,x, - p) (56)
=(u-pz-p)<0,

where the last inequality follows from (24) since z € Q by
Lemma 4. Choose M > 0 so that sup{|e, —p||2 + 2llu —
plllx,.; — pll : n € N} < M. From (52) we have

51 - 2l
= (1 - (an + dn)) “xn - p"2
+ (an +dn) -2 <u — D> Xun1 _P>
+d, (lew = pI* + 2] = pll |41 - )
< (1 - (an + dn)) “xn - p"2
+ (an +dn) 2 <1/l — D> Xun _p> + an'

Accordingly, because of (56) and condition (i), we can apply
Lemma 5 to inequality (57) with s, = [lx,, — p||2, a, =a,+b,
U, = 2{u— p,x,,., — p),and v, = d, M to conclude that

AT X = P (58)

Case II. Suppose that {||x,, — pll} is not eventually decreasing.
In this case, by Lemma 6, there exists a nondecreasing
sequence {m} in N such that m;,, — oo and

max {1, [ = pl}

(59)
< “xmk+1 - p" Vk € N.

Then, it follows from (52) and (59) that

< (b + ) [, ~ 2l
o, - ol ©
+2a,, (U= p.Xy 1~ P)
= G, (2Vm, = Vi A1)

X "(I B ka)Axmk“Z - bm - Gmkxmkuz'

kak ||xmk

Therefore,

0= G, (20, + 70, IAIP) |1 = T, ) A, |
+ bmkcmk "xmk - Gmkxmk “2

<= (1= (bw, +60,)) [m, - p“Z (61)

+ dmk ||emk - pHZ + Zamk <u P X1 P>
=— (amk + dmk) "xmk - p“z
+d,, "emk _ pHZ +2a,, <u — Py X1 — p> ,

and then proceeding just as in the proof in Case I, we obtain

lim ||xmk - Gmkxmk“

k— o0

(62)
= kli_)n(lxj "Axmk - T, Axpy, “ =0,

which in conjunction with condition (iii) shows that for all

mj

klim "xmk =Gy X,
= klingo "Axmk - ijAxmk =0,
and then follows that
lilin sup <u ~ P X1 p> <0. (64)
From (60) we have
(1 - (bmk + ka)) "xmk N p||2
(65)

< dmk"emk - P“z + Zamk <M - P’ xmk+1 - p> >
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and thus,
2 d,, 2
P
g _
Gy + Aoy, <u P> X1 p> (©6)

Ay, 2
< fem,
amk

+2<u—p,xkarl —p>.

Letting k. — o0 and using (64) and condition (i), we obtain
Jim [, - o] =0. (67)
Also, since

[ 1 =5

< amk "u - xmk ” + ka “Gmkxmk - xmk " (68)

+ dmk “emk X “ >

which together with (62) and condition (i) implies that
limy , 1%, 41 = X, | = 0, and so

Jim |x,,, . - pf =0 (69)

by virtue of (67). Consequently, we conclude that
lim, , llx, — pll = 0 via (59) and (69). This completes
the proof. O

This theorem says that the sequence {x,} converges
strongly to a point of Q which is the nearest to u. In particular,
ifu is taken to be 0, then the limit point v of the sequence {x,,}
is the unique minimum solution of SFFP(16).

Corollary 16. Let {a,}, {b,}, and {c,} be sequences in [0, 1]
witha,+b,+c¢,=1anda, € (0,1) foralln € N. Let {y,} be a
sequence in (0, 2/IAl?) and let {e,} be a bounded sequence in
Z,. Suppose that the solution set Q) of SFFP(16) is nonempty.
Foranyu € |, start with any x, € ', and define a sequence

{x,} by
Xp1 = G+ bx, +¢,S, [[-y,A" (I1-T,) Al x, +e,.
(70)

Then, the sequence {x, } converges strongly to Pou provided that
the following conditions are satisfied:

(1) hrglon—»ooan = limn—»oo(dn/an) =0, 2221 a, = 00,
Y1 d, < 00;

(ii) lim, _, o, inf ¢,(2y, — Y2IIAI%) > 0, lim,,_, , inf b,c, >
0;

Abstract and Applied Analysis

(iii) there are two nonnegative real-valued functions k, and
x, on N with

IS, = x|| < #; (m) ||S,x — x|,
(71)
VmeN, Vn>m, Vx € #,
1Ty =yl <1 m) [T,y = 5

VmeN, Vnz>m, Vy € #,;

(72)

(iv) eitherlim, _, . (lle,ll/a,) = 0 or Zzzl lle,ll < oo.

Proof. Put p = Pouand G, = S,[I - y,A"(I — T,)A]. Let
z, = x, and define a sequence {z,,} iteratively by

Zy =a,u+bz,+¢,G,z,. (73)

We have lim z, = p by Theorem 15. Since

"o oo
s = Znerll < Bl = 2

+ 6, Gty = Gzl + [l
< (b + 6) [ = 2all + e

= (1=a) %, = 2] + fleal]

the limit lim,, _, ||
to (74), and thus,

x, — z,|l = 0 follows by applying Lemma 5

lim x, = p. (75)

n— 00
O

If the sequence {S,} (resp., {T,,}) of firmly nonexpansive
mappings consists of a single mapping S (resp., T'), then {S, }
and {T,,} obviously verify condition (iii), and hence, we have
the following corollary.

Corollary 17. Let {a,}, {b,}, {c,}, and {d,} be sequences in
[0,1] witha, +b,+¢,+d, =1anda, € (0,1) foralln € N.
Let {y,} be a sequence in (0, 2/ AIP) and let {e,,} be a bounded
sequences in ;. Assume that the solution set Q) of SFFP(5) is
nonempty. For any u € ', start with an arbitrary x, € %,
and define the sequence {x,} by

Xp1 = AU+ byx, +¢,S[I—y,A" (I-T)A] x, +d,e,.
(76)

Then, {x,} converges strongly to Pou provided that the follow-
ing conditions are satisfied:

() lim, _, na, = lim,_, (d,/a,) = 0, Yo' a, = 0o,
z:zl dn < 005

(ii) lim,,_, o, inf ¢, (2y, — yﬁ||A||2) >0, lim,_,  inf b,c, >
0.

When the sequence {y,} is taken to be a constant y €
(0, 2/I1A|*), then because S[I — y,A*(I — T)A] is an averaged
mapping, we can apply Corollary 3.4 of Huang and Hong [26]
to obtain the following result.
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Theorem 18. Let {a,}, {b,}, {c,}, and {d,} be sequences in
[0,1] with a, + b, + ¢, + d,, = 1 and a, € (0,1) for all
n € N. Suppose that y € (0, 2/1AI%) and suppose that {e,}
is a bounded sequence in I |. Assume that the solution set Q) of
SFFP(5) is nonempty. For any u € I, start with an arbitrary
x, € X, and define the sequence {x,} by

X1 = Gyt +b,x, +¢,S[I—yA* (I -T) Al x, + d,e,.
(77)

Then, {x,} converges strongly to Pou provided that the follow-
ing conditions are satisfied:

(i) lim, _, @, = lim, ,(d,/a,) = 0, Y2 a, = oo,
Yoo d, < 0o;

(ii) lim,, _, o, inf b, > 0, lim,, _, ., inf ¢, > 0.

Since both condition (ii) of Corollary 17 and Theorem 18
are equivalent provided that y, = 1y for every n € N,
Theorem 18 also follows from Corollary 17.

We now turn to SFFP(5) for another algorithm, which
essentially follows the argument of Wang and Xu [27]. For
the sake of completeness, we still give a detailed proof.

Theorem 19. Let {a,} be a sequence in (0, 1). Suppose that y €
(0,2/1Al1*) and assume that the solution set Q) of SFFP(5) is
nonempty. Start with any x, € #, and define a sequence {x,,}

by
X =S[(1-a,)(I-yA" (I-T)A)]x,. (78)
Then, the sequence {x,} converges strongly to the minimum

norm solution of SFFP(5) provided that the following condi-
tions are satisfied:

(i) lim,, , a4, = 0;
(ii) Y2, a, = 0o;

(iii) either Y00 a,,; — a,l
a,l/a,) = 0.

< ooorlim,_, (la,,, -

Proof. PutU = I - yA*(I - T)A,G = SU, and G,, = S[(1 -
a,)]U for all n € N. Then,

Xn+1 = ann =S [(1 - an) U] X

(79)
”an_Gny”S(l_an) "x_y"’ Vx,ye%l.
Take p € Q. From Proposition 9, we have
"an - P" = ”S [(1 - an) U] p- SUP"
< (1 - 4, Up - U (50)
— a,Upl = a, Il
Hence,
s = Pl = G = £
< ”ann - an" + "an - P“ (81)

S(1_an)"xn_p”+an||1’”’

from which follows that {x,} is bounded and so is {Ux,}.
Choose M > 0 so that |Ux,,|| < M for all n € N. We have

nr = %all = 1Gn = Goor e
< [Gux = Gux |
+Gutss = G
= (1=a,) [, = %1
+[$1(1-a,)Ux,.,]
- S[(1-a, ) Ux, ]|
< (1-a,) |x, = x| (82)
+(1-a,) Ux,
- (1-a,,)Ux,
= (1=a,) [, = %1
+la, = a, | [Ux, |
< (1=a,) [, = %

+M|an—an_1|.

In view of conditions (i), (ii), and (iii), we can apply Lemma 5
to (82) to get

lim |x,.,, - x,[] =0, (83)

n— oo
and then from

“xn - Gxn" s “xn - xnﬂ" + "ann - Gxn“

= ”xn - xn+1"

(84)
+ ”(1 - an) an - an“
< = sl + M U,
we see that
lim |x, - Tx,| = 0. (85)

n— 00

Consequently, the demiclosedness principle ensures that each
weak limit point of {x,} is a fixed point of the averaged
mapping SU. And then we conclude from Proposition 9 that
each weak limit point of {x,} lies in Q.

Let X be the minimum norm element of ; that is, X =
P (0). We shall show that {x,,} converges strongly to X. To see
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this, we compute ||x,,,; — %|? as follows:

n+1

% — 2]
= |S[(1 - a,) Ux,] - SU%|
< | - a,)Ux, - U]
= (1~ a,) Ux, - %[’
= (1 -a,) (Ux, - %) - a2’ (86)
= (1-a,)’|Ux, - x|’
+2a,(1-a,) (Ux, - %,-%) + a*| %]
<(1-a,)|x, - =’

+a,[2(1-a,) (Ux, - % -%) +a,%]*].

If limsup,, , ,2(1 = a,)(Ux, — X,-X) + anllfll2 < 0, then
an application of Lemma 5 to (86) yields that lim, , . x, =
X. Hence, to complete the proof, it suffices to show that
limsup, , 2(1 - a,)(Ux, — X, —X) + a,|%|*> < 0. For this,
taking into account Proposition 8, we can write U = (1-f3)I +
BV for some 3 € (0, 1) and some nonexpansive mapping V.
Then, from

[t = 2I” = IS[(1 = a,)U] %, - o
<] - a)Ux, - p|
= (1 - a,) (Ux, - p) - a,p|’
< (1-a,)|Ux, - p| +a,lp|°
<|(1-pB)(x, - p)

(87)
+ B, - )" + ailp’
= (1=B) %, = pI* + BlVx, - oI’
=B =B x, ~ Vx|’ +alpl
< %= pl* = B = B) x5, = Vi,
+a,|pl’,
we obtain
B(1=PB) |~ V|’
(88)

i

< s = 2" = Jews = I + 4l

which ensures that lim x, — Vx,|l = 0, and hence,

n—»oo”

nIeréo "xn - an" =0 (89)
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once we note that I —-U = (I - V). Since {x,,} is bounded, we
can take a subsequence {x,, } so that it is weakly convergent to
x* € Qand
limsup (x, — X, -X) = lim <xni, —9?>
n— 00 1— 00 (90)
=(x"-%x,-X) <0,

where the last inequality comes from the characterization
inequality of a metric projection. Now, applying (89) and (90)
to the equality

(Ux, - %,-%) = (Ux, — x,, %) + (x, - %,-X), (91
we obtain

lim sup (Ux,, — X, -x) <0, (92)
n— 00

and thus,

limsup2 (1 - a,) (Ux, - %, -X) +a,[|X]* < 0. (93)

n—00

This completes the proof. O

5. Applications

In this section, we shall apply the results in Section 4 to ap-
proximate zeros of maximal monotone operators and solu-
tions of equilibrium problems.

Theorem 20. Suppose that M and N are two maximal mono-
tone operators on I\ and F ,, respectively, and suppose that
A:H, — H,isabounded linear operator with adjoint A*.
Suppose further that {a,}, {b,}, {c,}, and {d,,} are sequences in
[0,1] witha, +b,+¢,+d, =1anda, € (0,1) foralln € N.
Let {a,} and {B,} be sequences in (0,00), {y,} a sequence in
0,2/|Al1%), and {e,} a bounded sequence in I . Assume that
the solution set Q) of the problem

find x* € ¥,
(94)
so that x* € M0, Ax* e N'o
is nonempty. For any u € ,, start with an arbitrary x, € #
and define a sequence {x,} by

Xpyp = AU + bnxn + Cn](i\f [I - ynA* (I - ]ﬁNn)] *n
(95)
+d,e,.

Then, the sequence {x,,} converges strongly to Pou provided that
the following conditions are satisfied:

(i) lzi:rgongooan = limneoo(dn/an) =0, ZZZI a, = 0,
n=1"n <005

(ii) lim,, _, o, inf ,(2y, — Y21 AI*) > 0, lim,, _, , inf b,c, >
0;

(iii) lim, _, o, inf &, > 0, lim, _, ., inf 3, > 0.
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Proof. For any n € N, letting S, = ]i\f and T, = ]g, then
we have by Lemma 2(b) that Mo = Fix(S,,) and N7'o =
Fix(T,) for all n € N, and hence, as shown in Section 1,
the problem (94) becomes SFFP(16). Since all the require-
ments of Theorem 15 are satisfied except condition (iii), we
have to check this condition. Because liminf, |  «, = 0,
liminf, |, /3, = 0 by assumption, we may assume that there
is7 € (0,1)sothat T < e, and 7 < S, for all m € N. Let
x,(n) = 2 + (a,,/7) and k,(n) = 2 + (B,,/7). Then, by virtue of
the resolvent identity and the nonexpansiveness of ]21 , one

has for all m € N that
M (a—mx+ (1 - a—’”)]o]cwx) - 1Mx

M
e ==

M M
e =Tl =

<

1_“_’”
OCH

& M
< (1052 pir-of,

(96)
and thus,
e = < e = 1l + = =
< (142 )it
a, "
o)
= 0m o=,
Yn>m, Vx € Z.
The same argument shows for all m € N that
Pissdsmon s

VYn>m, Vx € .

Therefore, condition (iii) of Theorem 15 is true for {Iév[}

and { ];;i }, and then the desired conclusion follows from
Theorem 15. 0

Replacing S and T with ]24 and ]g’ , respectively, in
Theorem 19, we obtain the following result.

Theorem 21. Suppose that M and N are two maximal
monotone operators on I’y and I ,, respectively, and suppose
that A : %, — I, is a bounded linear operator with adjoint
A*. Let{a,} be a sequence in (0,1), y € (0, 2/1AI%), and «, pe
(0, 00) and assume that the solution set Q of problem (94) is
nonempty. Start with any x, € #, and define a sequence {x,,}

by
X =Ty [(L=a,) (T=yA" (T-T5) A)] %, (99)

Then, the sequence {x,} converges strongly to the minimum
norm solution of problem (94) provided that the following
conditions are satisfied:

1

(i) lim,, , .4, = 0;

(ii) Y02, a, = 0o;

(iii) either Y2\ la,. — a,l < oo or lim,_ (la,,, -
a,l/a,) = 0.

Recall some facts in Section 1. For a nonempty closed
convex subset C of 7, let f : Cx C — R be a function
satisfying conditions (Al)-(A4), which are described in
Section 1. The solution set of the equilibrium problem

find x* € C such that f(x",y)>0, VyeC (100)
is denoted by EP( f), which is equal to FiX(IO{) for any o > 0,
where J/ is a function on % into C defined by

]({x:{zeC:f(z,y)+l<y—z,z—x)
* (101)
>0, VyeC}

for all x € 7. ]O{ is a single-valued firmly nonexpansive
mapping.

Theorem 22. Suppose that C and Q are two nonempty closed
convex subsets of % | and I ,, respectively, and suppose that
A X, — K, is a bounded linear operator with adjoint
A" Let f:CxC — Randg:Q x Q — R be functions
satisfying conditions (A1)-(A4). Suppose further that {a,}, {b,},
{c,}, and {d,} are sequences in [0, 1] witha, + b, + ¢, +d, =1
and a, € (0,1) for alln € N. Let {«,} and {,} be sequences
in (0,00), {y,} a sequence in (0, 2/1AlI%), and {e,} a bounded
sequence in . Assume that the solution set Q) of the problem

find x* € %,
(102)

so that x* € EP(f), Ax" € EP(g)

is nonempty. For any u €  ,, start with an arbitrary x, € #
and define a sequence {x,} by

X1 = QU+ byx, + cn](f; (I —Y,A" (I - ]gn) A) x, +d,e,.

(103)

Then, the sequence {x,,} converges strongly to Pou provided that
the following conditions are satisfied:

() lim, _, a, = lim,_, (d,/a,) = 0, Yo' a, = oo,

00
n=1 dn < 00;

(ii) lim,, _, o, inf ,(2y, — Y21 AI*) > 0, lim,, _, , inf b,c, >
0;

(iii) lim, _, o, inf &, > 0, lim, _, ., inf 3, > 0.
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Proof. Define two set-valued mappings M, and N, on %
and #,, respectively, by

fze,:f(xy)

Mg (x) = >(y-xz), VyeC}, VxeC,
0, Vx ¢ C;
(104)
fwed,:gwv)
N, (u) = >(v-—uw), Y7veQ}, YueqQ,
0, Yu ¢ Q.

As shown in Takahashi et al. [21], the set-valued mapping M
(resp., N ) is a maximal monotone operator with @(My) € C

(resp., D(N,) € Q), and ]iwf = J/ = EP(f) for any & > 0

(resp., ]ng = ]f; = EP(g) for any 8 > 0). With M = M; and
N=N 4 in Theorem 20, the desired conclusion follows. [

UH, =, =%,C=Q, f =g, and A is the identity
transformation on #, then (102) is reduced to the usual
equilibrium problem, and we have the following corollary.

Corollary 23. Suppose that C is a nonempty closed convex
subsets of # and f : Cx C — R is a function satisfying
conditions (Al1)-(A4). Let {a,}, {b,}, {c,}, and {d, } be sequences
in [0, 1] witha,+b,+c,+d, = 1anda, € (0,1) foralln € N. Let
{a,} and {f,,} be sequences in (0, c0), and let {y,} be a sequence
in (0,2/|A|*) and suppose that {e,} is a bounded sequence in
K |. Assume that the solution set Q) of the problem

find x* € # so that x* € EP(f) (105)
is nonempty. For any u € J,, start with an arbitrary x, € I
and define a sequence {x,} by

X, = a,u+bx, + cn]g; [I -V, (I - ]f)] x, +d,e,.
(106)

Then, the sequence {x, } converges strongly to Pou provided that
the following conditions are satisfied:

(1) hmn —>ooan = hmn—» oo(dn/an) = 0’ Z:ﬁl an = 00,
Yoo, d, < 0o;

(ii) lim,, _, o, inf ,(2y, — Y21 AI*) > 0, lim,, _, ., inf b,c, >
0;

(iii) lim, _, o, inf«, > 0, lim, _, ., inf 3, > 0.

As shown in Blum and Oettli [7] that the variational
inequalities, convex differentiable optimization, Nash equi-
libria in noncooperative games and so on can be formulated
as equilibrium problems, we see that the pervious corollary
may be applied to approximate solutions of all aforemen-
tioned problems. The readers may readily write down the
details.

Just as Theorem 21to Theorem 20, there are similar results
corresponding to Theorem 22 and Corollary 23. We leave the
work to readers.
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