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We investigate robustness of exponential dissipation for the following general nonlinear evolutionary equation with small time
delay: 0,u + Au = f(u(t),u(t — 7)). We firstly obtain a converse Lyapunov theorem. With the help of it, we establish an important
result on robustness of exponential dissipation to small time delay assuming that the nonlinearity is globally Lipschitz.

1. Introduction

Asiswell known, time delays are usually encountered in prac-
tical control systems. The stability analysis has received atten-
tions over the last several decades. Mathematically, it is also
very important to understand the sensitivity of the dynamical
behavior of the system to the introduction of small time
delays. For linear systems, we well understand this problem,
including both finite dimensional and infinite dimensional
situations, see [1-5]. However, for nonlinear systems, the pro-
blem is much more difficult, but there are some very nice
results in [6-10].

This paper is devoted to the following general nonlinear
evolutionary equation with small delay:

ou+Au= f(u(t),u(t-1), 1)

where the nonlinearity f: X* x X* — X is assumed to be
globally Lipschitz. Here, A is a sectorial operator on a Banach
space X. X* is a fractional power space. Here, we investigate
the effects of small time delay on the exponential dissipation
of the corresponding evolutionary equation without delay:

ou+ Au=F (u), 2)

where F(u) = f(u,u).

In [11], Lyapunov introduced his famous sufficient con-
ditions for asymptotic stability of the following nonautono-
mous dynamical system:

X' ()= f(t,x (), x(t)eR" 3)

There, we can also find the first contribution to the converse
question, known as converse Lyapunov theorems. In recent
years, the answers have proved instrumental in establishing
robustness of various stability notions and have served as the
starting point for many nonlinear control systems design con-
cepts.

In 2005, Li and Kloeden [8] presented a converse Lya-
punov theorem for exponential dissipation of the following
general nonlinear differential equations with multiple small
time delays:

()= fx(t-1),x(t-1),...x(t-1)), 4

where f is assumed to be globally Lipschitz. They also prove
that exponential dissipation remains under small time delays.
This result can be seen as a generalization of some classical
ones on global exponential asymptotic stability (e.g., [12]) and
was used by the authors to study robustness of exponential
dissipation with respect to small time delays.

Recently, Guo and Li [13] gave a nonautonomous analog
of the result. They not only present a converse Lyapunov theo-
rem but also prove robustness of the uniform exponential dis-
sipation with respect to unbounded external perturbations.

In the dynamical theory, a basic problem concerns the
robustness of global attractors under perturbations [14]. It is
known that if a nonlinear system with a global attractor < is
perturbed, then the perturbed one also has an attractor &/’
near o/, provided that the perturbation is sufficiently small
[7, 15]. However, in general, we only know that o/’ is a local



attractor. Whether the global feature can be preserved is still
an open problem. To our great joy, a dissipative system usually
implies the existence of the global attractor. So, if one wants
to settle the above problem, he only needs to examine the
robustness of dissipation under perturbations. In this present
work, we will investigate the infinite dimensional situations
which are more difficult than the finite ones. With the
nonlinearity being globally Lipschitz, we obtain a converse
Lyapunov theorem and prove that exponential dissipation has
nice robustness properties under small time delay.

2. Preliminaries

In this paper, we study the following delayed initial value
problem:

u+Au=fu@),ult-1), t>0,
(5)
u|[,T,0] = UO (t) .
For simplicity, we use || - || and || - ||, to denote the norm on

X and X%, respectively. We write € = C([—7, 0], X*) with the
norm || - |||, defined by

|||u0”lo¢ = ten[’lji[?%)]"uo (t)"aa vuo (S (g (6)

Next, we will recall some basic definitions and facts.
The upper right Dini derivative of a function y € C((«,
B), X*) is defined as

dat ) y({t+h) -y@)
—y(t) =1 -
dty() 1}250111) h (7)

Let x € X* and ./ be an open neighborhood of x. For V €
C(/,RY) and v € X%, we define

D:V (x) := lim supV x+h) -V (x).
h— 0+ h

(8)

We will denote by u(t,x) the solution of (2), where
u(0,x) = x.

Definition 1. The system (2) is said to be exponentially
dissipative, if there exist positive numbers B, A, and p such
that

lu(t, x)ll, < Be M|xll, +p VE=0,x€X* (9

Lemma 2. Let /N be an open subset of X*. Assume that the
functionV: /' — R is Lipschitz; that is, there existsa Ly, > 0
such that

V) -V <Ly|x-y|, VxyeX* (10

Let u(t) be a solution of (2). Then,

+

%V (u(t)) = D;(u)V(u (t)), where g(u)=F (u)- Au.
(11)
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Proof. The detailed proof is contained in [12, 16]. Here, we
give a simple proof for the reader’s convenience. Making use
of Taylor formula, we observe that

V(u(t+h)-V(u()
=V(u@®)+gwh+o) -V (u®) W)
=V(u@®+gwh+o)-V(u®)+guh)
+V (u®) +g@h) -V ().
Since V(x) is Lipschitz, one easily sees that
V(u(®)+g@h+o®) -V (u@)+gwh) =oh). (13)
Therefore, by definition (7), we immediately deduce that

+

d
il (u(t)

, V(u(t+h)-V(u@®)
= lim sup
h— 0+ h

1 V(u®)+g@h) -V (u®)
= lim sup
h— 0+ h

(14)

=D,V (u(t).
The proof is finished. O

At last, we come to the main theorem on analytic
semigroup which is extremely important in the study of the
dynamics of nonlinear evolutionary equations [17].

Theorem 3 (fundamental theorem on sectorial operators).
Let A be a positive, sectorial operator on a Banach space X and

let e be the analytic semigroup generated by —A. Then, the
following statements hold.

(1) For any & > 0, there is a constant C,, > 0 such that for
allt >0

"A eiAt“ <Ct %™ (a>0). (15)

LX) —

(2) For 0 < « < 1, there is a constant C, > 0 such that for
t > 0 and x € D(A%)

e x - x| < Ct* | A%x] . (16)

(3) For every o > 0, there is a constant C, > 0 such that
forallt > 0andx € X

(2™ - e4) x"a <C,lhlt " xl.  7)

3. Main Results

In this section, we will prove our two main results: one is
converse Lyapunov theorem, and the other is robustness of
exponential dissipation to small time delay.
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Theorem 4 (converse Lyapunov theorem). Suppose that F :
X% — X in (2) is globally Lipschitz with Lipschitz constant L.
Suppose that the system without delay (2) is exponentially dis-
sipative. Then, there exists a function V : X* — R satisfying

Ixl2 - a <V (x) <blx|2 +c, (18)
D}V (x) < ~d||x|I’ + o, (19)
[V (%) =V ()| <Ly (Ixla + [¥], + D=5, (20)

forallx,y € X%, where g(x) = F(x) - Ax, a,b,c,d, 0, and L,
are appropriate positive constants.

Proof. Since the system (2) is exponentially dissipative, there
exist positive constants B, A, and p such that

lut, %), < Be Mlxll +p» VE=0,xeX* (21

Let T = In(2B)/A, and define V; as follows:

T
V, (x) := L lu (s, %)|2ds,  x € X (22)

By (21) and the elementary inequality, it is easy to check that

T
0<V;(x)< J (Bef’\sllx”a + p)zds
0

T
szjo (Be™|xls+p%)ds  (23)

BZ
< el + 27"

So, V, (x) satisfies the right inequality of (18).
Next, by the Lipschitz continuity of F, it is easy to verify
that there exists a constant C(T') > 0 such that

lee (£, %) = u (2, y)], < C (D) [|x = ¥,

(24)
Vx,y e X%, t€[0,T].
Considering (21) and (23), for any x, y € X%, we have
Vi () =V, ()]
T R 5
- L (hu (s, )12 = Ju (s, »)[.) ds
T
<o b=l [ (0l + s )l s
0 (25)

T
sC@ =yl [ [ (el Iyl + 20] ds

<C(T)[x - )’||[ (Ixly + |20l +2pT]ds

< Ly (Ixlly + 7] + 1) = ¥,
So, V;(x) satisfies (20).

3
Since
T 2
Vi (u(t,x)) = L 1t 5.1 (1, ) s
T
- J (¢ + 5, %) 2ds (26)
0
t+T 5
- j It s, ) 2ds,
t
by the choice of T' and (21), we have that
d
ng (u(t, x))
=t + T I2 - lut, )2
= Ju (Tou ()2 = llu (8, )2
2 —AT 2 @7
< —fu (6 1% + (Be M u &, ), + p)
< —llu (t, )12 + 2B M |lu (8, )12 + 2p°
1
<=3l 2 +2p°
Consequently, by Lemma 2,
dr _d
Dg(u tx))Vl (u(t,x)) = EVI (u(t,x)) = 5V1 (u(t,x)).
(28)

In particular, setting t = 0, one obtains that

Viw= 2 w0

1
< —|IxlI2 +20°  (29)
-0 2

which indicates that V] satisfies (19).
Now, let us define another Lyapunov function V,. We
firstly take a nonnegative function y(s) as

y (s) = max {52 - pg,O} , 20, (30)
where p, = (2B + 1)p. It is easy to check that y(s) satisfies

|y(s)—y(r)|§(s+r)|s—r|, Vs,r = 0. (31)

Now, we let

V, (x) = sstzlopy(Hu (s, 9)l,), VxeX" (32)
We firstly verify the following fact:

V, (x) = sup y (Jlu(s, x)l,), Vxe X" (33)

0<s<T

Indeed, if ||x||,, < 2p, then by (21)

< BeM

llee (£, %)l lxle+p<2pB+p=p,. (34)



According to the definition of y(s), we know that
p(lluls, x)ll,) = 0. Therefore, in case of ||x[|, < 2p, one tri-

vially has
V,(x) =0= supy(Jlu(s,x)l,)- (35)
0<s<T
If ||x[l,, > 2p, then by the choice of T we find that
AT l1xllo ||
lu(s,x)|l, < Be ™ |x]l, +p = +p<|xlly, Vs=T.
(36)

Since u(0,x) = x and y(s) is nondecreasing in s, one can
deduce the correctness of (33).

Next, we will check that V, also satisfies (20). By (33), (31),
(24), and (21)

V, (x)
= Ssup Y(”u (S»x)"zx)
0<s<T
e [ (e (s, )Mle) =y ([l (s, )]|)) + v (Jue (s, ), ]
< sup [y (lu (s, 0)la) =y (Ju (s, ) )]+ V2 ()

0<s<T

< sup (flu (s, 0)lly + u (s, y)[.,)

0<s<T

x [l (s, %)l = [l (5 )l + V2 ()
<CMx-a

X OsupT [Be As (Il + [Iy]l,) + Zp] +V,(y)

< CM [BIxla + [7]) + 201 | = ¥l + V2 ()

< Ly (el + ¥l + D = ylla + V2 ()
(37)

Next, we will check that for arbitrary x € X%, V,(x) is
bounded by

Ixl3 = py < V5 (x) < 2B?|x]); + 2p°. (38)

Firstly, according to the definition of y(s), it is obvious to see
that

sz—pggy(s)gsz,

Vs > 0. (39)
So, it follows that

Vs (%) = supy (llu (£, 2)Mla) = y (e (0, %))

(40)
=y (lxll,) > IxI - p2.
Recalling (21), we infer
luts, )l < Be ™lxlly + p < Bllxll,,  Vs20.  (41)
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Frequently, by the definition of V, and the monotonicity
property of y(s), we get

V, (x) <y (Bllxll, + p)
< (Blxll, + p)° (42)
< 2B%|Ix|Z + 2p.

So, we verify the correctness of (38).
Lastly we need to check that V, (u(t, x)) is nonincreasing
in t. Note that

V, (u(t, x)) = 51>10p y (||u (s,u(t, x))"a)
= Sl>10p Yy (”M (S +1, x)”oc) (43)
= Sl;l? Y (”M(S, x)"(x) .

It is easy to see the validity of our checking.
Now, let

Vix)=V, (x)+V,(x). (44)
Considering (23), (38), (25), (37), and (31), we can get the
validity of (18), (19), and (20). The proof is complete. O

In order to prove the second result, we need to verify the
following lemma.

Lemma 5. Suppose that f is globally Lipschitz with Lipschitz
constant L > 0, that is,
|f (erox2) = £ (

yoy)| < L% = nlle + 1% = 2200 »
(45

forany x;, y; € X%, and that the system (2) is exponentially dis-
sipative. Then, there exist By > 1 and 1, > 0 such that when
T < 7, any solution of (1) with initial value u, € € =
C([-7, 0], X*) satisfies

Ju (8 0l < Bo ([l + 1)

Proof. According to (45), it is easy to see that there is an M >
0 such that

1f Go )l < M (Il + 5] + 1),

Firstly, we prove that for arbitrary t € [0, 7], there exists B,
such that any solution of (1) with initial value u, € € =
C([-T, 0], X%) satisfies

VE>0,uy € G (46)

Vx,y e X*.  (47)

s (£ 10). < By ([[[woll, + 1) (48)
because u(t, u,) can be expressed as follows:

u()=e" ”0(0)+J e A f(s),u(s—1))ds
(49)

= ey (0) + J eI () (=) s,
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By (47) and (15), we can obtain
t
lu @®ll = A" O] < e A% (0] + L |a%e 4|
M (llu ()l + o (s = )|, + 1) ds

t
< Cullll, +MC, | (¢ =7 s @)ods
t
# MGl | (¢ 9
t
e Mifull, | (¢ 9s

t
< Collgll, +MC, | (¢ = 9 s
(50)

According to the Gronwall inequality, one easily sees that

(), = Callwoll, < By (ol + 1) 3

Now, we choose and fix B, and 7, with

3(bd + ad + cd + bo + ¢) 5 d
B, > , Ty < ————.
d 96bM, L L
(52)
Let v(t) = u(t, u,). We will show that
Iv®lly < By (||ve]|, + 1), Vt=7, (53)

where [lv,[|, = maxo ,[|v(s)l,-
We argue by contradiction and suppose that for some
solution v(t) = u(t, u,) of (1), it holds that

[Vl 2 B, (fvello + 1) (54)

for some t; > 7. Observing that B, > 1, we deduce that there
exists a ¢, > 7 such that

"V(t)”oc < BZ ("VT"(x + 1) >

[v(to)ll = By (fvel, +1)- (56)

for t € [1,t,), (55)

Thanks to Theorem 4, there is a Lyapunov function V/
satisfying (18)-(20). By Lemma 2, we find that

+

d
5V )

[V(ve)+hf (v(t),v(t—1)) — Av (D))

lims p1
= lim sup—
h— 0+ h

“V(v(®)]

< lim sup% [V(v(t)+hF(v(t) - Av(t)) -V (v(1))]

h— 0+

+lim sup% [Viv® +hf v@),v(t-1)))

h—0+

-V (v(t)+hF (v(t)) ]
= DyyepV (v(8))

+lim sup% [V(v(&)+hf (v(t),v(t-1)))

h— 0+

V(@) +hF(v() ].
(57)

By (47) and (55), we see that for t € [7,t,]

IE @)L f @), vt -0)

(58)
<M [2B, (||, +1)+1] =R

Denote by L, the Lipschitz constant of V on B(v(t), hR).
Then, we infer from (20) that

li;n supL;, < Ly (2llv ()], +1). (59)
— 0+

At the same time, from Lemma 3.3.2 of [18], we can show that
v(t) is locally Holder. That is to say,

lv(t—1)—v(©)ll, < Myr®, 8€(0,1-a). (60)

Therefore, on [, t,] we have that
d+

— Vvt

7 (v (¥)

< Dy V (v (1))
+ li;IlnsupLh lf v@,vt-1)-fv@®),v@®)|
— 0+

< D;( V (v(t)) + limsupL,L|v(t — 1) — v ()|,

h—0+

v(t)

< —dllvOI% +0 + Myt LLy (2lv (D), + 1)

< —d|v(®)I2 + 0 + Myt’LLy, 2B, (||v,]|, + 1) + 1],

(61)
because
[2B, ([vell, + 1) + 1]
< 2By(|vi]|, + D + 1]
< [2B, (||, + 1) + 2B,]° (62)

= 4B (v, + 27

< 168 (v, + 17"



According to (18) and (61), we find that
+

d d de

SV s - V@) + o

+32My°LLy By (vl + 1)% Vit € [n.8].
(63)

If we denote that
d cd

o =—

b’ (64)
C(|v.,) = 32Myw°LL, B2(|v.],, + 1)%,
then by the Gronwall inequality
V() <V)eht™

1 — t—1
o Sl (1-677) g
V@) + 5[+ C(vl,)).
1

Utilizing (18) again, we conclude that for t € [1,1,],

v < bl + <a bet ﬁ)

M
(66)
32 5 > 2
Mot LLyBy (v, +1)".
1
By the choice of B, and 7, one easily checks that
1, o, 1,
b< =B, a+c+— < =B,
372 A 32
(67)

32 1
ZMyTLLy, < -
A0 TV 3

Hence, in particular, for t = t,, we find that

v (to)ll < Ba(lvall + 1) (68)

This contradicts (56).
Now, the conclusion of the theorem follows immediately
from (48) and (53). And the proof is complete. O

Theorem 6. Assume that f is globally Lipschitz and the system
(2) without delay is exponentially dissipative. Then, the system
(1) with time delay is also exponentially dissipative.

Proof. Let u, € € and v(t) = u(t,u,) be the solution of
(1). According to Lemma 5, [v(t)ll, < B,(llv.ll, + 1) for all
t > 7, repeating the same argument as in (65), one easily sees
that the first inequality in (65) remains valid for all t > 7.
Furthermore, making use of (18), we deduce that

lvI2 —a<V @)

V@@ 4 [0+ (I,
1

< (b +¢) e M Ail

[ov+ C (el )]
(69)
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Frequently,
@I = (el + €)™ v - [or + C Il ),
Vt > T.
(70)
By (46), it can be easily seen that
v 12
< Cy(|fluoll, +1)%e™ ¢ = 7)
+7°C, (|, + 1)° + Cs (71)

G (ol + 1P
+ 78C2(|||u0|||“ + 1)2 +C,;, Vt>1,

where C; (i = 1,2, 3) are appropriate positive constants inde-
pendent of T and u,. For t € [0, 7], we have by (46) that

WO < B2 (|| + 1)%e™. 72)
Therefore, taking C ; =(C, + Bg)e)L 1% one concludes that
Iv )1 < Ci([ ol + 1)

(73)
+7°C, (|, + 1)* + Cs» VE= 0.

Now, we fixa T > 0 and 7 < 7, independent of 1, such
that

- 1 1
C;e MT < g, T(SCZ < g (74)
So,

1
o)l < 5 (ol + 1)+ Cs

s<%+%+\ﬁ)z, vVt >T.

Setting C, = 1/2 + +/C5, we find that

(75)

1
vl < E|||u0|||a +Cy, VE2T,u,€€.  (76)
Next, we will use mathematical induction to prove that
1
@l < elluoll,

1 1
+C0<1+E+~--+F>, Vt > T, uy € G,
(77)

where T} = k(T + 1).
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Indeed, let u, € €. If k = 1, then (77) clearly holds true.
Suppose that (77) holds for k = m; that is,

v @®)ll, < IIIuolll

1 1
+C0<1+E+...+W>, Vt>T,,u, €%6.
(78)

Then, in particular,

1
Iv®lla < S5 o]l

1 1

+C0(1+£+- +_2m_1), VtE[Tm,Tm_,_T]_

(79)
From (76), we know that
Iv(t+ T, + 1),
1 T o visT. )
=3 >
2te[— TO]||V(t+ +T)||o<+ 0> t>T.

If we consider t + T, + T as t, then the above can be rewritten
as

lvil, <= max |vOl,+Cy VE2T, +7+T.
2te Tt
(81)
From (79),
v ()l

1 1 1 1
<[l + (145 + 4 = )] + o0

1 1 ]
-l rCo1e e L),

Vt>T, +7+T.

(82)
Choosing 7 < 1, we conclude that
1 1 1
VOl < Sor ol + Co (1 Tyt z—m) (3)
Vte>T, +1+T =T,
Thus, we see that (77) holds for m + 1.
By (77), we know that
1
v ®lle < S llluo]ll +2Co,
B (84)
Vt € [Ty, Tysr]> o € €, k=1,2,....
Furthermore, by Lemma 5, we see that
B,
Iy )l < S ol + por )

Vt € [T, Tinr], tg €6, k=0,1,2,...,
where p, = 2C; + 1.

We observe that t/(T'+ 1) € [k, k+1] whent € [T}, Ty, ],
so we infer from (85) that

B
v @l < S ol + o

2B,
= 2 Ml + o)
< 2B2 [luo |, + po>
Vt € [Ty, Tysr]> g € €, k=0,1,2,...,
where o = 1/(T + 1). So, we easily see that

vl < 2Be2 *|uol, + po» VE=0,uy€F.  (87)

This completes the proof of the theorem. O
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