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Some flaws on impulsive fractional differential equations (systems) have been found. This paper is concerned with the complete
controllability of impulsive fractional linear time-invariant dynamical systems with delay. The criteria on the controllability of the
system, which is sufficient and necessary, are established by constructing suitable control inputs. Two examples are provided to

illustrate the obtained results.

1. Introduction

Recently, a variety of problems such as the existence, unique-
ness of mild solution for the initial value problem, periodic
boundary value problems, antiperiodic boundary value prob-
lems, and Ulam stability for impulsive fractional differential
equations have been considered due to their important role in
modeling natural phenomena such as medicine, biology, and
optimal control; see the paper [1-16].

The concept of controllability plays an important role in
the analysis and design of control systems. With the devel-
opments of theories of impulsive fractional differential equa-
tions, there have been a few papers devoted to the controlla-
bility of impulsive fractional differential systems; see [17-20].
In [17], the author discussed the controllability of impulsive
fractional linear time-invariant systems through constructing
a suitable control input in time domain. By fixed point
theorem, the controllability of integrodifferential systems was
investigated in [18-20]. It should be mentioned that the con-
trollability for linear fractional dynamical systems has been
investigated by several scholars [21-26] while the theory of
controllability for impulsive fractional linear time-invariant
systems is still in the initial stage [17].

The impulsive fractional differential equations (systems)
which had been investigated earlier often have the form

‘Dix()=ft,x®), te] =T\{tpty....t,}s
] = [O,T],
1

Ax(t) =x(t)-x(ty) =L (x(ty), k=12,...,m,
(2)
x(0) = x, 3)

or

‘Dy,x(t) = Ax(t) + Bu(t), te] =T\ {t},ts...ot,},
] = [O) T] >
(4)

Ax(t) =x(t)) - x(t;) =L (x(ty), k=12,...,m,
(5)
y(t)=Cx(t)+Du(t), (6)
x(0) = x, (7)

and so forth, where ‘D, is the Caputo fractional derivative
of order & € (0, 1) with lower limit zero, x, € R, f is jointly
continuous, I, : R" — R", ¢, satisfies 0 = t, < #; <
ty < oo <ty <ty =T, x(t]) = lim,_ g x(t + €), and
x(t;) = lim, _, - x(t; +€) represent, respectively, the right and
the left limits of x(t) at t = t;, A, B, C, D are the known
constant matrices, x(t), y(t), u(t) are vectors with appropriate
dimensions.

However, the function x(t) defined on [0, T] is contin-
uous everywhere except for finite number of points t;, k =
1,2,...,m, at which the limits x(t,t) and x(t;) exist with



x(t) = x(t;). If there exists some k € {1,2,...,m} such that
t; € (0,1), 0 < & < 1, and x(t) — x(t;) #0, then “Df,x(t)
does not exist since x(¢) is meaningless at the impulsive
moment t. That is to say x(t;) is meaningless. As a result,
investigating (1)-(6) is meaningless.

Motivated by this fact, this paper is concerned with the
complete controllability of the impulsive fractional linear
time-invariant system with delay

CD‘:’tx (t) = Ax(t) + Bx (t — 1) + Gu (t),

(8)
te(tptyy), i=0,1,... .k,
Ax(t)=x(t])-x(t;) =L (x(t;)), i=12,....k
)
x(07) = w, (10)
y(t) = Ex(t) + Fu(t), 1)
x()=¢(t), -T<t<0 (12)

in n-dimensional Euclidean space, where 0 = t, < t; <
t, < t; < <t <ty =T < oo, ] = [0,T],
CD‘:J denotes the Caputo’s derivative of order « with the lower
limit ¢,i = 0,1,...,k,0 < « < 1, w € R", A,B,G, E, F
are known constant matrices with appropriate dimensions,
the state variable x(¢) € R", the initial function ¢(¢) € D =
{w : [-r,0] - R" |y is continuous on [-7, 0]}, the delay
0 <7< o00l¢l, = supillp®)lgst € [—7,0]}, the control
input u(t) € R?, the output y(t) € R™, I, : R" — R",i =
L,2,...,k

In this paper, the methods used is to construct a suitable
control input function in time domain. The results obtained
is sufficient and necessary, which are convenient for compu-
tation.

2. Preliminaries

In this section, we begin with some notations, definitions, and
lemmas. Throughout this paper, “Dj, f(t) or “Dj f(t) denotes
the Caputo’s derivative of order « with the lower limit a for
the function f, I7 f(t) or I}, f(t) denotes integral of order o
with lower limit a for the function f, 7(5) = L[f(t);s] =
ng) e > f(t)dt denotes the Laplace transform of the func-
tion f(t), and “|M|” denotes the norm of the matrix “M,
“M™*” denotes the transpose of the matrix “M”. Let C(J, R")
be the Banach space of all continuous functions from J into
R"” with the norm lullcgrmy = supillu(®)ll, t € J}. Let the
Banach space PC(J, R") be

PC(J,R")
={u:] —>R"|ueC((t,t;].R"), i=0,1,....k

u(t;),u(t]) exist, u(t;)=u(t), i=1,2,....k}
(13)

and the norm [lulllpc(; rny = sup{llu@®)ll : t € J}.
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Definition I (see [27]). The fractional integral of order o with
the lower limit a € R for a function f is defined as

L. f@®)= ﬁ Lt (t-5)*"f(s)ds, t>a, a>0

(14)
Provided that the right-hand side is pointwise defined on

[a, +00), where T is the Gamma function.

Definition 2 (see [27]). The Caputo’s derivative of order «
with the lower limit a € R for a function f : [a,00) — R
can be written as

Dg.f (&)

1 J‘lL (t _ s)n—a—lf(n) (S) dS _ IZ;O( (f(?l) (t)) ,

- Tn-«) Ja

O<n-1l<a<n
(15)

t>a,

Particularly, when 0 < « < 1, it holds

Dy, f ()
—1 t L —o gl
“Tl-a J (t-9)"f (ds =L, f' ), t>a.
(16)
The Laplace transform of © Dg’ () is
L [CDg,tf (t)35]
— o —st [c &
- | e (pnsw)ar )

n—1
=s"f(s) - zsa_k_lf(k) 0), n—-1<a<n,
k=0

where 7(5) is the Laplace transform of f(¢).
In particular, for 0 < « < 1, it holds

Lm e (CD;’;J f®)dt =s"f(s)-s* £ (0). (18)

Definition 3 (see [27]). The two-parameter Mittag-Leftler

function is defined as
00 Zk

E,p(2) = ZW,

k=0

a>0, >0, zeC. (19)

The Laplace transform of Mittag-Leffler function is

L [t“k+ﬁ_1ng;; (zxat”); s]

(o]
_ —st jak+f-1 (k) o
_L et E,p(at®)dt (20)
kls* P

k+1°

EEm Re (s) > |a|'/*,
s“Fa

where Re(s) denotes the real parts of s.
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In addition, the Laplace transform of t** is
L [t“_l;s] =T(ax)s %, Re(s)>0. (1)
Lemma 4 (see [28]). Let 0 < Re(a) < 1. If x(t) € Cla,b],
then
5, (D% x (1) = x (1) - x (a), (22)

where Cla, b] denotes the set of continuous functions on [a, b].

3. Main Results

Definition 5 (complete controllability). The system (8)-(12) is
said to be completely controllable on the interval J = [0, T if,
foranyt, > 0 (¢, € (0,T]), ¢(t) € D,and Z € R", there exists
an admissible control input u(¢) such that the state variable
x(t) of the system (8)-(12) satisfies x(t,) = Z.

Using the Laplace transform method, we can easily obtain
the following lemma.

Lemma 6. The movement orbit of the state variable x(t) of the
system (8)—(12) can be written as

wE,, (At%)

t
+J (t = $)* Eyq (Alt = 5)%)
0
X (Bx (s — 1) + Gu (s)) ds,
(x(t)) + I (x (t,))) Eq,; (A£%)

+Jt (t = ) " Eyq (Alt = 8)%)
t

x(t) = 1 X (Bx (s — ) +Gu (s)) ds,

te(tnty]s

(e t) + 1 (¢ (1) Eas (AF%)

+Jt (t = )" " Eq o (Alt = 9)%)

X (Bx (s — 1) +Gu(s))ds, t€ (tpti],
i=2,3,...,k
(23)
Theorem 7. The system (8)-(12) is completely controllable on
[0, T if and only if the controllability matrices
W [titin]

= Jt " (ti+1 - S)“_lsz,zx (A(tiﬂ - S){X) (24)

i

X GG"E,, (A*(tm - s)a) ds
are nonsingular, i = 0,1,2,..., k.

Proof. Sufficiency. Suppose that W_[¢t;,t;,,] is nonsingular;
then Wc_l[ti,tm] is well defined, i =0,1,2,...,k.
Fort € (0,t,], it follows from the formula (23) that
x (t) = wE,, (at®)

+ Jt (t =) Eoq (At - 9)%)
0

X (Bx(s—7) +Gu(s)ds, te(0,t].

(25)

For all Z, € R", choosing
u(t) = G Ego (A" (1, - )" ) W' [0,1,]

: [Zo - wE,, (At(f)

_ Jtl (t; - )" 'Eqq (A(t1 - 5)“) Bx(s—1) ds]
0
(26)

and inserting (26) into (25) yields x(t;) = Z,. Thus, the
system (8)—(12) is completely controllable on [0, ,].

Similarly, for t € (¢,,1t,], it follows from the formula (23)
that

x(t) = (x(t;) + I (x(t,))) Eq, (At%)
+ r (t - s)“flEm (At -s)%)

X (Bx(s—7) +Gu(s))ds, te(t,t,].
(27)

Since the system (8)-(12) is completely controllable on
[0, ¢,], there exists a control input u, (¢) such that x(¢;) = 0.
By (27), it follows that

x(t) =1, (0) E,, (AtY)
+ jt (t =) " Eyq (Alt - 5)%)

X (Bx(s—1)+Gu(s))ds, te(t;,t,].

(28)
For all Z, € R", choosing
u (t) = G*E(x,oc (A*(tl - t)a) Wc_l [tl’ t2]

|z -1 0B (a)

_ Jtz (t, - s)“ilEa’“ (A(t2 - t)“) Bx (s —1) ds] ,
f
(29)

together with (28) yields x(t,) = Z,. Thus, the system (8)-(12)
is completely controllable on [t,,,].
By similar arguments, we can prove that the system (8)-
(12) is completely controllable on [¢t;,¢;,,], i = 2,..., k.
Consequently, the system (8)-(12) is completely control-
lable on J = [0, T1].

Necessity. Suppose that the system (8)-(12) is completely
controllable on J = [0, T].

If W_[t,, t,] is singular, then there exists a nonzero vector
Z, such that

ZyW.[0,t,] Z, = 0. (30)
That is
h * -1 *
J ZO (tl - S)a Ea,oc (A(tl - S)a) GG Ea,a
fo (31
X (A”‘(z‘1 - s)“) Zyds = 0.



Then we have

ZyEq . (Alt; —5)*)G=0 (32)

0o

ons € [0,t;]. By the assumption that the system (8)-(12)
is completely controllable on J, the system (8)-(12) is com-
pletely controllable on [¢;,¢;.1],i = 0,1,2,..., k. There exist
control inputs u,(t) and #i,(¢) such that

X (tl) = wE,, (At(f)

+ J-Otl (t - S)a_lEoc,a (A(t1 - S)‘X) Bx (s—1)ds
+ j (ty = )" Eqp (A(t; - 9)*) Gy () ds = 0,
0
(33)

X (tl) = wE,, (At(f)

+ J-tl (tl - S)a_lEoc,a (A(tl - S)lx) Bx (S - T) ds
0
+ Ltl (t) =) Eq (A(t, - 9)) Gl (s)ds = Z,.

(34)
By (34), we have

t

wE,, (At]) + J (t, - 5)“7115“,“ (A(t1 - s)“) Bx (s—1)ds

0

=7y~ Jol (t - s)“_lEm“ (A(t1 - s)“) Gii, (s) ds.
(35)

Inserting (35) into (33) yields
h a—-1 o
Zox | 6= B (A=)
x G (ug () — 1y (s)) ds = 0.

Multiplying Z; on both side of (36) yields
* f a—=1,, % o
ZyZy+ J (ty=5)" ZgEgq (A(tl -s) )
0 (37)
x G (ug () — 1y (s)) ds = 0.
By (32) and (37), we have Z;Z, = 0. Thus, Z, = 0. This is a
contradiction.

If W_[t;,t;,,] is singular for somei € {1,..., k}, then there
exists a nonzero vector Z; such that

ZiIW [titin] Zi = 0. (38)
That is

fist * a—-1 o
[ REACRED N TCREEY
f (39)

X GG"E,, (A*(t.‘,-Jr1 - s)a) Zds = 0.
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Then, it follows that
Z} B (Altis =9)") G =0 (40)

ons € [t;t;,,]. By formula (23) and the assumption that the
system (8)-(12) is completely controllable, there exist control
inputs u;_, (¢) and u;(¢) such that x(¢;) = 0 and

X (ti+1) =L (0)E,, (At?-ci-l)

+ J; " (ti+1 - S)ailEoc,a (A(ti+1 - 5)“) (41)

i

- (Bx (s — 1) + Gu; (s)) ds = 0.
Similarly, there exists a control input #;(¢) such that

X (ti+1) =1;(0) Eoc,l (Atia+1)

[ 9 B (Al -9 @)

L

-(Bx(s—1) +Gii; (s)) ds = Z,.

1

By (42), we have

Ii (0) sz,l (At:'il)

tiv1
+ J (ti1 = $)" ' Equ (A(t‘,-Jrl —5)") Bx(s—1)ds
t,

i

ti+1
=Z;- J (ti1 =) Ena (A(tm - 5)“) G, (s) ds.

(43)

Inserting (43) into (41) yields

Zi+ J'tHl (tir = S)a_l
X Ega (A(ti+l - 5)“) G (u; (s) -1 (s))ds = 0.
(44)

Multiplying Z; on both side of (44) yields

* firt =1 %
Z; Zi+J (tis =) Z;

% Etx,zx (A(tiﬂ - 5)06) G (u,- (s) - u; (S)) ds = 0.
(45)

Combining (45) with (40) yields Z} Z; = 0. Thus, Z; = 0. This
is a contradiction.

Thus, W_[t;,t;,,] is nonsingular for i = 0,1,...,k. This
completes the proof. O

Theorem 8. The system (8)-(12) is completely controllable on
[0, T if and only if

rank (G| AG |- | A"'G) =n. (46)
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Proof. Necessity. Suppose that system (8)-(12) is completely
controllable on [0, T']. Then, the system (8)-(12) is completely
controllable on [0,¢,]. Then, for any Z, € R", there exists a
control input u,(t) such that x(¢,) = Z,. By the formula (23),
it follows that

Zy=x(t)) = wE, ; (At‘f)

e[ 69T B (A=) @)
X (Bx (s — 1) + Gu (s)) ds.

By Cayley-Hamilton theorem, we have
) n—1 .
7 E o (AE%) = Y (1) A (48)
=0
where ¢;(t) are functions in ¢, j = 1,2,...,n — 1. Combining
the formula (48) and the equality (47), we have
x (t;) - wE,, (AfY)
ty -1
_ J (ty = 5)" Epp (A(t; - 5)*) Bx (s - 7)ds
0

= Jtl (t, - s)o‘_lec (A(t‘1 - s)a) Gu (s)ds
0

¢i(t; —s)u(s)ds

j=0
dy

=(GlAG|--- | A"'G). d} ,
4,

(49)

where d; = J;‘ ¢i(t; = s)u(s)ds, j = 0,1,2,...,n — 1. For
arbitrary state Z and initial function ¢(¢), the system (8)-(12)
is completely controllable on [0, t,] if and only if there exists
a control input u(t) such that (47) or (49) holds. Obviously,
for arbitrary initial function ¢(¢) and Z,, the sufficient and
necessary condition to have a control input u(t) satisfying
(49) is that

rank (G| AG| -] A"'G) =n. (50)

Sufficiency. Suppose that rank(G | AG | --- | A"IG) = n
In order to prove that the system (8)-(12) is completely con-
trollable on [0, T7, it is sufficient to prove that the system
(8)-(12) is completely controllable on [¢t;,¢;,,], i = 0,1,...,k,
respectively.

The formula (23) together with (48) yields (49). By the
assumption that rank(G | AG | -+ | A"'G) = n, the system
(8)-(12) is completely controllable on [0, t,].

Now we prove that the system (8)-(12) is completely
controllable on [t,,t,]. The complete controllability of the
system (8)-(12) on [0, t,] implies that there exists a control

input u,(¢) such that x(t;) = 0. Inserting x(¢,) = 0 into the
formula (23), we have, for t € (¢,1,],

x(t) = I, (0) E,, (At%)
t
+ J (t =) " Epq (At - 9)%)
t
X (Bx (s — 1) + Gu(s)) ds,

te(t,h].
(51)

Thus, it follows

X (tz) =L (0)E,, (At;‘)

[ 69 B (A9 )

X (Bx (s — 1) + Gu (s)) ds.
By (48) it follows taht

x(ty) = I, (0) Eu1 (Atg)

_ Jtz (t, - s)o‘_lEMc (A(t2 - s)a) Bx(s—1)ds

= Jtz (t, - s)“_lEMx (A(t2 - s)“) Gu (s)ds

f
n-1 t,
- ZA]GJ ¢i(t, —s)u(s)ds
j=0 h
do

!
1

= (G| AG|---| A"'G). i ,
( )|

dl

n-1

(53)

where d;. = _[:12 cj(t2 —-s)u(s)ds, j=0,1,2,...,n—1. Similar to
the previous arguments, we can conclude that system (8)-(12)
is completely controllable on (t,,,].

Repeating the process on (t;,;,,], respectively, we can
prove that the system (8)-(12) is completely controllable on
(titiq], i = 2,...,k. In conclusion, the system (8)-(12) is
completely controllable on J = [0, T]. This completes the
proof. O

Remark 9. From Theorem 8, we can conclude that the com-
plete controllability of the system (8)-(12) is unrelated to
the matrix B and initial function ¢(¢). The matrices A,G
determine if the the system (8)-(12) possesses complete con-
trollability.

4. Examples

Example 1. Consider the system (8)-(12). Choose o« = 1/2,
J=10,2],t, = 0,t; = 1,1, = 2, Ax(t;) = x(t]) — x(t]) = 3,
A =(51),G = (?). Now, we employ Theorems 7 and 8 to



prove if that the system (8)-(10) is completely controllable,
respectively.
By computation, we have

Eipap (A(l - 5)1/2)

Ak = sy
Z ‘T (k/2+1/2) (54)

_ 1 1 _ 1/2
"t Tt < >( 9

GG* = <1)(2 1) = (2 f) (55)

E1/2 1/2 (A*(l - 5)1/2)

& (4 -9
Z r(k(1/2)+ 1/2) (56)
1 1

w1 o)a-o”

E1/2,1/2 (A(2 - 5)1/2)
)k/2
Z T (k/z +1/2) (57)

R ST S AV B DN 7
‘r<1/z>”r(1><0 0>(2 9

E1/2,1/2 (A* (2 - 5)1/2)

T T(1/2)

S (AT ) (2 - s)F?
Z T(k/2+1/2) (58)
_ 1 (00N, g
ST/ +r(1>< )29
By the formula (24)
W, [t ti]

i J;tiﬂ (o - S)_1/2 [El/z,uz (A(fm - s)l/z) G)]

X [G*EI/Z,I/Z (A*(tm - 5)1/2)] ds,

(59)
we have
8 N 4 N 2 4 N 1
T 05 3 " 05
W, [0,1] = T 3 ’
4 1 2
(60)
4 N 6 N 2 2 N 1
T 05 T3 0.5
W.[1,2] = T 3 T
2 1 1
o % i3

It is obvious that W_[0, 1] and W_[1, 2] are nonsingular. By
Theorem 7, the system is completely controllable.
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On the other hand,
21
rank (G | AG) = rank <1 0) =2. (61)

By Theorem 8, the system is completely controllable.

Example 2. Consider the time-invariant system (8)-(12).
Choose

1 -4 -2 X 2
A=0 6 -1), a=2, G=[(0]. (62
1 7 1 3 1

By computation, we have

2 -4 6
rank(G|AG|A2G)=rank<o -1 7 >=3. (63)
11 -12

By Theorem 8, the system is completely controllable.
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