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We present a theorem which gives sufficient conditions for existence of at least one solution for some nonlinear functional integral
equations in the space of continuous functions on the interval [0, a]. To do this, we will use Darbo’s fixed-point theorem associated
with the measure of noncompactness. We give also an example satisfying the conditions of our main theorem but not satisfying the

conditions described by Maleknejad et al. (2009).

1. Introduction

As it is known, nonlinear integral equations constitute an
important branch of nonlinear analysis. Particularly integral
equations are often used in the characterization of several
problems of engineering, mechanics, physics, economics, and
so on. Some authors have given some results for solvability of
some functional integral equations such as Muresan in [1],
Bana$ and Sadarangani in [2], and Djebali and Hammache
in [3]. The following equation has been considered in [4]:

1
x() = f (¢t x(a(®))) J u(t,s, x(s))ds, (1)
0

fort € [0, 1]. Maleknejad et al. in [5] studied the existence of
solutions of the following equation:

x(t) = f(t x(x(t))) L u(t,s,x(s))ds, te[0,1] (2)

under the following conditions.

(K1) f:[0,1]xR — R iscontinuous and there exist non-
negative constants g and k such that

|f 0| <u

|f (t.y1) = ()l < k|yr =2l
forall y,, y, € Randt € [0,1].

(3)

(K2) u: IxIxR — R iscontinuous and satisfies the sub-
linearity condition, so there exist constants & and f3
such that

[u(t, s, x)] < o+ Blx| (4)

forallt,s € [0,1] and x € R.
(K3) (' - ﬁ')z >2(a’ + ')~ 1fora' = keand B’ = pp.

(K4) kk' < 1 for k' = sup{lu(t, s, x(t))| : t,s € [0,1],x €
BC([0,1])}.

In this paper, we consider the following nonlinear func-
tional integral equation:

x(t) =g (t,x(B1))

ot
0

)
+ f(tx(a (t)))J u(t,s,x(y(s)))ds, tel0,a]
(5)

which is more general than the equation given in [5].

In Section 2, we present some definitions and preliminary
results about the concept of measure of noncompactness. In
Section 3, we give our main results concerning the existence
of solutions of the integral equation (5) by applying Darbo’s
fixed-point theorem associated with the measure of noncom-
pactness defined by Banas and Goebel [6] and, finally, we
establish an example to show that these results are applicable.



2. Definitions and Auxiliary Facts

In this section, we give some definitions and results which
will be needed next section. Let (E, || - |) be an infinite Banach
space with zero element 6. We write B(x,r) to denote the
closed ball centered at x with radius r and, especially, we write
B, in case of x = 6. We write X, Conv X to denote the closure
X and closed convex hull of X, respectively. Moreover, let
IN ;; indicate the family of all nonempty bounded subsets of E
and N indicate the subfamily of all relatively compact sets.
Finally, the standard algebraic operations on sets are denoted
by AX and X + Y, respectively [2].

We use the following definition of the measure of non-
compactness, given in [6].

Definition 1. A mapping y : M — R, is said to be a mea-
sure of noncompactness in E if it satisfies the following con-
ditions.

(1) The familyker y = {X € I : u(X) = 0} is nonempty
and ker y € 9.

(2) X Y = uX) <u).

(3) u(X) = u(X) = u(Conv X).

(4) pAX+(1-2)Y) < 2puX)+ (1 -A)u(Y) for A € [0, 1].

(5) If (X,,) is a sequence of closed sets from 9 such that
X, € X, (n=1,2,..)and iflim, , u(X,) = 0,
then the intersection set N2, X, is nonempty.

Theorem 2 (see [6]). Let C be a nonempty, closed, bounded,
and convex subset of the Banach space E and let F: C — C
be a continuous mapping. Assume that there exists a constant
k € [0, 1) such that

w (EX) < kp (X) (6)

for any nonempty subset X of C. Then, F has a fixed point in
the set C.

As it is known, the family of all real-valued and contin-
uous functions defined on the interval [0, a] forms a Banach
space with the standard norm

lxll = max {|x ()] : t € [0,a]}. (7)

Let X be a fixed subset of Mg, Fore > O and x € X,
we denote by w(x, €) the modulus continuity of x defined by

w (x,¢€)

=sup{|x(t,) —x(t,)| : t1.t5 € [0,a], |t, -1, < &}.
(8)
Furthermore, let w(X, €) and w,(X) be defined by

w(X,e) =sup{w(x,¢e): x € X},

. )
wy (X) = sll_r%w (X,e).

The authors have shown in [6] that the previous function w,
is a measure of noncompactness in the space C[0, a].
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3. The Main Result

First of all, we write I to denote the interval [0, a] throughout
this section. We study the functional integral equation (5)
under the following conditions.

(@ o,pf:I - Le:I - R,andy: R, — Iarecon-
tinuous.

Remark 3. Note that assumption (a) implies that there exists
positive constant C such that

p(t)<C (10)
forallt € I.

(b) Functions f,g: I xR — R are continuous and there
exist positive constants k and [ such that

|f (tx1) = f(tx)| < 1|x) =y,

(11)
g (t.x)) = g (t, x,)] < k|x; — x|

forallt € I and x;,x, € R.

Remark 4. Note that assumption (b) implies that there exist
positive constants M and N such that

|f (£,0)] <N, )
lg (£,0)| <M

forallt € 1.

(c) u: Ix[0,C] xR — R is continuous and there exist
positive constants m, n, and p such that

lu(t, s, x)| <m+n|x|? (13)

forallt € I,s € [0,C] and x € R.
(d) The inequality

M+Cm+n)(I+N)+k<1 (14)
holds.

Theorem 5. Under assumptions (a)-(d), there exists at least
oner, € (0,1) such that (5) has at least one solution x = x(t)
which belongs to B, ¢ C[0,a].

Proof. We define the continuous function 4 : [0,1] — R
such that

hiry=(k-1)r+M
(15)
+C(lrm+nlrp+1+Nm+Nnrp),

where p is the constant given in assumption (c). Then h(0) >
0 and h(1) < 0 by assumption (d). The continuity of h
guarantees that there exists the number r, such thatr, € (0, 1)
and h(ry) = 0. Now, we will prove that (5) has at least one
solution x = x(¢) which belongs to B, cC [0, a]. Note that
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we will use Theorem 2 as our main tool. We define operator
F by

(Fx)(t) = g (t, x (B (1))
(16)

@(t)
+fmxwamL u(t,5,x (y (s))) ds,

for any x € C[0, a]. Using the conditions of Theorem 5, we
infer that Fx is continuous on I. For any x € B, ,

[(Fx) ()]
o(t)
_ |g (cx(BON) + fex@on [ ulesx(re)ds

<lg(tx(B®)) - gt 0)| +|g (0
+H{|f tx(@®) - f (0] +]|f 0]}

<[ utsxtrona
< klxl| + M+ C (I lxll + N) (m + njx|”)
<kry+ M+ C(lry+ N) (m+n(r0)P)
= h(ro) +1o

=1
17)

This result shows that Fx € B, . Now we will prove that
operator F : B, — B, is continuous. To do this, consider
€ > 0and anyx y € B, such that ||x — y| < e. Then, taking
into account the equahty

(Fx) (t) - (Fy) (t)

=g(tx(B®)-gty(B®))

(1)
+ f (tx (a (1)) L u(t,s,x(y(s)))ds

(18)

o(t)
—f&yW@ML u(t,5 7 (y(s))) ds

o(t)
+ f (tx (a (1)) L u(t,s,y(y(s))ds

o(t)

—fmxwumL u(ts y (y(9) ds

we have by (18) that the inequality
|(Fx) (8) = (Fy) (®)
<klx(B®)-y(BW)

+{|f & x@@®) - £ &0)] +|f (¢0)]}

o)
<[ s x (@) -u sy (@) ds

+|f tx(@®)) - £ty (@)

o(t)
X J lu(t,s, y (y(s))|ds
0
<k|x-y|+C(lry + N) w,, (Ie)

+Cllx =y (m+ nly)")
<ke+C(lry+ N)w, (I,e) + Cle (m + n(ro)p)
(19)
holds, where
w,, (I,¢)
=sup{lu(t,s,x)—u(t,s,y)|:tel, (20)
s€l0,Cl, x,y € [-rpr], [x—y[<e}.

On the other hand, since function u = u(t, s, x) is uniformly
continuous on I x [0, C]x[-r,, 1,1, we infer that Wy, (I,e) - 0
ase — 0. Hence, the previous estimate (19) proves that oper-
ator F is continuous on ball B, . Now, we will show that opera-
tor F satisfies (6) with respect to measure of noncompactness
w, given by (9). To do this, we choose a fixed arbitrary & > 0.
Let us take x € X and t;,¢, € I with |t; — t,] < ¢, for any
nonempty subset X of B, . Since

(Fx) (t;) - (Fx) (t,)
=g(ti,x (B (1))

) [ uts @) g
gl (Be)
— f(ty, x (a(ty))) L(P(tz) u(ty, s x(y(s))ds,

we get
|(Fx) (t,) = (Fx) (1))
<lg(ti,x (B(t1))) - g (t x (B(11)))]
+1g (t, x (B (t1))) - g (2 x (B(12)))]

P(t1)
@) [ s 2y () ds

P(t1)
~Flx@@) [ ulnsx(r©)ds

P(t1)
Fle (@) | a5 x(y () ds

o(t1)
S lx @) [ ultnsx(r©)ds




ot
+
0

Flela(e) [ (e sx(y ()ds

ot
0

Pl [ e s x () s
<w,(Le) +k |x (B(t)) = x (B(t))]

+Alx(a(ty)) - x(a(ty))] + C(m + n(ro)P)a)f I ¢)

+{If (2 x (@ (1)) - f (£, 0)] + | (£2,0)]}

o(ty)
([ s r o) -utsxG @)l

)

< w, (Le) + ko (%, w(B,€)) + Aw (x, w (o, €))

+

o(t,)
J . u(ty, s, x(y(s)))ds

[4¢}

+C(m+n(ry)) w; (Ie)
+ (Iry + N) [Caw,, (I &) + (m+n(r))") w (p,¢)]
(22)
from (21), where
A =Cl(m+n(r,)"),
w, (Le) = sup{|f; (t, %) - f; (¢, x)| : £, €I, (23)
x € [-roro], [t-t] <e},
fori = 1,2 such that f, = f and f, = g. Also,
w0, (I,¢)
=sup {ju(t,x, y) —u(t,x y)|: .t €L,
€[0,C], y € [-roro], [t —t] <&},
w(ape)

=sup flo; () —a; (£')| : .t € I, |t | < ¢},
(24)

for j = 1,2,3 such that o; = &, @, = f§ and «; = ¢. Thus, by
using the previous estimate (22), we can write

w (FX, €)
< w, (L e) +ko (X, w(B¢))
+ Aw (X, 0 (0, 8)) + C (m+n(ry)" ) w; (I,¢)
+(Irg+ N) [Cwu1 I,e) + (m + n(ro)P) 13) ((p,s)] .
(25)

We have that w(f,¢) — 0, w(a,e) — 0,and w(p,e) — Oas
e — 0 since functions f3, «, and ¢ are uniformly continuous
on I. Similarly, we get wg(I, g — 0, a)f(I, g — 0,and
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w, (I,e) — O0ase — 0 since functions g, f, and u are uni-
formly continuous on I X [—7,, o], I X [~7,, 1y, and I x [0, C] x
[—79> 701> respectively. Hence, we obtain that

wy (FX) < (k+ A) wy (X). (26)

Thus, since A < Cl(m + n) from (23) and kK + A < 1 from
condition (14), we derive that operator F is a contraction
on ball B, with respect to measure of noncompactness w;.
Therefore, from Theorem 2 we get that F has at least one fixed
point in B, . Consequently, nonlinear functional integral
equation (5) has at least one continuous solution in B, ¢
C[0, a]. This completes the proof. O

Example 6. Consider the following nonlinear functional inte-
gral equation in C[0, 1]:

x()+In(t+1)

) =
*(®) 6 + t?
(27)
N 3x (tz) +t J\ﬁ scos (tx (s)) + x> (s)
18 0 exp (t) + s£3
Put
a()=t, B =t
y)=s. @)=t
Cx+In(t+1) C3x 4t
A A A T
scos (tx) + x° (28)
u(t,s,x) = —————,
exp (t) + s£3
C:m:n:l, k:l:M:l,
6
1
N=—, =3.
18 P

It is easy to prove that the assumptions of Theorem 5 hold.
Therefore, Theorem 5 guarantees that (27) has at least one
solution x = x(t) € B, cC [0, 1]. Since there exist no con-
stants & and f3 such that

[u(t, s, x)| <a+ Blx], (29)

forallt,s € [0,1] and x € R, the results presented in [5] are
inapplicable to integral equation (27) with

g(t,x) =0, y(s)=s
3x+1°
(P(t) =t, f(t’ x) = T’ (30)
_ scos(tx) + x°
u(ts,x) = exp (t) + s23
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