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This paper is concerned with the fractional separated boundary value problem of fractional differential equations with fractional
impulsive conditions. By means of the Schaefer fixed point theorem, Banach fixed point theorem, and nonlinear alternative of
Leray-Schauder type, some existence results are obtained. Examples are given to illustrate the results.

1. Introduction

Recently, much attention has been paid to study fractional
differential equations due to the fact that they have been
proven to be valuable tools in the mathematical modeling
of many phenomena in physics, biology, mechanics, and so
forth, (see [1-3]).

The theory of impulsive differential equations of integer
order has found its extensive applications in realistic math-
ematical modeling of a wide variety of practical situations
and has emerged as an important area of investigation in
recent years. For the general theory and applications of
impulsive differential equations, see [4-10] and so forth.
However, impulsive fractional differential equations have not
been much studied, and many aspects of these equations
are yet to be explored. For some recent work on impulsive
fractional differential equations, we can refer to [11-26] and
the references therein.

In this paper, we consider the existence and uniqueness
of solutions for the following fractional separated boundary
value problem with fractional impulsive conditions:

‘Dx(t) = f(t,x (),

te]:=[0,T], t#t, k=1,2,....,m,
Ax(te) =L (x (),  A(D"x(t)) = I (x(t;)),
k=12,...,m,

a,x(0) + b, (‘D"x(0)) = ¢,
a,x (T) + b, (‘D'x (1)) = ¢,
(1

where “D is the Caputo fractional derivative of order « €
(1,2) with the lower limit zero, 0 < y < 1, f € C(J x R, R),
I, I} € CR,R),0 =ty <t <+ <t, <t,, =T,
Ax(ty) = x(ty) — x(t;) with x(t7) = lim, _, g+ x(t; +€), x(t;) =
lim, _, ,-x(t; + €) representing the right and left limits of x(¢)
att = t;, A("D"x(t}.)) has a similar meaning for “D¥x(t;.), and
a, b, ¢, i = 1,2, are real constants with a; #0 and a,T"T(2 —
Y)# — b,

We note that the papers on this topic cited above except
[24] all deal with the Caputo derivative and the impulsive
conditions only involve integer order derivatives. Here we
study the fractional differential equations with fractional
impulsive conditions and fractional separated boundary con-
ditions.

In [24], the author considered the following two impul-
sive problems:

‘Dx(t) = f(tx (@), te01]\{tty...
‘D'x (t) = “D'x(t;) = Ji (x (t)),
k=1,2,...,m,

tts
)

x (0) = x,, x' (0) = X1



where “D° is the Caputo fractional derivative of order § €
(1,2) with the lower limit zero, 0 < y < 1, and

IpPx(t) = f(t,x (@), te©1]\{tty...

"D'x (1) = Ji (x (t)
k=12,...,m,

st
DY (i) - o

1-
I'™%x(0) = x,,

where 'D? is the Riemann-Liouville fractional derivative of
order § € (0, 1) with the lower limit zeroand 0 < y < §.

In [25], Feckan et al. studied the impulsive problem of the
following form:

‘Dox(t) = f(t,x (1),

te (0, T\ {t;,ty s t}s

Ax (t) = I (x () »

X (0) = Xp»

6€(0,1),
(4)
k=12,....,m,

where f: [0,T] x R — R is jointly continuous, I : R —
R and t; satisfy 0 = £) < t; < -+» < t,., = T, x(t}) =
lim, _, g+ x(t; + €), and x(t;) = lim, _, o-x(t; +¢€).

Furthermore, Wang et al. [26] considered the impulsive
fractional differential equations with boundary conditions as
follows:

‘Du(t)y=h(t), teJ, de(1,2),
Au(ty) =y D' (t) =V k=12,...,m (5
u(0) =0, W (1) =0,

where y,, v, € R.

To the best of our knowledge, there are few papers
concerning fractional differential equations with separated
boundary conditions [27, 28].

The rest of the paper is organized as follows. In Section 2
we introduce some preliminary results needed in the sequel.
In Section 3 we present the existence results for the problem
(1). Two examples are given in Section 4 to illustrate the
results.

2. Preliminaries

Letusset J, = (0,6, J; = (tota]sevo Juer = (oo E)s
and J,, = (t,otpi)s J' == J\ {t,tss...,t,,} and introduce
the space PC(J,R) == {u : ] - R | u € C(J,,R), k =
0,1,2,...,m, and there exist u(t;) and u(t;), k = 1,2,...,m,
with u(t,) = u(t;)}. It is clear that PC(J, R) is a Banach space
with the norm |lu|| = sup{|u(¢)| : t € J}.
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Definition 1 (see [3]). The Riemann-Liouville fractional inte-
gral of order g for a continuous function f: [0,00) — Ris
defined as

t
FFO = | e-9T@ds avo @
I'(q) Jo
which provided that the integral exists.

Definition 2 (see [3]). For n—1 times an absolutely continuous
function f: [0,00) — R, the Caputo derivative of order g is
defined as

1 ! o
cg _ _ anq-l1 (n)
Dif(t) = oo n-a) L (t-s) 7 (s)ds, o)

n-l<q<n n=|[q]+1,

where [g] denotes the integer part of the real number g.

Lemma 3 (see [3]). Let o > 0. Then the differential equation

‘D*h(t)=0 (8)
has solutions h(t) = ¢, + ¢t + t* + -+ + ¢, ,t" " and
I“D'h(t) =h(t)+ g+t +ot> +-+c t""  (9)
which hold for almost all points on the interval [0, 00), here
GeR,i=0,1,2,...,n-1Ln=[a] +1
Definition 4. A function x € PC(J, R) with its a-derivative
existing on J' is said to be a solution of the problem (1) if

x satisfies the equation ‘D*x(t) = f(t,x(t)) on J' and the
conditions

A(D"x () = I (x(t;))
k=1,2,...,m,

Ax () = I (x (t))

ax(0) +b, (‘D"x(0)) = ¢,

a,x (T) + b, (‘D'x (1)) = ¢,
(10)

are satisfied.

By using a similar discussion of [25], we have the
following lemma.
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Lemma 5. Let y € PC(J,R). A function x is a solution of the
fractional integral equation:

,J,t (t_s)lx ly(s)ds+ C_l B E B a2Ht _ azclt
F(oc) a, v v va,

o)
(t—s)*" _
J-OWy(s)ds+ a_1 +1, (x(8)))

TQ-p)aL (x(6) - — - ==~ -

x(t) = A %__F(Z_Y)tiw’ tels
i=2 t,‘
E(t— ) a : -
j ;T YO X ()
k _ At aIlt _axc t
~ ~ - At allt gt
r(2 y)iZti I (x(t) PRT—
ot " (x ( i)
—— -T(2-y)t >
+=-T(2-y) ZH e
te],, k=2,....m,
(11)
where
@ TT(2-y)+ b, T
r2-vy)
IR (T -
A_azL T y(s)cls+sz0 T(a—7) y(s)ds,
(12)

m

L(x(6)-T@-y) 201 (x(1)), (13

i=1

H:

M§

Il
—

if and only if x is a solution of the impulsive fractional BVP:

‘Dxt)=y@t), te],1<a<2,
Ax(t) = L (x (),  A(CD'x(t)) = Iy (x (),
k=1,2,...,m,

a,x(0) + b, (‘D"x(0)) = ¢,
a,x (T) + b, (‘D'x (1)) = c,.
(14)

Proof. For 1 < a < 2, by Lemma 3, we know that a general
solution of the equation “D%x(¢) = y(t) on each interval J
(k=0,1,2,...,m) is given by

x(t)=1"y(t) +di + et

a—1 (15)
JO (tr(s)) y(s)ds+d+et, te],

where d, e, € R are arbitrary constants. Since “D'C = 0 (C
isa constant), ‘D't = ' /T(2 - y),and “DYI* y(t) = IV y(t)
(see [3]), then from (15), we have

I_Y

F(2 Y)

D'x(t) =1""y(t) +

(16)
ektl_y

(t S)ocyl
-G Ta ) O ey

for t € J,.. Applying the boundary conditions of (14), we get

a; xdy+b x0=¢,

(T _ S)OC*I

T
W(L T ()

(T —s)* 7! T B
+b2><<J0 —F(oc y) y(s)ds+r(2_y))—g.
(17)

y(s)ds+d,, + emT)

Next, using the impulsive conditions in (14), we obtain that
fork=1,2,...,m

di —diy + (e — ey te = I (x (1)) »
(ex — €x1) T2y I (x(5)).-
Now we can derive the values of dy, e, k = 0,1,2,...,mfrom
formulae (17)-(18). That is,
c
dy= -+,

0= 2

(19)

d=do+ Y1 (x(1)) - T (2= 7) YT (x(6)

fork=1,2,...,mand

o l J-T (T_S)OL—I
em = v ) 0 r((x) y

T _ eyl
+b2 J &
0

(s)ds

y(s)ds)—%+2,
v

T(x-y) y
I (x())
ee=e,-T(2- y)z —
i=k+1 ti
fork=0,1,2,...,m—1.

(20)



Hence for k = 0,1,2,...,m, we have

dk + ekt
: t
X)) -T@-9) YA () -,

+ZI
i=1

T (T _ a-1 T _ eyl
x(agjo —( F(fx)) y(s)ds+bz‘|’0 —( (S) 2 y(s)ds)

_apt <ZI ) -T(2-y) itﬁ: (x (E)))

I-y
i=k+1 ti

t t
—%+%——F(2—

va, 4
(1)

Now it is clear that a solution of the problem (14) has the form
of (11).
Conversely, assume that x satisfies the fractional integral

equation (11). That is, fort € J, k =0, 1,2,...,m, we have
x(t) = J (tr()) y(s)ds + = a_ +ZI x(t)))
1
k
—T@-y) Y41 (x(t)
= (22)

_<é+az_ﬂ+@_g)t

v v va, v

Since 1 < a < 2, we have “D*C = 0 (C is a constant) and
‘D*t = 0. Using the fact that “D* is the left inverse of I, we
get

‘Dx(t)=y(t), te], (23)

which means that x satisfies the first equation of the impulsive
fractional BVP (14). Next we will verify that x satisfies the

impulsive conditions. Taking fractional derivative “D¥ of
(22), we have, for t € J,

o 1
‘D¥x(t) = L %y (s)ds
A ol ae o iy
‘(TT*T%“%(Z_W 2

()

4
i=k+1 ti
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From (22), we obtain

e (ty - 5)“

x(t;):J o y(s)ds+ZI *(6))

~L=-9) YA (x

A all a,c
_(_+2_+A_2>tk
v v va, v

(25)

k-1

x(t) = J (t ())_y(s)ds+ZI

Ty ST ()

_<é+ﬂ+m_z>tk
14 14

(26)

Hence we have, fork = 1,2,...,m,

Ax (ti)

= L (x(6)) ~T @ - ) 11 (x (7))
L (x(t) @
tl—_y =L (x(t)).

k

+F(2—'y)tk

Similarly, from (24), we can obtain that, for k = 1,2,...,m,

VW =L (x(t)).  (28)

k

A(D'x () =t

Finally, it follows from (22) and (24) that (since 0 € J,, T €
Jn) x(0) = ¢;/ay, “D"x(0) = 0, and

T a-1
x(T) = Jo &y(s)d5+;—l
1

I' (@)
+H_<é+ﬂ+%_z>ﬁ
v v va, %
UEDI >
‘D'x (T :J L8 (s)ds
(T) 0 T(a-7) y(s)
1-y
_<é+az_ﬂ+@_z> v
vy vay r(2-vy)
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Now we get

a,x(0) + b, (‘D"x(0)) = ¢,
a,x (T) + b, (“D"x (T))
a2H Hha

A
“A+ 29 - a2T<—+
a v

2) (30)
1%

v val

T II
b, <A+az +@_@>:%
T(2-y) v o ova, v

Therefore x given by (11) satisfies the impulsive fractional
boundary value problem (14). The proof is complete. O

Remark 6. We notice that the expression of (11) does not
depend on the parameter b, appearing in the boundary con-
ditions of the problem (14). Thus by Lemma 5, we conclude
that the parameter b, is of arbitrary nature of the problem (14).

Let X,Y be Banach spaces and f : X — Y, and we
say that f is a compact if the image of each bounded set in
X under f is relatively compact. The following are two fixed
point theorems which will be used in the sequel.

Theorem 7 (nonlinear alternative of Leray-Schauder type
[29]). Let X be a Banach space, C a nonempty convex subset
of X, and U a nonempty open subset of C with 0 € U. Suppose
that P : U — C is a continuous and compact map. Then
either (a) P has a fixed point in U or (b) there exist a x € OU
(the boundary of U) and A € (0, 1) with x = AP(x).

Theorem 8 (Schaefer fixed point theorem [30]). Let X be a
normed space and P a continuous mapping of X into X which
is compact on each bounded subset B of X. Then either (I) the
equation x = APx has a solution for A = 1 or (II) the set of all
such solutions x, for 0 < A < 1, is unbounded.

3. Main Results

This section deals with the existence and uniqueness of
solutions for the problem (1).

In view of Lemma 5, we define an operator F : PC(J,
R) — PC(J,R) by
(Fx)(t):J =" o x(s))ds+—
o I'(w)
k
+ ZII (X (t1 -T (2 Y) Zt i (X
i=1
At allt at olt (31
v y va, y
- I (x(t))
STyt Y S te
i=k+1 i

5
with
T _ el
A= [ ST exodsrt
T (T - a-y-1

m
I, =YL (x()-T(2-7) ZtVI (x(£))

i=1
Here A ,, IT, mean that A, IT defined in Lemma 5 are related
to x € PC(J, R). It is obvious that F is well defined because of
the continuity of f, I, and I;. Observe that the problem (1)
has solutions if and only if the operator equation Fx = x has
fixed points.

Lemma 9. The operator F : PC(J,R) — PC(J,R) defined
by (31) is completely continuous.

Proof. Since f, I, and I, are continuous, it is easy to show
that F is continuous on PC(J, R).

Let B € PC(J,R) be bounded. Then there exist positive
constants N;, i = 1,2,3, such that |[f(t,x(¢))] < N,
[T (x(t))] < N,, and |I;/ (x(t;))| < Njforallt € ], x € B,

k=1,2,...,m.Thus, for x € Band t € J, we have
T(X
[(Fx) ()] < H mN,
m
+T(2-y)N Z
i1 (33)
|| T |ayq| T |CZ|T
vl |va, | vl
m
+T(2-y)TN; Y 817,
i=1
< T N
T T(a+l) T(a-y+1)
" (34)
L[ <mN, +T(2-y) Ny ) 1.
i=1
Now we can obtain that, for all x € B,and t € J,
[(Fx) ()]
NT* T (|aNT® b N T
"T(a+1l) [ \T(a+1) T(a—-p+1)
|“2|T)
+|1 1+ —— N,+T(2-y)N
( V] MiN, ( V) 3 (35)
X <<1 + |a2|T>Zt3’ +TZt3'1>
It =
laye,| T |Q|T+m

|va1| |v| |a1|’



which implies that the operator F is uniformly bounded on
B.

On the other hand, let x € B and for any 7, - 7, € J,
k=0,1,2,...,m,with 7; < 1,, we have

|(Fx) (z,) = (Fx) (1))
< rz (- s)""

. Wf(s,x(s))ds
7 _ a—1
- Jo %f(s,x(s))ds
AL eIL] | Jaal el
+( o + o + v +m (1, - 1)

iT@-y) Y A ()] (5 - )

i=k+1
N5 (18] o] sl )
F(ax+1) [v] vl [va,| vl

X (1, = 1) +T(2-y) N, Z tzrl (,-1).
i=k+1

(36)
By (34) and the above inequality, we deduce that
|(Fx) (1) = (Fx) (1)] — 0 asT, — 1. (37)

This implies that F is equicontinuous on the interval J;.. Hence
by PC-type Arzela-Ascoli theorem (see Theorem 2.1 [10]), the
operator F : PC(J,R) — PC(J, R) is completely continuous.

O

Theorem 10. Assume that (1) there exist h € L°(J,R") and
@ : [0,00) — (0,00) continuous, nondecreasing such that
[ f(tx)| < ht)e(x]) for (t,x) € ] x R; (2) there exist
v,y 1 [0,00) — (0,00) continuous, nondecreasing such
that |I(x)] < y(lx]), [I; (x)| < v*(Ix]) for all x € R and
k=1,2,...,m; (3) there exists a constant M > 0 such that

M

Py (M) [l + Qu (M) + Ry* (M) + H ~

b T )

F(a+1) T(a—yp+1)
Q=m(1+|a2lT>
)’
_ B lao| T\ < Y {1
R=T(2-7y) 1+7ﬁ_ YTy,
i=1 i=1

T
|C2| + |C1|

1, (38)

where

__ LT || T°
T T(a+1l) |y

(39)

~ laye,| T

- |va1| |v| |a1|'

Then, BVP (1) has at least one solution.
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Proof. We will show that the operator F defined by (31)
satisfies the assumptions of the nonlinear alternative of Leray-
Schauder type.

From Lemma 9, the operator F : PC(J,R) — PC(J,R)
is continuous and completely continuous.

Let x € PC(J, R) such that x(t) = A(Fx)(t) for some A €
(0, 1). Then using the computations in proving that F maps
bounded sets into bounded sets in Lemma 9, we have

Ix ()] < Al (llx])

o sz
x[ T +1(|“2|

=
F(a+1) v \T'(a+1) T(ax-y+1)

+T(2=7)y" (Ixl) ((1 . %) il + Tit,w)
i=1

i=1

T T T
+(1+ﬂ)mw(llx”)+ﬂ+u+m

[v| |va1| [v| |a1|'
(40)
Consequently, we have
Ix] . <1 (41)
Pllal e (Ix1) + Qy (IxIl) + Ry* (Ix]) + H
Then by condition (38), [|x|| # M. Let us set
U={xePC(,R):|x| < M}. (42)

The operator F U — PC(,R) is continuous and
compact. From the choice of the set U, there is no x ¢
oU such that x = AFx for some A € (0,1). Therefore
by the nonlinear alternative of Leray-Schauder type (see
Theorem 7), we deduce that F has a fixed point x in U which
is a solution of the problem (1). The proof is complete. O

Theorem 11. Assume that there exist h € L*(J,R") and
positive constants H,, H, such that, fort € J, x € R, k =
,2,...,m,

Ife0l<h@®), || <H, | )]|<H,.

(43)

Then, BVP (1) has at least one solution on [0, T1].

Proof. Lemma 9 tells us that the operator F : PC(J,R) —
PC(J,R) defined by (31) is continuous and compact on each
bounded subset B of PC(J, R).
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= ,R) : u = AFu, A . Since, f Z N _ . N
eac}f:te\/]’ {u € PC(J,R) : u = AFu,0 < A < 1}. Since, for +T(2-y) ;t?’ I (x () - L7 (y(t;))]
T |a,|
ek
= A (Bx) (0) N
< Il x ;t?% I (e () -1 (v ()]
o o o 47
X[F(T : +1<FI%IT1 +r|b2|T vl )} (47)
a+1) W \T'(x+1) (a-y+1) Since
_ |2 T\ &y e
+T(2-y)Hy( [ 1+ o Yt +THH A, -2
i=1 i=1
T a—1
(0 BT BT T sl [ T2 f o - sy o)l ds
vl va| W ay] 1
44 a-y-
(44) +|b|L r(as—)|f(sx(s)) (s y(s))| ds

we know that V is bounded. Thus, by Theorem 8, the operator

hl| e T Al |by| T*
F has at least one fixed point. Hence the problem (1) has at < M [« -y + M lx- |,
least one solution. The proof is completed. O [(a+1) T(a-y+1)
Theorem 12. Assume that there exist h € L°(J,R") and 'Hx _II | < Z |[, (x(£)) - L (y (t:))l
positive constants L, L” such that, fort € ], x,y € R, k = g
L2,....,m,

P S ) - ()
If (t,x) = f(t,y)| <h(®)|x - y|, 4

L (6) = L (9)] < L|x =y, (45) smLlx-y|+TQ2-y)L* Y |x -y,
* * * i=1
e ) =L < L7 |x - y]. (48)
Moreover then combining these two estimations with (47), we obtain
a “ IFx- Byl
VT Tl (o] T° |6 T . .
T+1) P \T(@+1) T(a—yp+1) [Tl (o T |5 T
r - [v] F(a+1) T(a—y+1)
+<1+|a|2v|| )mL+l"(2—y)L* (46) la| T\ & mo
+TQR-y)L" [ 1+ === | Yt/ +THY ¢t~
e, o e (157 ) g rS)
23 y y-1
x[[1+—— tH+T)t <1 o
[( V] )Z Z ] Al T |a,| T
: : ML L e T
T(a+1) [v
4
Then, BVP (1) has a unique solution on J. (49)
Therefore, by (46), the operator F is a contraction mapping
Proof. Let x,y € PC(J, R). Then for each £ € J, we have on PC(J, R). Then it follows Banach’s fixed point theorem that
the problem (1) has a unique solution on J. This completes the
|(Fx) (t) = (Fy) ()] proof. O
< J (tr( ) |f (5,x(s) = f (s, y(s))|ds 4. Examples
0

Finally we give two simple examples to show the applicability
+ Z |L (x (17 () of our results.



Example 1. Consider the following impulsive fractional sep-
arated BVP:

‘DMx(t) = (tcos6t)2 (x (t) + arctan x (1)) ,
+
1
tel0,1], f#z,
1y _ _ x(@2)y)
Ax (E) (7 +|x(a2)0))

( | (50)
cn1/4 *(1/2)
A( D" x(%» B (20|+ I’(C((l)/z)l)p,

x(0)+2(‘D"*x(0)) = %

1 1.
Sx(+ 5( D"x (1)) =2.

Here « = 7/4,y = 1/4,T = 1, and m = 1. Clearly, we can
take h(t) = 2 cost/(t +6)>, L = 1/17 and L* = 1/20 such that
the relations (45) hold. Moreover

WAll=T  Tlhles (@] T 6| T
F(ax+1) [v] F(a+1) T(a-y+1)
T
+(1+|a|2|| )mL+r(2—y)L*
14

|a, | T) | ]
X 1+ —— Zt- + TZ—_
[( M /5" i=1 tl-l Y
1 1 1
=~ — x 1.2728 + — X 1.5796 + — X 2.7666 < 1.
18 17 20
(51)
Thus, all the assumptions of Theorem 12 are satisfied. Hence,

by the conclusion of Theorem 12, the impulsive fractional
BVP (50) has a unique solution on [0, 1].

Example 2. Consider the following impulsive fractional sep-
arated BVP:

‘Dx(t) =52 + e ¥ L sinx (1),
tel0,1], #4_11’

1y _ 2 (/9)|
Ax(i) S (1| (/)

(52)

A(CD1/2x<}L>> = cosx(ii) +3,
3x(0) +%(CD1/2x 0) =1,

2x (1) +3(“D'x (1)) = 25.

Abstract and Applied Analysis

In the context of this problem, we have
|f(t,x)| = 'St2 +e ™y sinx| <7, tel0,1], x eR,

L (x)| <2, | (x)| <4, xeR.

(53)

Put h(t) = 7, H; = 2, and H, = 4. Then from Theorem 11,
the impulsive fractional BVP (52) has at least one solution on
[0, 1].
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