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We study a class of nonlinear fractional integrodifferential equations with p-Laplacian operator in Banach space. Some new
existence results are obtained via fixed point theorems for nonlocal boundary value problems of fractional p-Laplacian equations.

An illustrative example is also discussed.

1. Introduction

In this paper, we discuss a class of fractional integrodif-
ferential equations with p-Laplacian operator and nonlocal
boundary condition in Banach space E:

DE.¢, (D§x (t) + g (t,x (1)) = f (t,x (), Sx (1)),

te0,T], 0
1
x(0) + x(T) = Dy:x (0) + Dy x (T) = 6,

mx (0) +myx’ (T) =g (x),

wherel <a<2,0<f<1,2<a+f <3, Dy denotes the
Caputo fractional derivative of order «. gbp(x) = [lxlP2x ( p>
1) is called a p-Laplacian operator. T > 0 is a constant, 0 is the
zero element of E, and 17,1, € R, f € C([0,T] xE2, E), h, ge€
C([0,T] X E, E), Sx(t) = Jot h(s,x(s))ds,and g : C(0,T;E) —
E is a continuous functional.

Recently, fractional differential equations with p-Lapla-
cian operator have been widely applied in many fields of
physics and natural phenomena, such as non-Newtonian
mechanics, fluid mechanics, viscoelasticity mechanics, com-
bustion theory, and material science. There have appeared
some results for the existence of solutions of BVPs for

fractional differential equations with p-Laplacian operator,
see [1-11] and the references therein.

In the last few years, the research of antiperiodic BVPs
has received considerable attention and become a much
important area. The study of antiperiodic solutions for
nonlinear evolution equations is closely related to the study
of periodic solutions, and it was initiated by Okochi [12].
And antiperiodic boundary conditions appear in physics in
a variety of situations (cf. [13-15] and references therein).

As well as we know, it has been shown, first by Tavazoei
et al. and later by Kaslik and Sivasundaram (cf. [16-19]),
that periodic solution in fractional dynamical systems does
not exist. Therefore antiperiodic solutions may not exist
for fractional differential equations. However, such kind of
boundary condition (the value at endpoint has different
signs) still received considerable attention; it may involve
some resonance problems. For example, Chen and Liu [3]
studied a kind of BVP for the fractional p-Laplacian equation
as follows:

D¢, (Du®) = fBu®), teloll,

u(0) =-u(1),

(2)
Dy (0) = -Dgu (1),

where 0 < o, f < 1,1 < a+ < 2, DY, is a standard
Caputo fractional derivative and f : [0,1] x R — R is
continuous. Under certain nonlinear growth conditions of



the nonlinearity, the existence result was obtained by using
Schaefer’s fixed point theorem.

Alsaedi [13] proved some existence results for a BVP for
fractional differential equations as mentioned later:

“D.x () = f (Lx @), (xx) (1),
-x(T),

t e [0,T],
, ()
-X (T) >

x(0) = x' (0) =

where CDg+ denotes the standard Caputo fractional deriva-
tive of order 1 < g < 2, f: [0,T] x E* — E,andfory :
[0, 7] x [0, 7] = [0,00), ()(®) = |2 y(t, )x()ds, (.- )
is a Banach space. The contraction mapping principle and
Krasnoselskii’s fixed point theorem are applied to establish
the results in [13].

Moreover, if g(t,x(t)) = Ax(t), A € R,p = 2,
then (1) reduces to the Langevin equation which has been
widely used to describe the evolution of physical phenomena
in fluctuating environments. In [20], the authors studied
such type of Langevin equation with two different fractional
orders. This new version of fractional Langevin equation
gives a fractional Gaussian process parameterized by two
indices, which provides a more flexible model for fractal
processes as compared with the usual one characterized by
a single index. In [21], the fractional oscillator process with
two indices was discussed. For more details, see [22-26] and
references therein.

In [24], Ahmad et al. discussed the existence solutions for
the three-point BVPs of Langevin equation with two different
fractional orders:

“DE (°DE +a+ ) x(t) = f (t.x (1)),

x(n) =0,

te(0,1),

(4)
x(0) =0, x(1)=0, 0<py<l,
where D, denotes the standard Caputo fractional deriva-
tive, 0 << 1,1 < <2, f eC(0,1] xR,R),and A isa
real number. Ahmad and Nieto [25] studied a Dirichlet BVP
of Langevin equation

°Df. (°D§. +A)x (1) = f (£ x (1),

te(0,1), B<1, 5)

0<a

x(0) =, x(1) =1y,

where f : [0,1] x E — E, A is a real number, y;,y, € E.
Here, (E, || - ||) is a Banach space. A. P. Chen and Y. Chen [26]
considered the BVP of Langevin equation with two different
fractional orders:

°Df. (°Df + M) u(t) = f (Lu ),

te(0,T), T>0, (6)
u(0)=-u(r),  u'(0)=u'(T)=
where 1 < 0« <2,0< <1, f:[0,T]xR — Ris

continuous and A is a real number By applying contraction
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mapping principle and Krasnoselskii’s fixed point theorem,
some existence results are obtained in [24-26].

Motivated by previously mentioned works, we will con-
sider the existence of solutions of fractional p-Laplacian
BVP (1) with nonlocal boundary condition. To authors’
knowledge, there are few results on the existence of solutions
of nonlinear fractional p-Laplacian differential equations in
Banach spaces, and no paper is concerned with the existence
results for fractional p-Laplacian integrodifferential equation
(1). And the main difficulty that, for p#2, it is impossible
for us to find a Green’s function in the equivalent integral
operator since the differential operator Doling(Dgi) is non-
linear. This paper is concerned with BVP (1) by using some
known fixed point theorems. Such investigations will provide
an important platform for gaining a deeper understanding of
nature.

The paper is organized as follows. In Section 2, we present
some material. In Section 3, by applying Krasnoselskii’s the-
orem and Schauder’s fixed point theorem, the existence of
solutions is given for nonlinear fractional BVP (1). Finally, an
example is shown in Section 4 to illustrate the usefulness of
the main results.

2. Preliminaries and Lemmas

Firstly, we recall the following known definitions, which can
be found in [4, 10].

Definition 1. The Riemann-Liouville fractional integral oper-
ator of order y > 0 of a function f : (0,00) — R is given

by
1= [ @
" (y) Jo ’
provided that the right side integral is pointwise defined on
(0, +00).

Definition 2. The Riemann-Liouville derivative of ordery > 0
for a function f: [0,00) — R can be written as

1 J £
T(n—y)dt" Jo (¢ -5y

where 7 is the smallest integer greater than y.

Dy f () = (8)

Definition 3. The Caputo fractional derivative of order y > 0
for a function f: [0,00) — R can be written as

n—-1 k
Z i (0>> 9)

where 7 is the smallest integer greater than y.

Forn € N™ := {1,2,...}, AC"[a, b] denotes the space of
functions f(t) which have continuous derivatives up to order
n—1on [a,b] such that f("_l)(t) € AC[a,b]:

AC"[a,b] = {f:[a,b] — R, f"V(t) € AC[a,b]},
(10)

Dy f (1) = "Dy, (f () -

where AC[a,b] is the space of absolutely continuous func-
tions on [a, b]. Then we easily get the following.
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Remark 4. If u € AC"[0, c0), then it is the standard Caputo
fractional derivative

DY u(t)=“Dlu ds, (11)

t ()
) = 1 J’ u'™ (s)

T(n=y) Jo (t -5

where 7 is the smallest integer greater than y. Furthermore,
the Caputo derivative of a constant is equal to zero.

Lemma 5 (see [4]). Let y > 0. Assume that u € AC"[0, 00).
Then the following equality holds:

I(’)'+Dg+u @) = I(’;CDZ;u B =ul)+q+gt+-+¢, ",
(12)

where¢; € R,i=0,1,...,n
greater than y.

— 1; here n is the smallest integer

The following famous fixed point theorems will be used
to prove the existence results of BVP (1).

Lemma 6 (Krasnoselskii’s Theorem [27]). Let M be a closed
convex and nonempty subset of a Banach space X. Let A, B be
the operators such that

(i) Ax + By € M whenever x, y € M;
(ii) A is compact and continuous;

(iii) B is a contraction mapping.
Then there exists z € M such that z = Az + Bz.

Lemma 7 (Schauder’s fixed point theorem). If Q is a
nonempty closed bounded convex subset of a Banach space X,
and T : Q — Q is completely continuous, then T has a fixed
point in Q.

3. Existence Results

In this section, we deal with the existence of solutions of the
BVP (1).

At first, we introduce the Banach space X = C(0,T;E)
of all continuous functions from [0,T] to E endowed with
a topology of uniform convergence with norm defined by
llxllx = sup{llx(®)| : ¢ € [0,T]}, and || - | denotes the norm in
Banach space E.

In relation to (1), we introduce the following fractional p-
Laplacian differential equations:

DE.¢, (Dx () + g (t.x (1)) = h (1),
x(0)+x(T) =

te[0,T],

Dy:x(0) + Dyex (T) =60,  (13)
' (0) +mx’ (T) = xo,

where 1,1, € R, x, € E.

Remark 8. Obviously, ¢, is invertible and (¢P)_1 = ¢, where
q > lsuchthat1/p+1/q = 1. ¢, and ¢, are strictly increasing

functions. Furthermore, the nonlinear operator D0B+ ¢,(Dg.)

reduces to the linear operator Dﬁ Dy, when p = 2, and

the additive index law Df), D% x(t) = D x(t) holds under
reasonable conditions on the function x(t) (see [4, 10]).

Lemma9. Letw € X and n, +n, # 0; then the unique solution
of the BVP,

Dyx(t)=w(), te[0,T], T>0,1<a<2,

, , (14)
x(0)+x(T) =0, mx (0) +mx (T) = x,,
is given by
T
x(t) = JO G(t,s)w(s)ds + (22( . )’3 te 0,71,
(15)
where G(t, s) is given by
G(t,s)
2t —5)* ' = (T —s5)*" LT =0T~ s)‘H’ et
2T («) 20 + 1) T (= 1)
m (T =) (T =9)*2 (T -s)*" [
2(m +1m,) T(a—1) 2T (@) -
(16)

Proof. Assume that x(t) satisfies the equation of (14); then by
the first equality of (14) and Lemma 5, we have

t _ el
x(t):co+c1t+-[o%

(t S)OL -2
I'(x—-1)

w (s)ds,
17)

X () = o+ J ——w(s)ds.

Applying the boundary conditions of (14), thus

T T_ a—1
CO+(C0+C1T+J0 —( I“((sx))

T T_ a—2
nc +1, <Cl + L _(1" ((x S—)_l) w(s) ds) = X,.

w(s) ds) =
(18)

Through some calculation, we get

a2
(T =9 w(s)ds + %o ,

T
g=—-| —————
' JO (m +m) T (a~1) mt+m

T T

(T _ S)oc—l

T (o) w(s)ds

(19)

= jT T;72(T—s)“_2 w(s)ds

0 2(m +m)T(a—1)

- J~T (T— S)oc—l
o 2[(«)

x0T

ds — ———.
©s)ds 2(m +1,)



Thus
T a2
() = JO T, (T - s)

2(n +m) T(a—1)

w(s)ds

T _ a2
- J _ M= w(s)ds+ ot
o (m+m)T(a-1) m+m

t (t _ S)tX*l
+ L Wa) (s)ds

(2t -T) x
( m+ 2)

T
= J Gt s)w(s)ds+ ————~, te€][0,T].
0
(20)
This completes the proof. O

Lemma 10. The function G(t, s) satisfy

T T
J G(t,s)ds| < J |G (t,s)|ds
0 0

|| T 37 (21)
T2l 1 T (@) 2T (a+1)

€ [0,T].

= Ho>
Proof. 1t is easy to see that, for t € [0, T], we obtain

T T
J G(t,s)ds| < J |G (t,s)| ds
0 0

y JT 17, (T = 1) (T = s)*72
“Jo 2| +m|T(@-1)
S)(xl

T (T _ S)a—l (t
" L T B L T (@)
. || (T =) T T *

= 2 m|T@ 2 @+1)  T(a+1)

|| T° 3T
- 2|171+112|F(oc) 2 (x+1) Ho-

(22)

This completes the proof. O

Lemma 11. Assume that h € X and g € C([0,T] x E, E)
satisfies g(0,—u) = —g(T,u) for any u € E; then x € {x :
x(") € AC(0, T; E) and ¢,(Dg.x() + (-, x(-))) € AC(0, T; E)}
is a solution of (13) if and only if x € C(0,T; E) is a solution of
the following integral equation:

T
x(t) = L G (t,5) ¢y (FR(5) - g (s, x (s))] ds

23
2t-T)x, 23)

+ , € [0,T],
2(m +my)
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where G(t, s) is given by (16) and

D

- T(r-sf"
o= g e[ Ol

h(s)ds - L 2T (B)

h(s)ds,

€[0,T].
(24)

Proof. Assume that x is a solution of (13). Then by (13) and
Lemma 5, we have

¢, (Dgex (£) + g (¢, x (1))

B t (t _ s)ﬁ—l (25)
—Co+j Wh(s)ds, fG[O,T]
For gb;,l = ¢,, we can get
te Bl
Dj.x (t) = =g (t, x (1)) + ¢, (co + Jo %h (s) ds) ,
€[0,T].
(26)

Combining with D, x(0) =
- g(0,x(0)) + ¢, (c)

-Dj. x(T), we obtain

(T -5
— (T x(T) - %(%+j o h@dQ.
(27)
Since x(0) = —-x(T), g(T,x(T)) = —-g(0,-x(T)) = —g(0,
x(0)) and qbq(—s) = —(pq(s), thus (27) yields that
R GRS
G = 5 L () ————h(s)ds. (28)
Substituting previous equation into (25), then
¢, (Dgex (1) + g (£, x (1))
(=9 BYECGEDE
- L Fp O L ry o
= Fh(t), tel[0,T],
(29)
which means that
Dgox (t) = ¢, (Fh(t)) =g (t,x (1)), te€[0,T]. (30)

Now, setting w(t = ¢, (Fh(t)) — g(t, x(t)), then (13) can
be changed into the form of (14). Applymg Lemma 9, we can
get (23).

Conversely, we can obtain that the solution of (23) is the
solution of the BVP (13) by calculation, which completes our
proof. O

Now, let us consider the existence of solutions of BVP
for p-Laplacian equations (1). Let N be a Nemytskii operator
defined by

Nx (t)

= ftx(0),Sx(t), tel[0,T], (31)
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and for t € [0, T], we denote

t _ Bl T T — p-1
FNx (t) = L %Nx (s)ds - L ﬁNx (s)ds.
(32)
We define an operator & : X — X as follows:
T
Fx(t) = J G (t,5) [¢, (FNx(s)) = g (s, x(s))] ds
O 2t-T) %)
—— " G(x), te[0,T],
+2(’71+’72)g(X) € 10.1]

where G(t,s) is given by (16). Clearly, a fixed point of the
operator & is a solution of the problem (1).
In the sequel, we need the following assumptions.

(H;) Let f: [0,T] x E* — E be continuous and Ja, b, ¢ €
R* such that

If & wv)| < a+blulf™ +cv)P™
(34)

Vt € [0,T], u,veE.

(H,) The function g : [0,T] x E — E is continuous and
9(0,—u) = —g(T,u) for all u € E. Moreover, 3L > 0
such that

lgtw-gtv)|<Lilu-vl
Vt € [0,T],

(35)
u,v € E.

(H;) Let h € ([0, T] x E, E), and 3k € L' (0, T; R) satisfies

It w| <k()|lu|l Vtel0,T],ucE. (36)

(Hy) Letg : C(0,T;E) — E be a continuous functional
and satisfies

[g(x;) =g (x,)| < M|x, - x2||x Vx;,x, € Xo (37)

Theorem 12. Assume that (H,)-(H,) hold. If

_ —1
(et (k) L5, L, ATM1
PEE\ T (B ) L Y

(38)

where p is defined in Lemma 10, Then BVP (1) has at least one
solution in X.

Proof. Let us define a bounded set B, = {x : x € X and

llxllx < 7}, where

4 2 !

9o a _

r>max4 —, ——— , 47 0 , (39)
{ L (b + c||k||‘lL71_1 ) "9( )”’

and g, = SUP;e(oT] lg(t,0)l. Then B, is a closed convex
and nonempty subset of a Banach space X. We define two
operators A and Bon B, ¢ X such that % = A + Band

T

Ax@) = | G4, (PNx ) ds

(" t-T) _
Bx(t)= - Jo G(t,s)g(s,x(s)ds+ mg(x).
(40)
Firstly, we show that Ax + By € B, for any x, y € B,.
From the assumptions (H,) and (H;), we have
t
[Sx ()]l < L A (s, x (s))ll ds
T
< j k(s) Ix (9] ds
0
< [kl llxll x (see (Hs))
= [Nx (@) = || f (& x (®),Sx (1)
<a+blx @) +cl|Sx )P (see (H,))
<a+blxlE" + ekl Ixlx)?
= |FNx (t)|
ft-s)f!
< L T INxOds
T (T _ S)ﬂ—l
j S N onas
fe—s)f! (T -s)f! )
: <L rp) T L O
x [a+bllxly + el Il )P
3TP _ ~
<TG [a+ (b +clkl? ) Ixl5 ],
(41)

and by Lemma 10, for any x € B,, we have
[ Ax (©)]

T
< j IG ()] - [ENx(9)[1ds
0

T
< J |G (t,s)| ds
0

T# -1 -1 e
x (m [a+ (b+ clkI?) 101 ])



< Ho
3TP
2 (B+1)
/) p-1 p-1\ p-1 o
x [ 3 (b + cllkll} ) + (b +cllkll;, )rp ])
9T (b + clk|}!
St — R

)>“r
4T (B+1) ’

where (p — 1)(g — 1) = 1, and the definition of B, yields that
a<(1/2)(b+ Cllkllpl )ri-

On the other hand from (H,), llg(t, x()Il < llg(t, x(t) -
9, Dll+llg(t, ) < Llxll x+go, where gy = sup,¢(o7llg(t, O)|l

and [[g(x)ll < Ilg(x) — g1 + g < Mllxllx + ||g(9)|| then
for t € [0, T], we have

(42)

T
1Bx (1)] < L G (t,9)] g (5, x (5))] ds +

Qt-T) |,
2(m + ’72)‘ oGl

™ g (0)
< to - (Llixllx + go) + 2| ||| xlx + %
o+ 112
L ™ 1 r
Sy0-<Lr+—r>+ r+ Z
4 2"71+’72| 2|’71+712|4
§ <§ L. 4TM+1)
- 4M0 8|’71+’72|
(43)

for all x € B,. By p < 1, we can obtain that Ax + By € B, for
X,y € B,.

Next, we will prove that A : X — X is compact and
continuous.

According to (42), it is easy to know that M, > 0
such that |Ax|y < M, for all x € B,, which yields that
F(B,) is uniformly bounded in X. In view of the Arzeld-
Ascoli theorem, we are going to prove that #(B,) ¢ X is
equicontinuous.

For all x € B,, the inequality of (41) guarantees that
IFNx()l < GTF/20(B + 1)la + (b + clklfyr? =2 s
then for 0 < 7; < 1, < T, we have

|4x (z;) - Ax (7))

¢, (FNx (s))ds

=.r(a—9”1

o I'(a)

_Jﬁﬁzgiii¢(FNx“»ds
o T'(w ™

(,=5)"" = (1, =)' | ¢, (FNx (s)) ds

fral

1 a-
e[ e
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L

*Tw@ “ |(z =) = (2, =) '|ds
+ J'T2 (r, —S)“_lds}

T

T
CT(a+1)

[2(72 - tl)“ -

5+ 7).
(44)

Since t* is uniformly continuous on [0, T], we can obtain that
T(B,) ¢ X is equicontinuous on [0, T]. Then, the Arzela-
Ascoli theorem yields that T(B,) is relatively compact in X.

Now, we show that A : X — X is continuous.

Let {x,} < X be a sequence with x, — x in X; we
will show that ||Ax, — Ax|, — 0. By the continuity of f,
itis easy to see lim, _, . Nx,(t) = Nx(t). Moreover, using the
Lebesgue dominated convergence theorem, we have

nlLIrgoFan )
e ([P T(T-s)f
_nll)n&)(’[o N0 Nx,, (s) ds—L ZI“—(ﬁ)Nx" (s)ds)
D (fa-9!
= JO T ) Nx (s)ds L IR B Nx (s)ds
= FNx (t)
(45)

uniformly for t € [0,T]. Moreover, by the properties of
Green function G(t, s) and </>q, and the uniformly continuity
of function g, we have

nango Ax,, (t)

T
Jim (L G(t,s) [cpq (FNx,(s)) - g (s, x, (s))] ds)

T
L G (t,5) [¢, (FNx (s)) = g (s, x (s))| ds = Ax (¢)
(46)
uniformly for t € [0, T]. Thus we have ||Tx, - Tx[|y — 0in
X. This shows that A : X — X is continuous.

Finally, we show that B : X — X is a contraction map-
ping. For x, y € E, by (H,), we obtain

sup |Bx () — By (t)|
t

sup
te[0,T]

L G(t,5)[g(5x(5) ~ g (5 y(s))] ds

IN

T
sup J IG (£, s)| L |x(s) = y (s)| ds (47)
te[0,17 Jo

IN

T
sup L L |G (t, s)]| ds||x - y||X

te[0,T]

< tolx = ¥l

Thus [Bx - Byly < plx-ylly, where p < 1, which
guarantees that B: X — X is a contraction mapping.



Abstract and Applied Analysis

Thus all the assumptions of Lemma 6 are satisfied and the
conclusion of Lemma 6 implies that the operator & = A + B
has at least a fixed point in X, which is a solution of BVP (1).

The proof is complete. O

Obviously, if (H;)-(H;) hold and
T [lxy|
21y + 1

!( 9T# (b + c||k||i1_1) >q_1 3L
p=u || —mn | t5
ar(B+1) 2

<1,
(48)

with
A T2
T'(x+2)

2T T
‘l./l =

N |/\|T2+20c|;12|]
IF'(w+1) 2|111 +112|

2T (e + 1)
(49)

then the following BVP:

DE.¢, (D§x () + g (t,x (1)) = f (6:x (), Sx (£)),
€[0,T],

x(0) + x(T) = Dg. x (0) + Dg. x (T) = 6, (50)

T

111x' 0) + nzx' (T) = AJ x () dt +x,,
0

AeR, x, €E,

has at least one solution in X.

In what follows, we will use the Schauder’s fixed Point
theorem to prove the existence of the solutions of BVP (1).
We first list the following conditions.

(A,) Let f:[0,T] xE* — Ebe continuous, and there exist
a; € R"(i=1,2,3)and 0 < I,], < p — 1 such that
If &) < ay + asllull™ + asvIl®,

vVt € [0,T], )

u,v € E.

(A,) The function g : [0,T] x E — E is continuous and
g(0,-u) = —g(T,u) for all u € E. Moreover, there
exist by, b, > 0and 0 < I; < 1 such that

lg t.w)| <b, +blul® Vte[0,T], u,veE  (52)

(A;) Letg : C(0,T;E) — E be a continuous functional,
and there exist b, b, > 0 and 0 < [, < 1 such that

17| < a +alxl vxe X (53)

Theorem 13. Assume that (A,)-(A;) and (Hs) hold. Then the
BVP (1) has at least one solution in X.

Proof. Define a bounded set QO = {x : x € X, |x[|x < &},

where
X%
- -1 11/(p-1-1})
> max {4 9a,TF ' [ 98,7 (4u,)"! !
- Ho ar(B+1)) | 2r(B+1) ’

7

-1 lz 1/(P_1_lz)

1/(1-1) 9a;TF (4py )" 1K 2
(4!’10192) > i (/3 + l) 5
T¢ 4Tc, a-L)
4 n"iObl + >
2|’71+’72| 2|’71""12|

(54)

Now we are going to show that # : QO — Q. From the
assumptions (A,) and (H;), we have

INx (t ||f(t x(t),Sx(t) )||
< a; +allx O + as)|Sx ()] (55)
<a, + a|lx|’s + as (1Kl x0 )"
= |FNx (t)|
(O
S A —
j I (B)

T(T - s)f!
+ JO T(ﬁ) ||Nx (S)" ds

37F L .
) [al + aylIxllx + as (1Kl llxlx) ]

INx (s)]l ds

_ 31" 3a,T* il a3||k||l;1 Il
2r(,8+1) 2r (B+1) zr(ﬁ+1) X

1/(g-1)
< l(i%) + ;_lt%p_l_llg%ll
3\ 4pg 3(4;40)17
1

+ —— R
3(4u)

1 Pl
(La)”
4py

By using of (A,) and (A;), we have

(56)

1% @

<

T
L G (t,5) [¢, (FNx(s)) — g (s, x (5))] ds

. @2t-T) _
2(m + ”Iz)

T
< J G (t,9)| (||¢q (FNx (5))] + g (s, x (s))]) ds

309)

1 p-1\ 471
sj |G(t,s)|ds[(<—9?> ) +b1+b2||x||l§]
0 4

T I
+ — (¢ + o lx|%
2|’71 +’12| ( ! X)

1 1 Tc, I

< W <—9?> + b llxly + — lIxllx
0 4py o 2|’71+’12| x



8
T
+ by + . -
2 |’71 +7Iz|
<2 lahghy latigh s X g
4 4 4 4

(57)

Hence, #(Q) < Q. Similarly to the proof of Theorem 12, it
can be shown that the operator & : O — Q is completely
continuous. According to the Schauder’s fixed point theorem,
F has at least a fixed point which is a solution of the problem
(D).

The proof is completed. O

4. Example
In this section, an example is given to illustrate our results.

Example 1. Consider the nonlocal boundary value problem
for nonlinear fractional differential equation as follows

4
D2, (Df){zx (t) - (t - %) sin x (t)>
_ arctant + X (1) + <Jl ﬁx(s) ds>3,

T 10e®1 T 100 (1 + |x (1)) o 8

x(0) +x(1) = Dlu(0) + DPu(1) = 0,

1

x'(0)+3x' (1) =2 L x () dt + %,
(58)

where t € [0,1], T = 1. Then (58) has at least one solution.

Proof. It is easy to see that (58) is a form of (1) in the space
E=R.Wehave p =4, g =4/3, a =3/2, §=2/3, , =
1, #, =3 and

arctant u’ 3

+ +v,
10e 100 (1 + |u|)

1 4
gtu) = <t— 5) sin u,

ftuv) =

cost (59)

Sx(t) = th(s,x(s))ds, h(t,u) = —

1

g(x)=2J' x(t)dt+% for x € C(0, ;R).
0

Obviously, f € C([0,1] x R*,R), g € C([0,1] x R, R), and
g € C(0,1;R) — R is continuous functional. Moreover,
f> g, g satisty

3 3
for u,v € R,

[9(x1) =g (x)| <2]|x; = x|, for x;,x, € C(0, R),

|g(t,u)—g(t,v)| < %6|u—v|,

cost

|h(t,u)| < e lu|  for u,v e R,

(60)
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and g(0,-u) = —g(1,u) = —(1/16) sinu. Then, we get a =
/20, b=1/100, c=1,M =2,L = 1/16, k(t) = (1/8) cost,
and [|k||; = (1/8)sin 1 (k € L'(0, 1;R)) such that conditions
(H,)-(H,) hold. Moreover,

Uy = |’72|Ta 3T
2|+ T(@) 2T (a+1)
- 3] -1%2 L 1°/2
C2-|1+43]-T(3/2) 2-T(3/2+1)
~ 1.5515,
— q-1
[T (bl LS, ATMA
P\ T g e

4/3-1

9-1%-(1/100 + 1 x (sin 1/8)*™")
=y~ 4xT(1/2+1)

N 1 41241
4 M0 6 T R 114
~ 0.8755 < 1.

(61)

Hence, (58) satisfies all assumptions of Theorem 12. As a
result, (58) has at least one solution. O

5. Conclusions

In this paper, we study the existence solutions of nonlin-
ear Caputo fractional integrodifferential equations with p-
Laplacian operator and nonlocal boundary conditions in
Banach spaces. We mainly consider the equivalent inte-
gral equations of corresponding fractional differential equa-
tions. By using via Krasnoselskiis fixed point theorem
and Schauder’s fixed point theorem, we obtain some new
existence results for this kind of nonlocal boundary value
problems (1). An illustrative example is also discussed to
show the effectiveness of the results in this paper. In the near
future, we will consider Riemann-Liouville Fractional nonlo-
cal boundary problems, which will be more complicated.
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