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A function space, L%9(Q), 0 < 6 < oo, is defined. It is proved that L%(Q) is a Banach space which is a generalization of
exponential class. An alternative definition of L%*(€)) space is given. As an application, we obtain weak monotonicity property for
very weak solutions of &/-harmonic equation with variable coefficients under some suitable conditions related to L”*(€2), which

provides a generalization of a known result due to Moscariello. A weighted space Li;‘x’) (Q) is also defined, and the boundedness for

the Hardy-Littlewood maximal operator M,, and a Calderon-Zygmund operator T with respect to L%*(Q) is obtained.

1. Introduction

For 1 < p < oo and a bounded open subset QO ¢ R”, the

grand Lebesgue space L? )(Q) consists of all functions f(x) €
N O<ssp—1LP_s(Q) such that

1/(p-¢)
) < 00, 1)

171 e~ sup 1<8{ Q|f| P dx

<esp-—

where ]( Q= (1/ IQI)I o stands for the integral mean over Q.

The grand Sobolev space WO1 P )(Q) consists of all functions
ue ﬂ 0<ssp—1W01’P_€(Q) such that

NS
lull i = sup (s][Q|Vf| ax) <o @

O<e<p-1

These two spaces, slightly larger than LP(Q) and WO1 (),
respectively, were introduced in the paper [1] by Iwaniec
and Sbordone in 1992 where they studied the integrability
of the Jacobian under minimal hypotheses. For p = n in
[2], imbedding theorems of Sobolev type were proved for
functions f € WO1 ’")(Q). The small Lebesgue space LP(Q)
was found by Fiorenza [3] in 2000 as the associate space of the
grand Lebesgue space L”(Q)). Fiorenza and Karadzhov gave
in [4] the following equivalent, explicit expressions for the
norms of the small and grand Lebesgue spaces, which depend

only on the nondecreasing rearrangement (provided that the
underlying measure space has measure 1):

' ‘ VP gt
~ _ *I/P E P at
e = [ -] 1 oras) 4,
1< p<oo,
(3)
1 1/p
A1 = s =iy ([ 1 o)
0<t<1 t

1< p<oo.

In [5], Greco et al. gave two more general definitions than (1)
and (2) in order to derive existence and uniqueness results
for p-harmonic operators. For 1 < p < coand 0 < 6 < oo,
the grand L? space, denoted by L) (Q), consists of functions
f € Mocepr LP(Q) such that

— 0/p
lap =50 &Ml e < oo (4)

where

)1/(17*8)

1= (f 17 e ®)



The grand Sobolev space wor )(Q) consists of all functions
f belonging to (g, ;W ™(Q) and such that Vf €

19P)(Q). That is,

W) (Q)={fe N W (@):vf el (Q>}-

O<e<p-1
(6)

Grand and small Lebesgue spaces are important tools in
dealing with regularity properties for very weak solutions
of ¢/-harmonic equation as well as weakly quasiregular
mappings; see [6, 7].

The aim of the present paper is to provide a generalization
L%°(Q), 0 < 6 < o0, of exponential class EXP(Q)) and
prove that it is a Banach space. An alternative definition of
L2°(Q) is given in terms of weak Lebesgue spaces. As an
application, we obtain weak monotonicity property for very
weak solutions of &/-harmonic equation with variable coef-
ficients under some suitable conditions related to L% (Q).
This paper also considers a weighted space Li’)oo) (Q) and some
boundedness result for classical operators with respect to this
space.

In the sequel, the letter C is used for various constants and
may change from one occurrence to another.

2. A Generalization of Exponential Class

Recall that EXP(Q)), the exponential class, consists of all
measurable functions f such that

J- Mdx < o (7)
Q
for some A > 0. It is a Banach space under the norm

[l =inf 1> 01 MMaxza) @
Q

In this section, we define a space LG’OO)(Q), 0<0 < o,
which is a generalization of EXP(Q), and prove that it is a
Banach space.

Definition 1. For 6 > 0, the space L**(Q) is defined by

N L

1<p<oo

L% () = {f(x) €
) 9)
1 P
sup F(][Q|f(x)|‘°dx> <oo]».

1<p<oo

It is not difficult to see that

) L2 ©):

1<p<oo

L% Q) = {g (x) €

1 1/p
lim sup —9(} lg(x)|1’dx> <oOf.
p—oop Q

'
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There are two special cases of 19°)(Q) that are worth
mentioning since they coincide with two known spaces.

Case 1(8 = 0). In this case,

) L7 (©Q):

1<p<oco

L (Q) = {f(x) €
(10)

s (f preorran)” <o,

From the fact (see [8, page 12])

N LP(Q):I}EnOO||f||p<00]>, (1)

1<p<oo

L°°(Q)=<[fe

we get L%(Q) = L®(Q).

Case 2 (8 = 1). The following proposition shows that
L% (Q) can be regarded as a generalization of EXP(Q).

Proposition 2. LY)(Q) = EXP(Q).

Proof. In order to realize that a function in the L ()) space
is in EXP(Q), it is sufficient to read the last lines of [2]. The
vice versa is also true; see for example [9, Chap. VI, exercise
no. 17]. O

It is clear that for any 0 < 8 < 6’ < co and any g < o, we
have the inclusions

1) c Q) c 17 Q) c 19(Q). (12)

The following theorem shows that if 6 > 0, then 19°)(Q)
is slightly larger than L™ (Q).

Theorem 3. For 0 > 0, the space L (Q) is a proper subspace
of L%®)(Q).

Proof. In the proof of Theorem 3 we always assume 6 > 0. Let
f(x) € L*(Q), then there exists a constant M < 0o, such that
| f(x)| < M, a.e. Q. Thus,

1/p
sup %(J: |f(x)|pdx) < sup Mg =M < oo, (13)
1<p<co P Q 1<p<oo
which implies that f(x) € 12°(Q).
The following example shows that L*(Q) ¢ L2°(Q)
is a proper subset. Since we have the inclusion (12), then
it is no loss of generality to assume that 6 < 1. Consider

the function f(x) = (-In x)e defined in the open interval
(0, 1). It is obvious that f(x) ¢ L*(0,1). We now show that
f(x) € 19%(0,1). In fact, forma positive integer, integration
by parts yields

1 1
J (-lnx)"dx = x (~Inx)"| (1) - J xd(-Inx)"
0 0

1
=—lim x(-Inx)" + mj (-Inx)" 'dx.
0

x— 0"
(14)
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By LHospital’s Law, one has

lim x(-Inx)" = lim m
x— 0" x— 0" l/x
_ m—1
:limM - =m!lim x =0.
x— 0" 1/x x—0"
(15)
This equality together with (14) yields
1 1
J (=lnx)"dx = mJ (-Inx)" 'dx. (16)
0 0
By induction,
1 1 1
J M (x)dx = mj (~Inx)"ldx=--- = m!J dx = ml.
0 0 0
17)

Recall that the function

p (] Ireolax)” (8)

is nondecreasing; thus (17) yields

, 1/p
s (] reonrex)
- 0
- 1 : _ o )UPG
sup P<J 0( Inx)"dx

1<p<oo

[/t 1/([po1+1) 19
sup —<J (—lnx)[PQ]de) ]
P 0

<
1<p<oo|

o [(Lpe) e ] [[pm +1r

= sup < sup <2,
1<p<oo | p 1<p<co p

(19)

where we have used the assumption 8 < 1 and [pf] is
the integer part of pf. The proof of Theorem 3 has been
completed. O

For functions f;(x), f,(x) € 19°)(Q), and a € R, the
addition f;(x) + f,(x) and the multiplication «f,(x) are
defined as usual.

Theorem 4. L% (Q) is a linear space on R.

Proof. This theorem is easy to prove, so we omit the details.
O

For f(x) € L2°9(Q), we define

Wlocon = s 5(f lrelras) " co

We drop the subscript Q from | - [lg ) o When there is no
possibility of confusion.

Theorem 5. | - [l is a norm.

Proof. (1) It is obvious that | f ”9,00)
and only if f = 0 a.e. Q.

(2) Forany f;(x), f,(x) € 12°9(Q), Minkowski’s inequal-
ity in L (Q) yields

> 0and | flge, = 0if

LU 1 pgra)”

Ifi+ fallgeoy = sup
1<

<p<co

s d
1<;1§oope |: Q|f1| *

IN

IN

/p
i)
S 5 <][ FAREE:
+ sup

1 » )I/P
— d
1sp<oope<:|to|f2| x
= fill ooy *+ 12l p.00)-

(3) Forall A € R and all f(x) € L% (Q), it is obvious
that A fllg.eo) = AL £1l 6,00)- O

Theorem 6. (Le’oo)(Q), I+ lg,00)) is @ Banach space.

Proof. Suppose that {f,}72, ¢ L%°)(Q)), and for any positive
integer p,

[fip = full oy — 0
Since Q is o-finite, then ) = U 19, with [Q,| < oo. It

is no loss of generality to assume that the Q,,s are disjoint.
Equation (17) implies that for any positive integer D>

n — 00. (22)

[ p - fuldx—0. n—oo @

Thus, by the completeness of L'(Q,,), there exists f ™ (x) €
L! (©),,), such that

fulx) — 7 (x), inL'(,). (29

Hence for any positive integer 1, there exists a subsequence

@Y of {177 b {1,720} = {£,(0)), such that

n— 0o,

£ (%) — f™ (x), n— 00, ae. xeQ,. (25
If we let
fx) =" (), xeQ,, m=12,. (26)
then
(%) — f(x), n— o0, ae.xeQ.  (27)



It is no loss of generality to assume that the subsequence
{ f,i”)(x)} of { f,,(x)} is itself; thus

Ju(x) — f(x),

We now prove f(x) € 19°)(Q) and Ifo = fllgoy — 0, (n —
00). In fact, by (22), for any € > 0, there exists N = N(¢), such
that if n > N, then

n— 00, ae x € Q. (28)

sup <:|: |fn+p (x) - fa (x)' dx) q<s. (29)

1<g<00q

Let p — o©0; one has

sup q <{ |fn(x) f(x)lqu> q<8, n>N. (30)

1<g<o0

Hence f(x) € 12°(Q), and I f,(x) - f(x)||9’oo) - 0,n —
00. This completes the proof of Theorem 6. O

Definition 7. The grand Sobolev space W (Q) consists of
all functions f belongingto(,., o W)(Q) and such that

Vf e L%)(Q). That is,

W@,oo) Q) = {f c ﬂ WLoo) Q) : Vf c Le,oo) (Q)} .

1<p<oo

(31

This definition will be used in Section 4.

3. An Alternative Definition of L% (Q)

In this section, we give an alternative definition of L9°)(Q)
in terms of weak Lebesgue spaces. Let us first recall the
definition of weak I? (0 < p < ©00) spaces or the
Marcinkiewicz spaces, Lf’N ik (Q); see [10, Chapter 1, Section
2], [11, Chapter 2, Section 5], or [12, Chapter 2, Section 18].

Definition 8. Let0 < p < co. We say that f € Lfveak(Q) ifand
only if there exists a positive constant k = k( f) such that

fo=lfxeo:f@l>d <h G

for every t > 0, where |E| is the n-dimensional Lebesgue
measure of E ¢ R"and f,(t) = l{x € Q : |f(x)| > t}]
denotes the distribution function of f.

For p > 1, we recall that if f € L?  (Q), then f € L1(Q)

forevery 1 < q < p,and f € L, <o (Q) if and only if for every
measurable set E C (), the following inequality holds

JE |f (x)|dx < c|E| (p-1/p 33)

for some constant ¢ > 0.
Equation (32) is equivalent to

M, (f) = [ﬁs?p tf f, (t) < co. (34)
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Recall also that
Yf, () dt < co. (35)

Jﬂlf(x)|sdx = SJ :Otsf

Definition 9. For 0 > 0, the weak space L%‘e’;’k(ﬂ) is defined

by
el ol

(36)

weak (Q) {fé ﬂ Lweak (Q) sup

1<p<oo l<p<oo

The following theorem shows that Lweak(Q) L9°(Q);
thus, LG 00 - (©) can be regarded as an alternative definition of
the space Le ) ().

Theorem 10.

% Q) = 1 (). (37)

Proof. We divided the proof into two steps.
Step (L% (Q) ¢ L*(Q)).If1 < s < p, foreacha > 0, one

can split the integral in the right-hand side of (35) to obtain

J |f|sdx=sj FUE (1) dt+sj S () d
Q
(38)
< |Q)a

p ()

The second integral has been estimated by the inequality
f.@t) < |Q? Mg( f), which is a direct consequence of
the definition of the constant Mp( f) (see (34)). Setting a =
Mp(f), we arrive at

f ez an (s o ()= P ().
(39)
This implies that
1 s 1/s 1 p 1/s
S(f 1r1ax) Ss_9(p—s> M, (f).  (40)
Therefore

o ([ )
= max {152132596[ £ dx) S,zitslfoo ({ |f| dx ) s}

1 s 1/s
< max {||f||2,2<;;gms—e({9|f| dx) }
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IN

1 s
max 1| f]|,» sup (s + 1M, (f)
2<s<00 S

M (f)

< max {||f||2,4 sup —9} < 00,
l<s<co S
(41)
here we have used (40) and the definition of L, , (Q).
Step 2 (L*(Q) ¢ L% (). Since for any ¢ > 0,
tPf, () =t? J dx
{xeQul f(x)I>1)
(42)
<| flPdx< | |f)*dx
{xeQ:| f(x)|>t} Q
then
sup t°f, (1) < j |f| dx. (43)
t>0 Q
This implies that
1 /p 1/p
M, (f) = [—sup e F, <t)] <(f 1) @
11 0 0
Thus
M 1 1/p
sup ng) < sup —6<} |f|pdx> <co. (45)
1<p<co P 1<p<oo P Q
The proof of Theorem 10 has been completed. O
4. An Application

In this section, we give an application of the space L9°)(Q)
to monotonicity property of very weak solutions of the /-
harmonic equation

div o/ (x,Vu (x)) = 0, (46)
where o : QO x R" — R"is a mapping satisfying the
following assumptions:

(1) the mapping x +— o/ (x, &) is measurable forall £ € R",
(2) the mapping & — (x,&) is continuous for a.e. x €
R" forall£ € R",and a.e. x € R",
3)
(o (x,8),8) 2y ) [E]7, (47)

(4)
ot (x,8)| < 7(x) €], (48)

where 1 < p < 00,0 < p(x) < 7(x) < 00, a.e. Q.

Conditions (1) and (2) insure that the composed mapping
x — d(x,g(x)) is measurable whenever g is measurable.
The degenerate ellipticity of the equation is described by
condition (3). Finally, condition (4) guarantees that for any
0 < 0 < ooandanye > 0, o(x,Vu) can be integrated
for u € WP(Q) against functions in W?=/(1-r9) () with
compact support.

Definition 11. A functionu € W (Q), max {1, p—1} <r < p,

1
is called a very weak solution of0E46) if

J (o (%, Vit (%)), Vp (%)) dx = 0 (49)
Q

forall g € Wol’r/(r_PH)(Q).

A fruitful idea in dealing with the continuity properties
of Sobolev functions is the notion of monotonicity. In one
dimension a function u Q — R is monotone if it
satisfies both a maximum and minimum principle on every
subinterval. Equivalently, we have the oscillation bounds
osc;u < oscyu for every interval I < Q. The definition
of monotonicity in higher dimensions closely follows this
observation.

A continuous function u : O — R" defined in a domain
Q ¢ R" is monotone if

0SCgll < 0SCypl (50)

for every ball B c R". This definition in fact goes back to
Lebesgue [13] in 1973 where he first showed the relevance
of the notion of monotonicity in the study of elliptic PDEs
in the plane. In order to handle very weak solutions of /-
harmonic equation, we need to extend this concept, dropping
the assumption of continuity. The following definition can be
found in [14]; see also [6, 7].

Definition 12. A real-valued function u € W'IL’CI(Q) is said to
be weakly monotone if for every ball B ¢ Q2 and all constants
m < M such that

|M—u|—|u—m|+2u—m—M€W01’1(B), (51)
we have
m<u(x)<M (52)
for almost every x € B.

For continuous functions (51) holds if and only if m <
u(x) < M on 0B. Then (52) says we want the same condition
in B, that is, the maximum and minimum principles.

Manfredi’s paper [14] should be mentioned as the begin-
ning of the systematic study of weakly monotone functions.
Koskela et al. obtained in [15] that o/-harmonic functions are
weakly monotone. In [16], the first author obtained a result

which states that very weak solutions u € Wl(l)’ffs(Q) of the
&/ -harmonic equation are weakly monotone provided that ¢
is small enough. The objective of this section is to extend the
operator & to spaces slightly larger than L¥(Q).

Theorem 13. Let y(x) > 0, ae Q, 7(x) € L(Q). If
uewWP(Q)isa very weak solution to (46), then it is weakly
monotone in Q) provided that 0, + 0, < 1.

Proof. Foranyball Bc Qand 0 < & < 1, let

y=w-M"—(m-u eW,P(B). (53)



It is obvious that

0, form<u(x)<M,
Vu, otherwise, say,on aset E C B.
Consider the Hodge decomposition (see [6]),
|Vy| PVy = Ve + h. (55)
The following estimate holds
1-pe
1N (p-cyr-pey < Cel VYl - (56)

Definition 11 with ¢ acting as a test function yields

j (o (x,Vu),|Vu| P*Vu)dx = J (d (x,Vu), h) dx.
E E
(57)

Holder’s inequality together with the conditions (3) and (4)
and equations (56) and (57) yields

J Y (x) [Vu| PO d
E
< J (o (x,Vu), |Vu| P*Vu) dx
E
= J (A (x,Vu),h) dx
E

< J 7 (x) |Vul P |h] dx
E

-1
<zl (p—S)/(P_l)snvun §_£||h|| (p-¢)/(1-pe) (58)
< Celltll (pyyponyellVul 257
0, 6,
—0.(1— —¢€ -1)¢
-cippercoire] 22 | 220
(p-1e p-¢

(p-D)e/(p—¢)
« (][ 7] (p—s)/(p—l)edx>
E

p(1-¢)/(p—¢)
xsezu*a)(f |Vu|p7£) .
E

The condition 7 € L (Q) implies that

91 —1)e/(p—¢
firm [(p— l)s] G . (P*S)/(Pfl)edx>(p De/(p-e)
E

0| poe (59)
<7l g, 00) < 00
Since u € WP)(Q), then
p(1-¢)/(p—e)
lim 892(1_5)<:|: |Vu|p_5> < ||Vu||g < 00.
e—0" E 2P)

(60)
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By 0, + 0, < 1, we have

6,
hm £ 8762(178) &
e— 0" (p - 1) &

0
_ (L) llim 81792(178)791 -0.
pP- 1 e—0"

Combining (58)-(61) and taking into account the assumption
p(x) > 0, a.e. Q, we arrive at Vu = 0, a.e. E. This implies that
(u—M)" = m — u)" vanishes a.e. in B, and thus (u — M)* —
(m—u)" must be the zero function in B, completing the proof
of Theorem 13. O

(61)

Remark 14. We remark that the result in Theorem 13 is a gen-
eralization of a result due to Moscariello; see [17, Corollary
41].

5. A Weighted Version

A weight is a locally integrable function on R” which takes
values in (0, 00) almost everywhere. For a weight w and a
measurable set E, we define w(E) = Ew(x)dx and the
Lebesgue measure of E by |E|. The weighted Lebesgue spaces
with respect to the measure w(x)dx are denoted by L‘Z} with
0 < p < o00. Given a weight w, we say that w satisfies the
doubling condition if there exists a constant C > 0 such that
for any cube Q, we have w(2Q) < Cw(Q), where 2Q denotes
the cube with the same center as Q whose side length is 2
times that of Q. When w satisfies this condition, we denote
w € A,, for short.

A weight function w is in the Muckenhoupt class A , with
1 < p < oo if there exists C > 1 such that for any cube Q

<][ o (x) dx) G Qw(x)lp’dx>P_l <c  (©®

where 1/p+1/p’ = 1. We define A, = | J 1<pco p-
Let w be a weight. The Hardy-Littlewood maximal oper-
ator with respect to the measure w(x)dx is defined by

M, f (x) = sup !
Q

P Q J QI WIwtdx (63)

We say that T is a Calderén-Zygmund operator if there exists
a function K which satisfies the following conditions:

Tf (x) = pu. I LK) f(y)dy,
(64)

C
VK (x)] < —K—

|x|n+1’

K ()] < K

x|

x#0.

For w a weight and 0 < 6 < oco, we define the space
L?;OO)(Q) as follows:

Li,)oo) Q) = {f(x) € ﬂ Li, Q) : “f" L) < 00} ’

1<p<oo

(65)
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where

1 » 1/p
i = 50 (o) @l we@ax)
(66)
The following lemma comes from [18].

Lemmal5. If1 < p < oo and w € A,, then the operator M,
is bounded on L? (Q)).

Theorem 16. The operator M, is bounded on Li’)oo)(Q) for0 <
0 <ocoandw € A,.

Proof. By Lemma 15, since for 1 < p < co and w € A,, the
operator M,, is bounded on L? (Q2), then

(J Qlef @) w) dx>1/p = C<J Qlf ()] Pw (x) dx>l/p

(67)
This implies that
M, £] LE™(Q)
= sup —| —=—| |M,f )| wix dx)
1<p£)oope<w(9)~[0| A )l =
(68)
1 ( 1 P arde)
<Csup — —J x)|Tw(x x>
1<p£)oope w(Q) Qlf( )| ( )
= ”f" L2 Q)
completing the proof of Theorem 16. O

The following lemma can be found in [19].

Lemma17. Ifw € A, then there exists q € (1, 00) such that
weA,.

The following lemma can be found in [20, 21].

Lemmal8. If1 < p < coandw € A, then a Calderon-

Zygmund operator T is bounded on L? ().

Theorem 19. A Calderon-Zygmund operator T is bounded on
L%(Q) for0 <0 < coandw € A,

Proof. By w € A, and Lemma 17, one hasw € A, for some
q € (1,00). For 1 < p < g < 00, Holder’s inequality yields

J |Tf ()] "w (x) dx = I ITF ()| P Tw(0) 0 P/P dx
a Q

< <J Q|Tf ()] 'w (x) dx)p/q<J v (x) dx>(q_P)/q.
(69)

Thus,

(—j Q|Tf(x)|f’w(x>dx)w

rlq

Spi( (1Q)J 2 (x)'qw(x)dx>
J Qw(x)dx>(q_m/q

_ %(ﬁj Q|Tf(x)|qw(x)dx)P/q.

(70)

X

(et

Lemma 18 yields

“Tf " 122 (Q)

| |Tf<x>|Pw(x)dx>1/p,

1 1
—max {sup (i

1/p
sup J |Tf(x)|pw(x)dx> ]»

1< 1
q<p<oop w(Q)

~ 1 1 q plq
= max {ls:;}qu (w(Q)jngf (x)| w (x) dx) ,

1/ 1 TP wade)
qiﬁfoop< (@j T w) x) }

0
< max {sup (ﬂ) ,1}
1<p<g\ P

X sup

1/p
q<p<ooP1 <w(lQ)J s x)|Pw(x)dx>

1/p
<Cq sup J |Tf(x)|Pw(x)dx>
Q

1
q<p<oop < w(Q)

< qullf " %)
(71)

as desired. O
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