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We characterized the boundedness and compactness of weighted differentiation composition operators from BMOA and the Bloch
space to Bloch-type spaces. Moreover, we obtain new characterizations of boundedness and compactness of weighted differentiation

composition operators.

1. Introduction

Let D be the open unit disk in the complex plane C, H(D) the
space of all functions holomorphic on D, dA(z) = (1/m)dxdy
the normalized area measure on D, and H* the space of
all bounded holomorphic functions with the norm [ f|l, =

sup,eplf(2)l.
Let a > 0. The a-Bloch space * on D is the space of all

holomorphic functions f on D such that
sup(1 — [21%)" [ (2)] < co. M)
zeD

The little x-Bloch space 9B, consists of all f € B such that

lim (1-[21*)"|f' (@) = o. @)

lz] =1

Both spaces #“ and %, are Banach spaces with the norm
[l = 1f @F+sup =) | @ )
z€e

and 9B is a closed subspace of B*. If &« = 1, they
become the classical Bloch space % and little Bloch space
B, respectively. For any « > 0, the space ¢/¢ consists of
functions f € H(D) such that

“f”dgo = Sg{g(l - |Z|2)“ |f (2)] < oo (4)

For information of such spaces, see, for example, [1-4].

Fora e D, let 0,(z) = (a — 2)/(1 — az) be the auto-
morphism of D that interchanges 0 and a. Let the Green func-
tion in D with logarithmic singularity at a be given by

az

g (z,a) =log

a1
az| Blo,@ ®

The space BMOA consists of all f in the Hardy space H such
that

sgg”f 00, = f(a)]| < co. (6)

BMOA is a Banach space under following norm (see, e.g., [5]):
|flasios =15 O]+ supls =0~ f @l

Let ¢ and ¥ be holomorphic maps on the open unit disk
D such that (D) ¢ D. For a nonnegative integer #, we define
a linear operator D;)W as follows:

D f=y-(f"ep), feH(D). (8)

We call it weighted differentiation composition operators,
which was defined in [6,7].Ifn = Oand y = 1, Dg’w becomes
C, induced by ¢, definedas C,, f = f o ¢, f € H(D). Ify =
1 and ¢(z) = z, then Dg)w is the differentiation operator

defined as D"f = f™.If n = 0, then we get the weighted



composition operator yC,, defined as yC, f =y - (f o ). If
n=landy(z) = ¢'(z), then Dy, reduces to DC,. Wheny =
1, then Dg’w reduces to differentiation composition operator
C,D" (also named as product of differentiation and compo-
sition operator). If we put ¢(z) = z, then D, = M, D", the
product of multiplication and differentiation operator.

The boundedness and compactness of differentiation
composition operator between spaces of holomorphic func-
tions have been studied extensively. For example, Hibschwei-
ler; Portnoy and Ohno studied differentiation composition
operator C,D on Hardy and Bergman spaces in [8, 9]; Li;
Stevi¢ and Ohno studied CyDon Bloch type spaces in [10-12];
Wu and Wulan gave a new compactness criterion of C,D™ on
the Bloch space in [13]. Recently, the weighted differentiation
composition operator between different function spaces has
also been investigated by several authors (see, for example,
[14-21]).

Boundedness, compactness, and essential norm of
weighted composition operator yC,, between Bloch-type
spaces have been studied in [22-24]. Recently, Manhas and
Zhao [25] and Hyvirinen and Lindstrém [26] gave a new
characterization of boundedness and compactness of yC,, in
terms of the norm of ¢" (for the compactness of composition
operator, see [27, 28]).

Motivated by [13, 25, 26], we study the operator Dg,w (n>
1) from BMOA and Bloch space to Bloch-type spaces.

Throughout this paper, constants are denoted by C; they
are positive and not necessarily the same at each occurrence.
The notation A < B means that there is a positive constant C
such that A < CB. When A < Band B < A, we write A = B.

2. Some Lemmas

It is well known that H® ¢ BMOA ¢ 4. From the definition
of the norm, we know

| levion < 1f o
Indeed, Girela proved that

HPE "f“BMOAl (10)

in Corollary 5.2 of [5]. The following lemma is from Lemma
5in [29] (see also Lemma 4.12 of [4]).

feH™. 9)

Lemmal. If f € H(D), then
FOP <2 |7@f log ~dA(@). (1)
D |z|

The following lemma may be known, but we fail to find
its reference; so we give a proof for the completeness of the

paper.
Lemma 2. Let f € H(D). Then,

1l < 15 lsroa- (12)
Proof. Applying Littlewood-Paley identity

’ 2 1
|z = IFOF +2 JD |f'(2)| log iA@
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and Lemma 1, we have
sup "f oo, — f (a)”H2
aeD

1/2
= sup<2 ID |f' (0, (2)) o, (z)|2 log Laa (z)>

aeD |Z|
> sulg(l - |a|2) |f’ (a)'.
(14)

It follows from the definitions of Bloch space and BMOA
space that

“f”@ = “f”BMOA‘ (15)
O

By Theorem 6.2 of [5] and the proof of Theorem 1 of [30],
we have the following lemma.

Lemma 3. Let n be a fixed positive integer and f € B with
) =f) == f"Y0)=0.If
N m-2
sup JD 1”@ (1-12P)" " (1- o, (2)")dA(2) < 1,
ae
(16)
then || flzpoa < 1.

Lemma 4. Suppose that n is a fixed positive integer. Let k €
N, 0<x<1,and

woo k=1 (k=n+1)(1-%)"%" ifk>n
H (o) = {n!(l -x)" ifk=n.
(17)

If k > n, then there are two positive constants c, and C,,
depending only on n, such that

k-n k-n+1
¢ ; <x< . (8
¢, <H(x)<C,, for . <x< 1 (18)

Proof. The proof is similar to that of Lemma 2.2 of [13] and is
so omitted. ]

3. Boundedness of Dg,w

In this section, we characterize the boundedness of Dg,\// from
BMOA and the Bloch space to Bloch-type spaces.

Theorem 5. Let « > 0, v € H(D), n € N*, and ¢ a hol-
omorphic self-map of D. Then, the following statements are
equivalent:

(a) DZJI/ : BMOA — 3% is bounded.

(b) D" , : BMOA — d* and D"}
Py o

. «
r i BMOA — dl%

are bounded.
(c) DZ,W : By — B* is bounded.
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(d) DZ’V/’ : By — Ay and D;:/}<P'
bounded.

(e) D;:W : B — B*is bounded.

: By — A are

n . o 1n+1 . o
(f) bD(P’V,d.dQS — o and D(p’w, B - A are
ounded.

(@) sup,ep (1 = 121)%/(1 = le@)))y'(2)] < oo and
sup,ep((1 = [21)*/(1 = lp(2)*)" Hly(2)¢' (2)] < co.

k
(h) supkeNlng,w,(z )IIM; < 00

and sup, . [ D"**!

k
@9 = < oo
Py’ %

Proof. It is obvious that (f) = (b), (f) = (d), (e) = (c), and
(e) = (a). Thus, we will prove the theorem according to the
following steps. (I): (a) = (g), (c) = (g). (I): (b) = (g),
(d) = (g). (ITD): (g) = (&), (&) = (B. (IV): () & (h).

(I): (@) = (g), (c) = (g). Suppose that (a) or (c) holds.
We choose the test function g,(z) = z". By Lemma 2, we get

lg1ls < llglsnion < lgrlles = 1 (19)

So

sup(1 - 121)" [y' ()] < |Phyan] o <00 (20)

Taking g,(z) = 2" and using the fact that [¢(z)] < 1, we
have

sg@ﬂ#YWM¢&ﬂ

(21)
< “Dz,wfh gt ||D;,wg1 o < OO
We now consider the function
2
1-lo) (1= leWI?
fu(e) = napy ol (1) . AeD.

I-9Wz  (1-9M)2)

(22)

It is easy to check that f, € B, N BMOA and || f}lzp0a <
I fill, < 1. Moreover,

@) = i+ DI (eM)"

1-Jp W) _(1—|(p()t)|2)2 (23)

(1 B mz)rﬁl (1 B mz)rHZ

Thus, " (¢(1)) = 0 and

- N CI)
(1-lpMP)"™

D (9 (L) (24)

3
We obtain
15 2 [Py £ e
2 (1=12F) Jy' W) £ (9 V)
(Ve W) £ (9 )|
— 2 «
> (n+ DI—2D o oy o e )
(1-]p))
(25)

Thus, for any r, € (0, 1), we have

(1-1p)° :
sup ———— [y (g’ W] <00 (26)
ro<loI<1 (1 = |@(A)[*)

Using (21) yields
1-APR)"
wp—L——%qudun
lei<ro (1 - |p(1)]%)
1 S , 27)
< ———— -1|A A A
<0_@m$§1||)WU¢(n
< Q.

Combining (26) with (27), we get

(1-1AF)° :
sup————— [y () ¢’ V)] < oo, (28)
Ae[D(l ~ o] )

We next consider the function

1-lp)? (1- lpMI2)’

(2) =(n+2) —, eD
” 1Mz (1-9M)z)’
(29)
Similarly, we get g, € %, N BMOA and
l92lspo < lgrloo < 1. (30)
Moreover,
— 1-Jp W)
9y (2) = nl(p()) M+2»——4§é3%q
(1 - (/\)z)
o (31
1-|p(A
-(n+1) —( 1) n)+2 .
(1-9M)z)
So
n(p ()"
a9 (e (V) = o) (32)

(1-le))"



and gf\”“)((p(/\)) = 0. We have, as above,

| D

LD 33)
JLWWM' lv' .

Thus, for any s, € (0, 1),

(1-1Ar)”

sup —————;
s<loi<1 (1= lp(V))"

y' ()] < 0. (34)

Applying (20), we get

(1-1P)°

!

sup ———— < 00. (35)
lphlsso (1= lp(V)I?)
Combining (34) with (35) yields
(1 B |/\|2)“ ’
W )] < oo (36)
AeD (1 — |q)(/\)| )

(IT): (b) = (g) and (d) = (g). Suppose that DZ’V/,

BMOA — 4/, is bounded or D], : B, — g, is
bounded. Set
(1-12F)"
A =sup———— |y (2)]. (37)
zeID(l oz )| )
If A = 0o, then for any positive integer N, we can find b € D
such that
(1 B |b|2)“ !
——— v ®)] > N (38)
(1-lo®I)
If (b) = 0, then choose the test function g(z) = z". It is clear
that g € %,,. From Lemma 2, we have
"9"93 S "g"BMOA S "9“00 =L (39)
So
1251 2 PGl > (1=168)" [ @) > N (40)

If p(b) # 0, consider the function

L (1-1ar)”,

9@ = S Z ¢jz (41)
where a = ¢(b). Let F(z) = Z] Y ]Z] Then, F(0) = F'(0) =
= F"1(0) = 0 and
— 2 n
F (5) = (%) _ (42)
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It is easy to see that
(1-12)"[F” @) = (1 - |ou2") < 1. (43)

So, by Theorems 5.4 and 5.13 of [4], we have F € 3,
and [|F|lz < 1. By Lemma 1 of [31] and Lemma 3, we get
IFlgpmoa < 1. We have

(1-1or)"

D o o\n
| (1-lp®)]")

ol = 1o > v o] N

(44)

Since N is arbitrary, we get || Dg v [|= co. This contradicts the
boundedness of Dg , ¢ BMOA — 4%, and that of D; v

By — dg..
Now, suppose that D;:;(P, : BMOA — ¢/ is bounded
or D;J:;(p B, — 9% is bounded. Set
(1-1eP)’
7 = sup @ @|. @)
zeD (1 _ |¢( | )
If # = oo, then for any positive integer M, exists u € D such
that
(1 - 1uP)”
v )] > M. (46)
(1-lo@l)
If o(u) = 0, then set g(z) = Z"™! The process as above gives
n+1 n+1
"D%w’ “ = "D%W o, > M. (47)
If ¢(u) # 0, consider the function
n+1
1 (1-lal
g(Z) = anﬂ (( ?Hl ZC zJ (48)

where a = ¢(u). Let F(z) =
.- =F"(0)=0and

F(n+1) (2) = ( 1- |a|2 >n+1’
(1 - aZ)Z (49)
(1-1)" [F** ()] =

Applying Theorems 5.4 and 5.13 of [4] again yields F € 3B,
and [|Fllgz < 1. We get |[Fllgpoa < 1 and

ZJ il ]zf Then, F(0) = F'(0) =

1—|o (2)| )nH <1.

|05l 2 1P50 Pl
u (0
> (—)mlw(u)go )] > M.
(1-lp@l’)
Since M is arbitrary, we have || D™ | |= co. This contradicts

Pye

n+1
the boundedness of D o'
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(ID): (g) = (e), (g) = (f). Note that

D5 e = sup(1=1t)"

x|y ()¢’ (2) £ (¢ (2)
' (2 [ (9 2)

(1-12)°
lp ()

(e )

('|EHWw¢uﬂ

p— 7
zeD (1 _ |(P (Z)I )
'@ " (92)|

x|y (2) ¢’ (2)

(1-12P)" ]
S g | Sup———— 5 |v (@) |-
111 {p s

(51)

The desired results follow.
(IV): (f) & (h). Suppose that (f) is true. It follows from

Proposition 5.1 of [4] that [|z¥|l; < [|12"]l, = 1 (k € N). So,
sup| D, ()], < D] < o0,
1 1 (52)
sup| 7 @y, < [P ] < o

Conversely, assume that (h) is true. It is easy to see that
w1~ =)' |y 0] = [y .
z€ ©

= sup"Dg,W, (zk)“,dgo < 09,

n+1)”
A

n+1 k)
Py’

sulg(l - |2I%) 'W(Z)‘P (z)| “Dwvl
ze

< sup"D

. < 0o.
MOO

(53)

If |oll,, < 1, then

(1-12)°

w0 (1- o (z)|2)"

v (2)|

(-l @) @) < oo

OWUWwwﬁ
sup =
mn(hww>

( |¢(Z)| |‘//(Z)§0’(Z)'<oo.

IWHW

(54)

Hence, (g) is true. From (g) = (f), we obtain that (f) is also
true.

From now on, we assume that [l¢]|
k >n,let

= 1. For any integer

A',‘(:{ze[D:k_ <lp(2)| <

k-n+1
. 55
k+1 } ©5)
Let m with m > n be the smallest positive integer such that
A", # @. Since A’} is not empty for every integer k > m and
D = U, A’ By Lemma 4, for f € %,

1
oy

= sulg(l - |Z|2)a |f(n) (SD (Z))l |1l/’ (Z)l

= sup sup(l - |Z|2)“ f(n) ((P (Z)) 1I/I (Z)|

k=2mzeA,

—2upsup(1 -l @D)" | (9 2)]
) v @] (H; (e @) /(1 - o 2))")

(1-12
X
H (o (2)])

< s basop| Dy @) -
(56)

So, D;,W, : B — g% is bounded. Similar argument implies

= sup sup (1 - |z|2)“ |f("+1) (¢ (Z))'

k>m+1zeA

A
x|y (2)¢' @) (57)

n+1 k
Doy (z )“mgo'

Thus, D;*;;(P, : B — % is bounded. Theorem 5 is proved.

O



4. Compactness of D;,w

The following criterion for the compactness is a useful
tool and it follows from standard arguments, for example,
Proposition 3.11 of [32] or Lemma 2.10 of [33].

Lemma 6. Leta > 0, n € N*, and X = B, B, or BMOA.
Suppose that y and ¢ are in H(D) such that (D) c D. Then,
D,,: X — B is compact if and only if for any sequence { f,,}
in X with sup,, || f,.lly < oo, which converges to zero locally
uniformly on D; we have lim,,, _, o, | D, , full g = 0.

We now give the compactness of Dj, , from BMOA and
the Bloch space to Bloch-type spaces.

Theorem 7. Let ¢« > 0, v € H(D), n € N*, and ¢ a hol-
omorphic self-map of D. Then, the following statements are
equivalent:

(a) D;’W : BMOA — 3% is compact.

(b) DY
BMOA — Y is compact.

. o . n+1 .
: BMOA — d is compact and Dy -

(c) Dy, : By — B is compact.

(d) D, : By — g, is compact and DY By —

’
o ; Py
oo 1S compact.

(e) DZM : B — B* is compact.

7 . o . n+l | o
(f) I.D(W, : 95’t—> A is compactanqu))W, B - A
is compact.

(9 v e B vp €I,

()

1m >
@1 =1(1 - |p(2)[*)
(1-1z)"

oy V@ @0

v 2)] = 0.
(58)

. n k _
(h) lim supkHDOIID(P’w, (z )”ﬂ?ﬁo =0

. n+1 k —
and limsup; _, . [D’, (2 )”Mﬁo =0.

Proof. The proof is a modification of that of Theorem 5; so
we give a sketch of the proof. We will prove the theorem
according to the following steps. (I): (a) = (g), (¢) = (g).
(ID: (b) = (g), (d) = (g). (II): (g) = (e), (g) = (H). AV):
(f) & (h).

(D: (@) = (g), (c) = (g). Suppose that (a) or (c) holds.
Then by Theorem 5, we have
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ERPEACE
sup(l - |z|2)rx |1/” (z)l < Sup(l | ) "//2 (nZ)' .
zeD zeD (l_l(P(Z)| )

sup (1-121°)" |y (2)¢' (2)]

zeD

12\ ’
SSup(l 121*)" v @) ¢’ (2)]

zeD (1 ~ o (z)|2)n+1
(59)

Thatis, v € B% yo' € A%,
Let {zj} be a sequence in D such that I(p(zj)l — lasj —
00. Now, we consider the function

2
J1-lote)l (1-lepl")

i(2)=(n+1 — — (60)
fiz)=(n+ 1-9(z))z (1 B ‘P(Zj)Z)2
Simple computation shows that f € B, N BMOA and
[Fillssion = 1l < 1 (61)

It is also easy to check that f; — 0 uniformly on compact
subsets of D as j — ©0. Moreover,

1@ = 0(o(z))

e (b))
(1-0G)E)" (1-9G)e)
(62)
We have
15,5,
e
corn B o)

By Lemma 6, we get

(-l
] ' B
|¢<z§§film |1// (z)9 (z;')] =0.  (64)

We next consider the function

2
- lpe)P (1o

(&)= (n+2) iialle (65)
g] z n+ 1 _(P(Zj)z (1 _(P(Zj)z)z
Similarly, we get g; € %, N BMOA and
l9:esion = losl = 1 (66)
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It is easy to see that g; converges to zero uniformly on
compact subsets of D as j — oo and

o’ @ =n(o(z))

1- '9"(21')'2
x| (n+2) —
<1 —(p(zj)z> (67)
it 1) (1 - |‘P(ZJ)| )

Thus,

(=R
M

Applying Lemma 6 again, we have

(=R

lim
I<p(z])l—>1(1 _

Ao (z)]- (68)

v (z;)] = 0. (69)

o)

Since z; € D is arbitrary, we proved that (g) is true.

(I1) (b) = (g), (d) = (g). Suppose that (b) or (d) holds. A
similar argument to (I) shows that y € B, y¢' € &% . Now,
suppose that the equations in (g) are not true. Then, there
exists a sequence {zj} in D and § > 0 such that |<p(z]-)| -1
asj — ooand

(1-F=f)

~v' (2,)] > 8,

2 (04
1=z
(|—Z]'2>n+1 v ()¢ ()] > 8.
(1‘|‘P(Zj)| )

Choose a subsequence of {z;} if necessary and suppose that
infjl(p(zj)l > 1/2. Let

(70)

fj (Z) = T', z € D. (71)

Then, it is easy to check that f; € %, N BMOA, f; — 0,
uniformly on compact subsets of D and

~lef
Tt CCT) TS

7@ =n
1-¢ (zj)z

Thus,

: (1- 'Zjlz)a

n
. > pl
DfP,lV'fJ"ga =n 2)”
oo Z.

n 16
lo ()" v' ()] > 5>

n+1 ”

‘PV/?’fJ (

n+ , IS
<o) v (=)o (=)] > T2,
(73)

Those contradict the compactness of D" v and D;J'u}(p

(IT) (g) = (e), (g) = (f). Let {f,,} be a norm bounded
sequence in 93 that converges to zero uniformly on compact
subsets of D. Let M = sup,, || f,,,l; < 00.For e > 0, then there
exists 7, € (0, 1) such that for |¢p(2z)| > r,, we have

(1-12)°
(1-lp@I)"
(1-12)°

—lv@¢ @)|<-

(1-le @)

Thus, for z € D, we have

< v £ (90)]

(74)

+ sup 1 - |Z| |f(n (o (z))| |W (Z)|
|<p(z)|<r0
(1=121)" [ @) | full 5
+ sup NG
lp(@)I>ro (1-le@[)
+ sup 1—|Z| |f(n+1 (¢(z))|
lp(2)I<rq

x|y (2)¢' (2)]
(1-121)" [w @) ¢' @| I fonll 5
(1 _ |(P (Z)|2>n+1
Wmv”@mM+Kwﬂf(d

lzl<ry

+ sup
lp(2)[>r,

+ K, sup 'f(”“) (z)| + 2eM,

lzl<r,

(75)

where K| = sup,.p(1 - |2*)*y/(2)] and K, = sup,p(1 -
FRk ly(2)¢' (z)|. Since f(” — 0 uniformly on compact
subsets of D as m — ©0, we have |D 1,,fm”g(,),a — Oas
m — oo. It follows from Lemma 6 that D” B > B
is compact.



8
Similar as above, we know
[Py fol = s (L-1F) 177 (@) @)
@(2)|<ry
o 2 E) Y @[l
lp(2)l>r, (1- @)
< K, sup .f(”) (z)| +eM,
|z|<r,
[DG g fo o, S SUP (1=121)" |£5 (¢ ()]
@(z)[<ry
x|y @¢' (@)
(1-121)" [w @) ¢ @| | foull 5
+ sup —
lp(2)[>7, (1 _ |¢(z)|2)
< K, sup 'f("“) (z)| +eM.
|zl<r,
(76)
From fr(n") — 0 uniformly on compact subsets of D, we have

IID’1 fmlld‘x — 0and D"}, f"’”w — 0asm — 00.So,

Py
Dy s D;t;@ B — % are compact.
(IV). (f) & (h). Suppose that (f) is true. Note that ||zk||99 <
Iz¥lo, = 1and 25 — 0 uniformly on compact subsets of D

as k — 00; by Lemma 6, we have

kli_fEO“D " 0,
lim ||D”+1 =0 7
k—ooll ¢ v :

Conversely, assume that (h) is true. It is easy to see that

sup(1-121°)" [y @] < [ D5, ()],
zeD
< sup||D" , (Z* )
< sup| D ()], < o0
sup(l ~ Il ) |1V(Z)9D (Z)' ||D;+1;¢ ") B
zeD o
< sup| Dy (2, < co.
(78)
If ol < 1, from (g) = (f), we get that (f) is true. If |p[| , =
1, as in the proof of Theorem 5, let
A’;z{ <o ( )|_k—"1rl}. (79)

And let m with m > n be the smallest positive integer such
that A" # @. For given € > 0, there exists a large enough
integer M, with M, > m such that
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”D Py &
“Dn+l <e (80)
(A1) >

whenever k > M. Let {f;} be a norm bounded sequence in
3B that converges to zero uniformly on compact subsets of D
as j — 00.Denote M = sup,, | f,, |l < co. We get

“D;,w’ff o
= sup sup(l - |Z|2)“ |f;n) (¢ (Z))' "/’I (Z)'
k=m zeA",
= < sup + sup) sup(l - |z|2)a (81)
m<k<M, k>M, J zeA'

x| (9 @)| [ @)
I+ L.

Then,

I, = sup sup(l - Izlz)a lf;”) (¢ (Z))| |1//, (Z)|

m<k< M, zeA

(82)
< sup(1-12")" [y’ )] sup |} (¢(2))],
zeD lp(2)|<r
where
e M, -n+1 (83)
M +1 ]
L = sup sup(1-121°)" | 1" (9 )| [v' (@)
k=M, zeA},
= supsup (1=l )'])" (0 )
k=M, zeN
- 12P)" |v' @] (H; (o @) /(1 - |p 2)])")
H (o 2)])
1 n k
s a"fj"%kiu&”D%w’ (") e,
1
S —¢
Cﬂ
(84)
Since f;") — 0 uniformly on compact subsets of D, then
"D;,ll/’fi”% — 0asj — o00. Thus, by Lemma 6, D;,w, :
B — o is compact. Similar as above, we can prove that
D;J:; g B 4l is compact. The proof is complete. [
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