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This work deals with the existence and uniqueness of asymptotically almost-periodic mild solutions for a class of strongly damped

semilinear wave equations.

1. Introduction

Let X be areflexive Banach spaceandlet A: D(A) € X — X
be a closed densely defined operator and # > 0. Consider the
Cauchy problem

u, +20A2u, + Au = f (tuu,), t>0,
@)

u(O):uoeXl/z, u, (0) =vy € X,
where X'/? is the fractional power space associated with A
as in [1]. Equations like (1) appear in the literature under
the name of strongly damped wave equations. An example
of mathematical model represented in form (1) is the wave
equation with structural damping (see [2-5]). The strongly
damped wave equations has been investigated in several con-
texts by many authors in the last years, for example, existence
[6, 7], global classical solution [6, 8], long-time asymptotic
behavior [9-11], attractor [2, 12-16], well-posedness [17],
decay estimates [18], blowup [8, 19, 20], controllability [19],
bootstrapping, and regularity [21]. Another important aspect
of the qualitative study of the solutions of strongly damped
wave equations is their asymptotic periodicity. In recent
years, the study of periodicity and its various extensions for
evolution equations has attracted a great deal of attention of
many mathematicians (see [22-32] and references therein).

To the best of our knowledge, the study of the exis-
tence of asymptotically almost-periodic solutions for strongly
damped wave equations of type (1) is a topic not yet consid-
ered in the literature.

Problem (1) can be written as a first order in time Cauchy
problem in Y° := X'/? x X:

mt tap) m =F <t’ [Lle £>0,

:9]-[2]

2)

0 -1 1/2 1/2
'd(l/z):[A znAl/z]D(;Q{(l/z))gX/ XX—)X/ x X

3)
is defined by
L
fg] L]
fOI' [$:| € D(‘Q{(I/Z)) = Xl X Xl/z, (4)

f( ) el

Definition 1. The pair (1, A) is said to be an admissible pair if
there exist y € (0,77/2) and M > 0 such that

M

"(M - A)_1'|3(X) = 1+ A (%)



for all A in the sector £, = {A € C : y < |argA| < 7} U {0}

and /2 > y/2 + arg(n + \\n* - 1).

If (7, A) is an admissible pair, by [21, Proposition 2.1]
a1, is a closed operator with 0 € p(&/(;,,)). Indeed, o/,
has the inverse expressed in the matrix form as

B 2 A—1/2 A—l
iy = [ ’1—1 0 ] € g(Xl/Z xX). (6)

Moreover, the operator &, ,) has compact resolvent when-
ever A has compact resolvent. By [21, Theorem 2.3] the
operator &y, is sectorial in X% x X. The semigroup
{eam’ .t > 0} generated by ~d (1) in X2 x X is
exponentially decaying analytic. That is, there are constants
K > 1and C > 0 such that

||e"d“ ot ~Ct

Ke ™, t=0. (7)

||$(x1/2xX) s
Throughout this paper, we always assume that (1, A) is an
admissible pair.

This paper has four sections. In the next section, we
consider some definitions, technical aspects, and basic prop-
erties related to asymptotically almost-periodic functions. In
the third section, we obtain general results on the existence
of asymptotically almost-periodic (mild) solutions to the
problem (1). The main abstract results are Theorems 12, 16,
17, and 19. Finally, in the fourth section we consider several
applications. In particular, we consider the following class of
partial differential equations:

uy; + b (t) u, + Au— SAu,

=pat)(h(w)V-u+gw)Au), xe€Q, t>0
(8)
u=Au=0,

x€0Q, t>0,

u(0,x) =uy(x), u,(0,x)=vy(x), xe€Q,

in a bounded smooth domain Q ¢ RY and where h and
g satisfy certain growth conditions. We prove that if a €
AP(R), b € Cy(R",R), and |y| + || is small enough, then
the previous problem has an asymptotically almost periodic
mild solution. The same type of conclusion is derived for the
wide class

B
utt+A2u—8Aut=a(t)H V- u(t,x)dx| ©,,
Q
xeQ, t=>0, )
u=Au=0, xe€dQ, t>0,
u(0,x) =uy(x), u,(0,x)=vy(x), xe€Q,

where @, € LP(Q) and p>NJ/2.

2. Preliminaries

In this section, we present some concepts and properties
needed to develop the following sections. Let X be a reflexive
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Banach space. For an interval I € R, C,(I, X) denotes the
space formed by the bounded continuous functions from I
into X, endowed with the norm of uniform convergence.
When X = R, we denote Cy(I) instead of C,(I,R). The
notation Cy(R", X) stands for the subspace of C,(R", X)
consisting of functions that vanish at infinity. We denote
by Z(X) the Banach algebra of bounded linear operators
defined on X. For r > 0, the notation B,(X) stands for
the closed ball {x € X : |x| < r}. For a linear operator
A with domain D(A) and range #(A) in X, we represent
by 0(A) (resp., p(A)) the spectrum (resp., the resolvent set)
of A. For A € p(A), we denote by R(A,A) = (A — A)™"
the resolvent operator of A. When A is closed, we denote
by [D(A)] the domain of A endowed with the graph norm
lxlla = llxll + |- Ax].

Next, we present a brief summary of the main properties
of asymptotically almost-periodic functions.

Definition 2 (see [33]). A continuous function f: R — Xis
called almost-periodic if for each € > 0 there exists I(¢) > 0
such that for every interval of length I(¢) it contains a number
7 with the property that | f(t + 7) — f(¢)| < e for eacht € R.

The previous number 7 is called an e-translation number
for f. We denote by AP(X) the space formed by the almost
periodic functions f : R* — X. We note that each almost-
periodic function is bounded and uniformly continuous. It
is well known that the range Z(f) = {f(t) : t € R} of an
almost periodic function f is relatively compact. The space
AP(X) is a Banach space endowed with the norm of uniform
convergence.

Let Y be a Banach space. We have the following concept
of parameter-dependent almost-periodic function.

Definition 3. A continuous function f: RxY — X s called
almost-periodic in ¢ uniformly for y in compact subsets of Y
if for every compact subset K of Y and each & > 0 there exists
I(e) > 0 such that every interval I of length I(e) contains a
number 7 with the property that || f(t+ 7, y) — f (¢, ¥)|| < e for
allt e R, y e K.

Henceforth, we abbreviate the terminology by calling
almost-periodic from R x Y into X to those functions that
are almost-periodic in t uniformly for y in compact subsets
of Y, and we denote by AP(R x Y, X) the set formed by the
almost-periodic functions from R x Y into X.

The proof of the following result is similar to the proof of
[22, Lemma 2.12] and therefore omitted.

Lemma 4. If h : R — XY x X is an almost-periodic
function and

t
umzj PO ds, teR, (10)

then u is almost-periodic.

It is well known that the study of composition of two
functions with special properties is important and basic for
deep investigations. The following result has been established
in [34].



Abstract and Applied Analysis

Lemma5. Let f: RxY — X bean almost-periodic function
and let u : R — Y be an almost-periodic function. Then the
function R — X, t — f(t,u(t)) is almost-periodic.

We will need the following definition.

Definition 6. A continuous function f : R" — X is called
asymptotically almost-periodic if there exist two functions
fap € AP(X) and ¢ € Cy(R", X) such that

FO) = fap )+ 9, (1),

The function f,, is called the almost-periodic part of f. We
denote by AAP(X) the space formed by the asymptotically
almost-periodic functions f : R — X. The space AAP(X)
is a Banach space endowed with the norm of uniform
convergence. Furthermore, AAP(X) = AP(X) ® C,(R", X).

In what follows C, (R xY, X) denotes the space consisting
of continuous functions f : R* x Y — X such that
lim, ,  f(t, ) = 0 uniformly for y in compact subsets of
Y.

teR". (1)

Definition 7. A continuous function f : R" x Y —
X is called asymptotically almost-periodic if there are two
functions g € AP(R x Y, X) and ¢ € Cy(R" x Y, X) such
that

fty)=gty)+o(ty), yeY, teR".  (12)

We denote by AAP(R* x Y, X) the set consisting of all
asymptotically almost-periodic functions from R* x Y into

Let I € R be an interval. We have the following concept
of function uniformly continuous on compacts sets.

Definition 8. A continuous function f: I xY — X is called
uniformly continuous on compact sets if for all compact set
K ¢ Yandall ¢ > 0 there is §, x > 0 such that || f(¢, y;) -
ft yy)ll < eforallt € I'and y,, y, € Kwith [y, -y, <, k.

Lemma 9 (see [22]). Let f : R" xY — X be an
asymptotically almost-periodic and uniformly continuous on
compact sets function. Let u : R* — Y be an asymptotically
almost-periodic function. Then the function R* — X, t —
f(t,u(t)) is asymptotically almost-periodic.

The proof of the following result is similar to the proof of
[22, Lemma 2.13]. Therefore, we will omit it.

Lemma 10. Ifh : R* — X2 x X is an asymptotically
almost-periodic function and

t
u(t) = J eI (s)ds, t>0. (13)
0
Then, u is asymptotically almost-periodic.

3. Asymptotically Almost-Periodic
Mild Solutions

We recall the following definition that will be essential for us.

Definition 11. Let [4] be in X*/* x X. We say that [':(())] :
R* — X2 x X is a mild solution to (2) (or to (1)) if it

satisfies the Cauchy integral formula:

[:EE;] — e—.d(l/z)t |:1;l((::| + J: e—-d(l/z)(t—s)F <S, [z((j))] > dS,
t>0.
(14)

Theorem 12. Let f: R*xX"*xX — X be an asymptotically

almost-periodic function and assume that there exists a locally
integrable function L s : R — R satisfying

”f (t,uy,v) = f (b, Vz)“x

(15)
<Ly (@) [Jur = ol om + v1 = v2lly ]
forall [%] € X'*x X, i=1,2and eacht > 0. If
t
KsupJ- eiC(H)Lf (s)ds < 1, (16)
=0 Jo

where K and C are given in (7). Then, (2) has a unique
asymptotically almost-periodic mild solution.

Proof. We define the map  on the space AAP(X'/* x X) by
the expression

(2] =[]

+ Jt e Tt p <s, [u (S)] ) ds, teR",
0 v(s)

17)
where
u()] _ uap(-)] [qvu (-)]
[v(-)]‘[v@c) oo )
is an asymptotically almost-periodic function; that is,
Ugp () 1/2
[vaﬁ(-)] € AP(X'? x X),
(19)

[Z’;‘ 8] e Co (R, X" x X).

Since f € AAP(R* x X'* x X, X); then there are two
functions ® € AP(R* x X2 x X,X) and ¥ € Cy(R" x
X" x X, X)sothat f = ® +¥.

We set for [¢] € X2 x X

ol lowan] TEEDven]

(20)



For t € R", we have the following decomposition:

5([s])o
= [ @[] -3 (s [ @]))
[ s (s ] as
[ et (s [y )as
vete 1] 4 [L o (5 [10] ) as

=8 +H (1),

+ = (1) (t= S)(D

—Q/(l/z) (t— s)

(21)

where

0 - Jt e Tup (=g (s, [zap ((3] > ds (22)
—00 ap

and  (t) denotes the remained terms of the previous decom-
position.

Next, let us show that #Z € Cy(R", X2 x X). By (7) we
have that

e ]Gco(R XPxx). @)
Lo

We observe that

%:{[jg))] >0},

I

are relatively compact in X'/? x X. Since ¥ € Co(R* x X'/? x
X, X), for each € > 0 there exists a constant T' > 0 such that

“@ (s, Z)||X1/2><X s¢€ (25)

forallt > 2T, z € &.
We deduce

Jt e*-d(l/z)(tfs)q’/ <S [u(s)]>ds
0 Tv(s)

K
< E Ct/ztERiup "‘I’(s Z)“xl/z Es.

X'2xX
(26)

On the other hand, since ® € AP(R" x X2 x X, X) by [35,
Appendix] we get

JO T t-9G (S, [%p (S)Dds
00 Vap (5)

K _c
< —e sup
C teR,z€%B,,

X'2xX
(27)

[®(s,2)|ly, forteR".
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Next, we estimate the first term of (21). For ¢ > 0, we choose
T > 0 big enough so that

leu Ol + ey Ol <& (28)

for all s > T, and |¥(s, z)llxi2xx < € forall s > T and all
z € BU B,,. We have the following estimates:

e (@3(s[50))
(s [r]))es

t
< Kj eI, (s)
0

X2xX

% () = ttep @) o + [y ) = vap )] ) s

#(=[4))
(s [ 0])

T
K[ L9 g Ol + oy ) ds

0

t
+K J e )
0

ds

X2xx

IN

+

t
KJ e ILr ) (lou 9o + w9 ) ds

T
T
+ <K J e_C(t_s)ds>
0

X sup
EeRY, zeRB

+  sup ”\T'(E’ Z)||X1/2><X>

£eR, z€RB,,

X'2xX

+K Li e )
(17 (Vo))
7(a[t])

T
<Ke“ <J eCSLf (s) ds) sup
0

EeRY

X2xX

ds
X2xx

8]

+

+eK
X2x X
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(o 6l

EeRY, z

+  sup ”\T/ @& Z)||X”2><X>

§eR", 2R,
K
+2e—.
C

(29)

From (23) to (29), we deduce that lim, _, . %(t) = 0; that is,
I € Cy(RT, X' x X).
—_— u
Since ® € AP(R" x X'* x X,X"? x X) and [ ] €
AP(X'? x X), we get from Lemma 5 that

) ( [”V‘uﬁ (())D € AP (X" x X). (30)

Now, by Lemma 4, we obtain that & € AP(X 12 « X), and
hence § is well defined. It suffices to show that the operator
& has a unique fixed point in AAP(X"? x X).

For this, we consider that [4],[%2] € AAP(X'* x X).
We can deduce that

Js[x]-s [l
s([)o-s(li))e

t
< Ksup J e )
0

t>0

= sup
20

X12xX

x ”f (suy (), v, (5)) = f (5,145 (5), v, (S))"de

t
< Ksup J e_c(t_s)Lf (s)
0

t>0

X [||u1 (s) —uy (5)||X1/2 + ||v1 (s)—v, (s)”X] ds
(t-s) u u
< (ks [Len as)[[] - []]

by the contraction principle, § has a unique fixed point in
AAP(X'? x X). This completes the proof. O

>

(31)

Remark 13. We wish to emphasize that condition (15) is
optimal in the sense that the function L ((-) is locally inte-
grable. This is the largest possible class of Lipschitz constant
L f(-) for which the conclusion of Theorem 12 holds true.
However, this condition in L f(~) makes our analysis much
more harder, because to prove Theorem 12 we cannot use
the standard composition lemma for asymptotically almost-
periodic functions (see Lemma 9). To overcome this difficulty
we need to use a suitable decomposition for the natural
operator associated with the mild solution (see (14) and (21)).
In contrast, we note that in the more restrictive case of L f(-)
to be an integrable bounded function we can use Lemma 9
directly.

Corollary14. Let f: R*xX"*xX — X be an asymptotically
almost-periodic function that satisfies the Lipschitz condition
(15) with L ;(-) = L. If
& <1, (32)
C

then problem (2) has a unique asymptotically almost-periodic
mild solution.

Remark 15. Let f R* x X' x X — X be an
asymptotically almost-periodic function that satisfies the
Lipschitz condition (15). We can avoid the condition (32) by
using the fixed-point iteration method. Indeed, we consider
two cases.

Casel L f(‘) = L. We consider the following space
AAP’ (X' x X)

" (33)

= {M € AAP(X'? x X) : u(0) = 0,v(0) = 0}

endowed with the norm of the uniform convergence. We
define the map T on the space AAP’(X'/? x X) by

(o=
o1 1]

Combining Lemmas 9 and 10, we know that I is a continuous
function from AAP°(X'? x X) into AAP"(X'? x X).
Moreover, for [ ] € AAPY(X'? x X), i = 1,2 we have

(oo

XI/ZXX
< KLJ Cli-s) sup ||u1 (g) U, (E)"XI/Z (35)
0 O< <3
oy © = vy ©)]] ds
With the notation ®(s) = KLe™“* and
a(s) = sup [|lu; &) —uy )]0 + V1 €) = v, ©)| ]
0< <5
(36)
the previous estimate yields
llr<[ul]>(t)_r<[u2]>(” <(@*a)(t), t=0.
n V2 X'2xx
(37)

Since ® * « is a nondecreasing function, proceeding induc-
tively, we can show that

(] o-r([])o

< (O x ) (1),

X2xX

t>0,
(38)

where ®*" denotes the n-fold convolution of @ with itself.



On the other hand, the map & : C,(R") — C,(R"),
given by

(Sa) (t) = -Lt O(t-s)a(s)ds, t>0, (39)

is a bounded linear map. Moreover, it follows from [36,
Theorem 2.3.5] that (&) = {0}, which implies that || =
[@*";, — 0asn — oo. This shows that I"" is a contraction
for n sufficiently large. As a consequence I' has a fixed point
[“]in AAP(X'? x X).

We note that the function

x () u(t)] o t[uo]
= + 1/2) 40
o) =[] s (40
is an asymptotically almost-periodic mild solution to prob-
lem (2).

Case 2. L f(-) in (15) is an integrable bounded function. By

Lemmas 9 and 10 the space AAP(XY? x X) is invariant
under & (see (17)). The fixed point iteration method and the

following estimate
| _ %
V1 V2

o]+

are responsible for the fact that & has a unique fixed point in
AAP(X'? x X). This concludes the discussion of Remark 15.
We have the following results of the existence of local type.

_ (Kl L)
o n!

o0

(41)

Theorem16. Let f: R*xX'*xX — X bean asymptotically
almost-periodic function that satisfies the Lipschitz condition

"f (tup,v) = f (Huy, Vz)”x

<Lg(r) ["“1 - ”zllxlﬂ + "Vl - V2||X] >

(42)

foreacht >0and[] € X2 x X such that il e + vl <
r,i=12whereL: R* — R is nondecreasing continuous
function such that Lf(O) = 0and f(t,0,0) = 0 forallt > 0.

Then, there exists & > 0 such that, for each [] € X'* x X
satisfying llugll x12 + Vol < & there is a unique asymptotically
almost-periodic mild solution of problem (2).

Proof. We choose A,r > 0 small enough such that A < 1 and
KA+ (1/C)L ¢(r)) < 1. Assume that [lugllxi2 + [vollx < Ar.
We consider the space

AAP, = {m € AAP (X2 x X) : u(0) = u, v(0) = v,,

lu Ol HlvOlx <1, t > 0} ,
(43)

endowed with the norm of the uniform convergence. We
consider the map & given by (17) on AAP,. By Lemma 9

& (AAP,) c AAP (X' x X). (44)
We next prove that F(AAP,) ¢ AAP,.
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In fact,if [ ] € AAP,, we have

s([*])e

<Ke® (Netoll 2 + [[vo ]

XY2xx

t
+ K| eI (r
Jo 7 ) (45)

 [llu ()l + v (s)lx] ds
< K(/\+ éLf(r)>r
<,
which permit us to infer that F(AAP,) < AAP.,.

On the other hand, for [ ] € X'/? x X, i = 1,2, we have
that

([0 ])o-s([3])o

t
<KL,(r)| e€*
f
0

X2xx

(46)

X [””1 (8) —u, (5)||X1/z + "Vl (s) =, (S)HX] ds
U |
[Vl] [Vz]

which shows that & is a contraction from AAP, into itself.
Therefore, the assertion holds for € = Ar. O

>
[e¢]

K

Theorem 17. Let f € AAP(R* x X'/? x X, X) be a function
that satisfies the local Lipschitz condition (42) with L f(-) a
nondecreasing function. Assume that there is a constant r > 0
such that

K
c (Lf(r+C#) + % (Lf(C#)C#+st1;0p ||f(t,0,0)||))

<1,
(47)

where C, = K[llugllxi2 + Ivollx], K, and C are the constant
given in (7). Then, there is an asymptotically almost-periodic
mild solution of problem (2).

Proof. We define the map I on the closed ball

B, = {[’:] € AAP’ (X' x X) ¢ Jlu @)l + v (Dlx <7

12

by means of the expression (34).

(48)
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If[] € 9B,, we have the estimate

F(EDel,...
([E)e-r(])e
([o])e

t
<KL, (r+C,) J e )
0

<

X2xx

+

X'2xX

x [l ()l + v ()l 5] ds

¢
+K J e )
0

(s [4])
Yo

Le(r+Cy)r

(49)
ds

X2xx

X

In
alx

(Lf (€< +sapl .0, )

Lf(r+C#)

OlN
— OIK

Ly epcsplirsoot)):
r t>0
<r.

Moreover, for [}/ ] € %,, i = 1,2, we have

F(E])e-r(])e

t
<KL (r+C,) L e =)

X'2xX

X ["ul (S) - U, (S)"XI/Z (50)

+ w1 () = v, ()] ) ds
BRI

Using (50), we get that I' is a contraction on %,.. O

SKLf(r+C#)

In many concrete situations, the operator A has compact
resolvent, which in turn implies that the semigroup e~ 0/2*
generated by the operator —</;,) is compact for ¢ > 0. To
exploit this property of compactness, we need to introduce
some preliminaries.

Let Y be an arbitrary Banach space and let /1 : [0,00) —
[1,00) be a nondecreasing continuous function such that

h(t) — ocowhent — oc0.In next, we denote by C;,(Y) the
space

C, () = {u € C(R",Y): }31:8 o} (51)
endowed with the norm

lu )lly
WO

lleell, = (52)

For reference purposes, we state the following property.

Lemma 18 (see [26]). A set & < C,(Y) is relatively compact
in C,(Y) if the following conditions are fulfilled:

(C1) Forallb > 0, the set &, = {ulgy : u € K} is relatively
compact in C([0,b],Y).
(C2) lim, _, o (lu(O)lly/h(t)) = O uniformly for u € K.
To establish our next result we introduce the following

condition.
(W) There is a continuous nondecreasing function W

R* — R* such that
||f (t,u, v)|| <W (||u|| 2 + v ), (53)
X f X X

forallt >0andall [“] € X'/? x X.
We next denote

B(L) = sup W)J eI, (Lh(s)ds.  (54)

t=>0

We have the following result.

Theorem 19. Assume that the operator A in (1) has compact
resolvent. Suppose, in addition, that the following conditions

are fulfilled:

a) The function f € AAP(R* x X'/* x X, X) is uniformly
continuous on compact sets and satisfies the condition
W).

(b) Foreacha>0,r>0,and0 <& <a,
Y 1) I

ass — oo uniformly for all [} ] so that |[ull xu2 + |IVlx < r.

(¢) Foreach L > 0,

1 (" _coes
"o Le W (Lh(s)ds=0.  (56)

(d) Foreach & > 0, there is 8 > 0 such that for every [ ] €
C (X2 x X), i =1,2 with
1

h(t) [l () =11, )| o2 + 71 ©) = v, O] x] < 8,
(57)

t>0



implies that

t
L e Ct9 1f (ss11 (), 91 () = f (5,42 (), v, (9)) | s < &,
(58)

foreacht > 0.

(e) liminf; , ,B(§)/ < 1.

Then, problem (2) has an asymptotically almost-periodic
mild solution.

Proof. Let C)(X 2 % X) be the space consisting of the
functions [ZE))] in Ch(Xl/2 x X) such that u(0) = 0, v(0) = 0.
It is clear that C;)l(Xl/2 x X) is a closed subspace ofCh(Xl/2 X

X). We define the operator I' on CZ(XI/2 x X) by (34). It
follows from conditions (a) and (c) that

wl ([2])©

K (" s . (59)
< T Jo e Wy (Lh(s)) ds 0,

X12xX

t — 00,

where

L=

u
%
Thus, we have that T : C;)Z(XI/2 x X) — C?,(Xl/2 x X).

We divide the rest of the proof into several steps.

K ollee + voll)- (60)

(i) The map I'is continuous. For each € > 0 thereisd > 0
such that for [ 4] € C)(X"/* x X), i = 1,2

with
Uy —u,
[Vl“’z] =0 (61

h

implies that
il ([])o ([

which shows the assertion.

< ——€e<5s
X2x X h(t)
(62)

1
t

(ii) The map T is completely continuous. We take r > 0
and we set V = 1"(B,(C2(X1/2 x X))).

Fort > 0, we set

V() = {[;‘Eg] : m c V}. (63)

We first show that V(¢) is a relatively compact set in
X2 x X foreacht > 0.It follows from the mean value
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theorem that V (t) € tc(# ), where c(#,) denotes the
convex hull of

Hy = {e_‘d“/z’(t_s)F (s, [u]) : 0<s<t,
v

lull e + IVlx < pr s

(64)

where p = h(t)(r + K(lugll 12 + Ivolly)), and K is a
constant given in (7).

Since

e {7 (+[))

Bl + W < o} < W, (o),

:0<s<t,
X2xx

and taking into account that e"“0" is compact for
t > 0, we infer that J is a relatively compact set
in X'? x X and consequently V (¢) is also relatively
compact. Letnow b > 0 fixed and V,, the set formed by
the functions [ %] € V restricted to the interval [0, b].
We affirm that the set V;, is equicontinuous.

In fact, if
ul _ u . u 0 1/2
M = r(M) with M e B, (C) (X' x X)).
(66)
For s > 0, we obtain the following estimate:
[u(t +5)— u(t)]
v(t+8) = v () || iy
t+s
<K | e W wh @) dg
’ (©7)

t
+J
0

<e—d(l/2) (t+s=8) e—d(lm(t—f) >

ﬁ (E) AT 14 uO
<[5 )
where L = r+ K([lugll 12 +lvgll ). It is immediate that
the first term on the right hand side converges to zero
when s — 0 and, using condition (b) we obtain the
second term on the right-hand side also converges to
zerowhens — 0and the convergence is independent

of the function [’f;(()) ]

dé,

X2xx

We now show that
. I [u(@)]| _

Mmoo [V(t)] =0 9
independent of [Z] € B,(C)(X'* x X)). This
assertion is a direct consequence of the following
estimate and the condition (c) :

i

1
h(t)

t
, —%L e IW, (Lh(s))ds. (69)
Xl ZXX




Abstract and Applied Analysis

Combining these assertions with Lemma 18, we get
that V is a relatively compact set in Cg(X 12 X).
Since r was chosen arbitrary, this proves that I' is
completely continuous.

(iii) There is r, > 0 such that I(B, (CH(X'* x X))) ¢

B,O(C;)I(XU2 x X)). In fact, if we assume that the
assertion is false; then for all > 0 we can choose
[] € B, (Ch(X"/? x X)) such that

wol ([V])o

forallt € R*. Then

1 < (1 o K lolon + nvOnX))

>r (70)
X2xx

' (71)
P (r + K (Juoll o2 + Ivollx))
r+ K ([Jugllon + [voll)
L<lm ior;fﬁ%g), 72)

which contradicts condition (e) and establishes the
assertion.

(iv) If [4] € AAP’(X'? x X), then the function R* —
X2 x X given by

t— [:‘Eg + e Yant [”V‘z] (73)

isin AAP(X'? x X).Since f € AAP(R* x X'/* x
X, X) is uniformly continuous on compact sets, we
have from Lemma 9 that

t— F( YO+ eomt [“0]) e aap (X x X).
v(t) Yo
(74)
Applying Lemma 10, we obtain that [(AAP"(X'/? x

X)) ¢ AAP(X'? x X). Consequently, combining
with (iii) we infer that

r (Bro (C) (X2 x X)) n AAP® (X2 x X)'A’)
(75)

¢ B, (CY(X'2x X)) N AAP’ (X2 x X) ,

where Eh denotes the closure of & in
Cn(X'* x X). Using Schauder fixed point
theorem, we deduce that I' has a fixed point

[4] € B, (COUX'/2 x X)) n AAP°(X'/? x X) .

(v) Finally, we show that [%] € AAPY (X% x X).
Let ([fj: ] ), be a sequence in BTO(Cg(X”2 x X)) N
AAP°(X'*xX) that converges to [ ] for the topology

in Ch(Xl/2 x X). For e > 0,let § > 0 be the constant
in condition (d); there is n, € N so that

[ ]

1
h(t)

<4, (76)
X12xX

forall t > 0 and all # > . Therefore, for n > n,

sl ([ ])o-r(E)el, == o
Hence
IR RO

Since T [‘;:] e AAP (X2 x X) we get that [] €
AAP°(X'? x X) and completes the proof.
O

Remark 20. Note that in Theorem 19 we do not need to
assume that the operator A in (1) has compact resolvent if the
following condition holds.

(f) Foralla > 0 and r > 0 the set {f(t,¢,,¢,) : 0 <t <
a, |l 11 x2 + llg,llx < 1} is relatively compact in X.

4. Applications

Suppose that h,g € C(R,R),a: R — R (b: R" — R)is
a bounded continuous function, v,y € R, § > 0 and p;, p, €
(1, +00). In a bounded smooth domain Q ¢ RY, we consider
the following partial differential equation:

Uy + b (t) uy + Nu—SAu, = pa (t) (h(w) V- u+ g (u) Au)

xeQ, t=0,

u=~Au=0, x€0Q, t>0,

u(0,x) =uy(x), u,(0,x)=vy(x), x€Q,

(79)
where h and g satisfy the following growth conditions:
B (s1) =h(s))| < Cp sy =5, (1 + |sl|f’1‘1 n |52|pl—1),

51,8, €R,
(80)

19(s1) ~ g ()] < Cq |s1 = 5 (1 + |52|Pz—1 + |S1|P2_1),
51’52 € IR,

where C;, and C, are positive constants. Here, we describe
the asymptoticalfy almost-periodic behavior of solutions of
problem (79) in the L?-setting. To model this problem in the
abstract form (1) we set that = §/2, p > N/2, the operator
A is defined in LP(Q) by Au = A%u (Ap, is the Dirichlet
Laplacian in Q) on the domain

D(A})={peHy(Q):¢=Ap=0 on 00},  (81)
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where H;(Q) = W*P(Q) is the standard Sobolev space (see
[37]). With this specification, problem (79) will fall into the
abstract formulation (1). Since A% = A p» We can choose
the angle y for the sector

ZU//ZZ{)LEC:

ISERS

< largA| < 7 with y € (0, g)} (82)

as small as needed and therefor (see [21, Example 4.3]) (1, A)
will be an admissible pair for any # > 0. From [21, Section 3]
we get that

1/2

[P ()] ={p € H,(Q): ¢ = Ap =0 on 3Q}. (83)

We define f: R x [LP(Q)]"? x LP(Q)) — LP(Q) by

f(t)‘Pl"Pz)
= pa(t) (K (@) V-9 + " (91) ;) =90 () 9, (84)
teR", ¢ €[L? (Q)]l/z, ¢, € LF (Q),

where 6° is the Nemytskii operator associated with 6, and

V¢ represents the divergence of ¢. For ¢, € [L? Q)]
and ¢, € LP(Q). Using Minkowski’s inequality and Sobolev
embedding, we have the estimate

If (2 ‘Pla?’z)"u’(n)
< lella @111 @)ooy + 197 (@)im) — (83)

x ||y "Hf,(o) + |6 (D) "(PZHLP(Q)'

Whence f is well defined. We claim that f satisfies (42) with

Ly () =C(lul+ 1) (lall + 18l )

X (1+2r+3(r +1)).

Indeed, it is an easy consequence of the following estimates
(here C will stand for some positive constant independent of
@, and @, with @, @, € [LP(Q)]'/?).

Abstract and Applied Analysis

I @)~ @) V-3l
<Cllg, - ¢2”H§,(Q)
< (1101 iy * 19205 ) 191
11 (@) V- (@ = &:)l1p(0
< C(14@lray * 1l ) 191 - Bl
(87)
l9° (1) A (@1 - Pl
< C(14 18 ey *+ 11 ) 192
I(9° (81) - 9° (%) AGall 1
<Clo, - ¢2||H;(0)
< (1413 + 18050 ) 192l

Let K be a compact subset of [LP(Q)]I/2 x LP(Q). For ¢, €
[LP(Q)]" and ¢, € LP(QQ), we set that

Fap (6:01:92) = pa () (B (9,) V-9, + g° (91) Agy)

@ (t, 91, 9,) =90 (1) 9y,

(88)
MK:sup{“[(Pl] :[%]EK}.
P2l @pixer@ 192
We have the following estimates:
[ (.01 92)] 5 ) < 11O M, (89)

fap (t+ 1,91, 9,) — fup (t, 9"1’§02)'|LP(Q)

<lulla(t+1)-a@®)
X (”he (901)“1_00(9) +[g° (‘Pl)”LDO(Q)) "‘Pl“H;(Q)

§5|y| la(t+1)—a(t)

x (14 191l + 191+ Il ) Iy

<CEK)|at+1)-a(),
(90)

where C(K) is a constant depending on K.
Ifb € Cy(R*, R) from (89), we get

1/2

©; € Cy (R x [LP ()] x LP (), LF (@), (9D)

and (90) implies that

1/2

fup € AP(Rx[LP ()] x 1 (), 1P (). (92)
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Hence,

f e AAP(RY x [1P (@] x 17 (@), L (). (93)
Applying Theorem 17, we have the following result.
Proposition 21. Under the previous conditions, if a €
AP(R), b € CyR",R), and |u| + |v| is small enough,
then problem (79) has an asymptotically almost-periodic mild

solution.

Example 22. We consider the following partial differential
equation

14 2
U, + ——u, + Au” — 5Au
tt t+1t t

=y (cost + cos \/Et) [ulP™" (uV - u + ulu),

xeQ, t=0, (94)
u=Au=0, x€0dQ, t>0,
u (0, x) = ugy (x), u, (0,x) =v, (x), x€Q.

If |u| + |v| is small enough by Proposition 21, problem (94)
has an asymptotically almost-periodic mild solution. In fact,
take h(u) = g(u) = ululP™t, a(t) = cost + cos V2t, and b(t) =
1/(t + 1).

The next application is a modification of problem (79).
Let k be a fixed nonnegative integer and letc : R — R* and
b:R" — R betwo bounded continuous functions. Suppose
that f € AAP(R* x RY x R x R, R) satisfies the following
growth condition:

|f t x,u,w) — f (¢ x, a,w)|
(95)

<c®[lw-o| +u-al (1+ul+@")],

foreacht > 0, x € RN, u,fi,w,@ € R. We consider the
following partial differential equation

wy +b(t) u, + Nu—8Au, = f (t,x,u,V -u),

xeQ, t=0,
(96)
u=Au=0, x€0dQ, t>0,
u(0,x) =uy(x), u,(0,x)=vy(x), xe€Q.

We model (96) in the abstract form (1) in a similar way
to problem (79). That is we set ¥ = /2, p > N (hence
HIZ)(Q) — CY(Q) which will be useful to get some a priori
estimates) and we consider the operator A as defined in (81)
and (82). Suppose that

1/p
sup(J |f (t, x, 0, 0)|de> < 0o. (97)
20 \Ja

We define F : R* x [LP(Q)]'* x LP(Q) — LP(Q) by

F(t,p9,) (x) = f (62,9, (x),V -9 (x)) = b(t) ¢, (x).
(98)

1

We observe that F is well defined. In fact, we get the following
estimates:

<JQ |f (l‘, X, (%), V- (x))|de>1/P

<c(t) <<L V-, (x)lpdx>1/p
o[l (1 o ol )

+<L I (£,%,0, 0)|de)l/p)

k
el (19 iy + (1 + ol o

+<L |f (. x,0, 0)|de)1/p) |

On the other hand, for ¢, @, € [L(Q)]"?and ¢,, 3, € LP(Q)
we have the following estimate:

(99)

"F(t’(pl’(/)z)_ﬁ(t’¢1>¢2)“LP(Q)
k ~ |1k
< 4max{ichoo Iblloo} (1 + 1720y + 1611720 )
% (lor = @il * o2 = Bl )
(100)

which means that F satisfies (42) with Lz(r) =
4max{|lcll,, 1Bl } (1 + 2r5).

Since f € AAP(R* x RY x R x R,R), there are two
functions

fap € AP(RxRY xR x R,R),
(101)
¢; € Co(R* xRY xR xR, R),

sothat f = f,,+¢;. Let K be a compact subset of [L¥(Q2)] 2y
LP(Q). For ¢, € [LP(Q)]"* and ¢, € LP(Q2), we set

Fop (t,901,9,) (%) = fop (8%, (%), V- 9, (),

Dz (691, 92) () = 9 (%, 91 (0), V- 91 (%)) = b () 9, ().
(102)

If (¢1,9,) € K, then
|©7 (£ 01> 9”2)“u(o)
2o\ 03)
< (JQ o (tx, 01 (x),V - 9, (x)] dx)

+|b ()| Mg,
where My is given by (88). We note that using Sobolev
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embedding we have that there is a positive constant ¢ > 0
depending only on K so that

sup |¢; (x)| <G, sup|V - ¢, (x)| < C. (104)
x€Q x€Q

Taking into account the fact that Y = Q x BE([R{Z) is a
compact subset of RN*2) (4.29) and (103). It follows that
lim, _, ., ®5(t, ¢y, ¢,) = 0 uniformly for (¢, ¢,) € K. Hence,

P; € C, (IR+ x [LP ()]* x L? (Q), L? (Q)) . (105)

As an immediate consequence of Definition 3 and using the
fact that Q) is bounded we have that

F,, € AP (IR x [LF ()]"* x L? (), L? (Q)). (106)
Since F = F,, + @5, we conclude that
F e AAP (R* x [LF ()]* x LP (Q), L? (Q)). (107)

Proposition 23. Under the previous conditions, if
max{llclloo, 16l is small enough, then problem (96)
has an asymptotically almost-periodic mild solution.

Proof. We argue as follows. Let us choose r > 0 such
that K/rC suptzo(.[Q |f(t, x,0, O)Ide)l/p is small enough,
where K and C are constants given in (7). Then, condition
(47) is fulfilled. Now applying Theorem 17 we conclude the
proof. 0

Leta: R" — R be a bounded continuous function and
let Bbein (0,1) and § > 0.In a bounded smooth domain Q €

RY, we consider the following partial differential equation:

B
u,; + Nu—8Au, = a(t) U V-u(t, x)dx| O,
Q

u=Au=0, x€0dQ, t>0,
u(0,x) =uy(x), 1, (0,x) =vy(x), x¢€Q,

where @, € LP(Q), p > N/2. We model (108) in the abstract
form (1); that is, we set # = §/2 and we consider the operator
Aasin (81) and (82). We define f : R*x[LP(Q)]'*xLP(Q) —
LP(Q) by

B
f(tp9) (x) = a(t)lLV-(pl 63) d{‘ Dy (x). (109

To establish our next result, we assume the following condi-
tions.

(H1) Let a(") = a,,() + @,() be in AAP(R™), with a,,(") €
AP(R) and ¢,(-) € Co(R").
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(H2) There is a continuous nondecreasing function h :
[0,00) — [1,00) such that h(t) —» ocoast — ©o
and

. 1 (" s B
lim —— -0,
Jim T L e h(s)"ds =0
(110)

t
sup J e 9 |a (1) h(s)Pds < oo.
0

t>0

Proposition 24. Under the previous conditions, problem (108)
has an asymptotically almost-periodic mild solution.

Proof. Let g > 0 be given so that (1/g) + (1/p) = 1. We can
infer the following estimate:

If (¢, ‘prPz)"m(m = ||a||oo"®o||m(o)|Q|ﬁ/q"‘/’1”ﬁHf,(n)' (111)

Hence, in (W) by Wf(f) =
||a||Oo||<D0||Lp(mIQIﬁ/q£ﬁ. Let K be a compact subset of
[LP(Q)]'? x LP(Q) and let M, be as in (88). We set

we can define Wy

B
op (69109 () = gy )] | 991 @] 0, 0,

B
O} (600 2) ) = 0 0| V-9, @] 000, 12
[q)l] , [Wl] c K.
P2l LY
We have the following estimates:
Jap (E+T01,95) = fop (& ‘Pl’%)"mm
(113)
Blap P _
< 1O Do || o 0 [t ¢+ 7) = gy (t)| ,
”CD’} (t, ‘Pl’?’z)"LP(Q) ES |‘Q|ﬁ/qMI€"q)0"LP(Q) |§"a (t)|’ (114)
If (& ou9:) = f (&)l
(115)

< 101 alo | @0l o b9 = 1 o

It follows from (113) and (114) that f € AAP(R"x[LP()]"/*x
LP(Q), LP(Q)). In addition, from the estimate (115), we obtain
that f is uniformly continuous on compact sets.
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From (H,), for [¥] € C,([LP()]"* x LF(Q)), i = 1,2,
we can infer that

1" _cu-s)
m L e Wy (Lh(s))ds

_ / 1 (f _cu-s)
 lall o012 (1 | & Ihisas) — o

t — 00,

(116)
t
L e ) If (503 (), w1 (9)) = f (5,143 (5),v5 (9)) | 1oy dS
t
< 107 0g] j e Na O fur (5) =102 (9ol

t
- 108 K0l | e 0116

it 5) = 142 9]0 ﬁd
X h (5) S

t
< 14705 g sup (L e a () h(s)ﬁds)

1
X [sup (m ["ul () —u, (t)”H;(Q)

t>0

B
0= Oll] )|
117)

Therefore, conditions (c) and (d) of Theorem 19 are satisfied.
A straightforward computation shows that (e) holds. We can
prove that the set {f(t,@,,9,) : 0 < t < gq, IIq)IIIH;(Q) +
llpallrpqy < 7} is relatively compact in LP(Q). In fact, first,
we denote by i the zero extension of u outside Q; that is,

7(x) = {u(x) if x € Q, (118)

0 if x e RN\ Q.

For every number & > 0, there exists a number § > 0 and a
subset G cc Q such that for every ¢ € RN with [g| < &

p
— — P &
D, (x+p) - D, (x) dx<(—),
L| o (x+9) =B () rPlalo |0l

(119)

p
&
o, (o) dx < (—> |
Jn\c' 0 @) rBllall, | QP

13

Hence,
J, 17 (909 (r+0) = Ftigi ) 0

< [rﬁ"allOOIQI’B/q]p X JQ |d~)0 (x +p) - D, (x)|pdx <e
L\G 1F (601 92) () dx < [P lall ol 7]

X J |®0 (x)|de <e.
O\G
(120)

From [38, Theorem 2.21] the desired assertion follows. Note
finally that using Remark 20 we have that (108) has an
asymptotically almost periodic mild solution. This ends the
proof. O
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