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This study presents an effective approach to realize the optimal H* exponential synchronization of multiple time-delay chaotic
(MTDC) systems. First, a neural network (NN) model is employed to approximate the MTDC system. Then, a linear differential
inclusion (LDI) state-space representation is established for the dynamics of the NN model. Based on this LDI state-space
representation, this study proposes a delay-dependent exponential stability criterion of the error system derived in terms of
Lyapunov’s direct method to ensure that the trajectories of the slave system can approach those of the master system. Subsequently,
the stability condition of this criterion is reformulated into a linear matrix inequality (LMI). Based on the LMI, a fuzzy controller
is synthesized not only to realize the exponential synchronization but also to achieve the optimal H* performance by minimizing
the disturbance attenuation level. Finally, a numerical example with simulations is provided to illustrate the concepts discussed

throughout this work.

1. Introduction

In practice, due to information transmission, time delays
naturally exist in many systems. The existence of time delay
is frequently a source of instability and is encountered in var-
ious engineering systems [1-5]. Consequently, the problem
of stability analysis in time-delay systems remains a major
focus of researchers wishing to inspect the properties of such
systems.

Since chaotic phenomenon in time-delay systems was
first found by Mackey and Glass [6], there has been increasing
interest in time-delay chaotic systems. Chaos is a well-
known nonlinear phenomenon, and it is irregular, seemingly
random and extremely sensitive to initial conditions [7].
Based on these properties, chaos has received a great deal
of interest among scientists from various research fields [8-
12]. One of its research fields for communication, chaotic
synchronization, has been investigated extensively.

The chaotic synchronization proposed by Pecora and
Carroll in 1990 [13] is intended to control one chaotic system
to follow another. Since the introduction of this concept, var-
ious synchronization approaches, such as nonlinear feedback
control [14] and adaptive control [15], have been widely
developed in the past two decades. Chaos synchronization
can be applied in the vast areas of physics and engineering
science, especially in secure communication [16]. Therefore,
chaotic synchronization has become a popular study [14-23].

In real physical systems, some noises or disturbances
always exist that may cause instability and thereby destroy
the synchronization performance. Hence, how to reduce the
effect of external disturbances in synchronization process
for chaotic systems is an important issue [24, 25]. The H®
control has been conferred for synchronization in chaotic
systems over the last few years [24-28]. And the H* synchro-
nization problem was also investigated extensively for time-
delay chaotic systems (see, e.g., [25, 29-31]). Accordingly,



the objective of this study is to realize the exponential
synchronization of multiple time-delay chaotic (MTDC) sys-
tems, and at the same time the effect of external disturbance
on control performance is attenuated to a minimum level.

Neural-network- (NN-) based modeling has become an
active research field in the past few years due to its unique
merits in solving complex nonlinear system identification
and control problems [32-37]. Over the past decade, fuzzy
control has rapidly developed in both the academic and
industrial communities and there have been many successful
applications. Despite the successes of fuzzy control, it has
become evident that many basic problems remain to be
solved. Stability analysis and systematic design are certainly
among the most important issues for fuzzy control systems.
Lately, there have been significant research efforts devoted
to these issues (see [38-41]). However, all of them neglect
the modeling errors between nonlinear systems and fuzzy
models. The existence of modeling errors may be a potential
source of instability for control designs based on the assump-
tion that the fuzzy model exactly matches the nonlinear plant
[42]. Recently, Kiriakidis [42], Chen et al. [43, 44], and Cao
et al. [45, 46] proposed novel approaches to overcome the
influence of modeling errors in the field of model-based fuzzy
control for nonlinear systems.

Consequently, an effective method is proposed via
neural-network- (NN-) based technique to realize the opti-
mal H* exponential synchronization of multiple time-delay
chaotic (MTDC) systems in this study. Based on the above,
the trajectories of slave systems can approach those of master
systems and the effect of external disturbance on control
performance is attenuated to a minimum level.

This study is organized as follows. The system description
is arranged in Section 2. In Section 3, a robustness design
of fuzzy controllers is proposed to realize the optimal H®
exponential synchronization. The design algorithm is shown
in Section 4. In Section 5, the effectiveness of the proposed
approach is illustrated by a numerical example. Finally, the
conclusions are drawn in Section 6.

2. System Description

Consider a pair of multiple time-delay chaotic (MTDC)
systems in master-slave configuration. The dynamics of the
master system (N,,,) and slave system (N,) are described as
follows:

N, X =fXE)+ Y H(X(t-7)), )

k=1

NgE

N:X @) = f(X®)+ YH (X (t-7))+BU®) +3 (),

)

k=1

where f(-) and Hi(-) are the nonlinear vector-valued
functions, d(¢) denotes the external disturbance, 7, (k =
1,2,...,m) are the time delays, and U(¢) is the control input.
Moreover, X(t) and X(t) are the state vectors of N,, and N,
respectively.
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FIGURE 1: An NN model.

In this section, a neural network (NN) model is first
established to approximate the MTDC system. The dynamics
of the NN model are then converted into a linear differential
inclusion (LDI) state-space representation. Finally, on the
basis of the LDI state-space representation, a fuzzy controller
is synthesized to realize the synchronization of MTDC
systems.

2.1. Neural Network (NN) Model. The MTDC system can be
approximated by an NN model, as shown in Figure 1, that has
S layers with J° (0 = 1,2,...,S) neurons for each layer, in
which x,(t) ~ x;(t) are the state variables and x,(t — 7;) ~
x,(t—1,,), x,(t —1;) ~ x5(t — 7,,,) are the state variables with
delays.

To distinguish among these layers, the superscripts are
used for identifying the layers. Specifically, we append the
number of the layer as a superscript to the names for each
of these variables. Thus, the weight matrix for the oth layer
is written as W°. Moreover, it is assumed that vg(t) (¢ =
,2,...,J% 0 = 1,2,...,8) is the net input and T(vg(t)) is
the transfer function of the neuron. Subsequently, the transfer
function vector of the oth layer is defined as

¥ (1) = [TOFO)T (5 1) T (v )]

o=12,...,S,

3)

where T(v?(t)) (¢ = 1,2,...,J°) is the transfer function of
the ¢th neuron. The final output of NN model can then be
inferred as follows:

X(t) _ “I’S (WS\I,S—l (WS_I\PS_Z

x ( L2 (Wz\l,l (WIA (t))) ... ))2:1)
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where
AT =[x"@) X" (t-1)] (5)
with
X(0) =[x 0%, (0) x5, ()],
X(t-1)=[x;(t—-1)x, (t—7,) %, (t - 77) (6)

coxg(t-1,)]" fork=1,2,...,m.

2.2. Linear Differential Inclusion (LDI). To deal with the
synchronization problem of MTDC systems, this study
establishes the following LDI state-space representation for
the dynamics of the NN model, described as [47, 48]:

Ot =A@®)O®),

! ~ @)
A@(t) =Y hi(a(®) A,
i=1

where ¢ is a positive integer, a(t) is a vector signifying the
dependence of 4;(+) on its elements, Zi (i=12,..,¢)are
constant matrices, and O(t) = [0,(t) 0,(t) --- oN(t)]T.
Furthermore, it is assumed that h;(a(t)) > 0 and
Z?:l h;(a(t)) = 1. Based on the properties of LDI, without
loss of generality, we can use h;(t) instead of h;(a(t)). The
following procedure represents the dynamics of the NN
model (4) by LDI state-space representation [47].
To begin with, notice that the output T(v‘c’(t)) satisfies

V2 ) <T(V (1) < glv2 (1), v ()20, o
8
g, O T (V1) < govi 0, ¥ () <0,

where g, and g7; denote the minimum and the maximum
of the derivative of T(vg(t)), respectively, and are given in the
following:

dar (V2 (t
minM when ¢ =0,
o v avl(t) ©)
Yep = -
@ dT (v (1)) . 1
max———— n = 1.
Y

Subsequently, the min-max matrix G° of the oth layer is
defined as follows:

g -
g, 0 0 0
0 g5, 0 . 0
G’ = diag [ gg%] = 0 0 g5, O N R (1)
: 0 . 0
a
i 0 o - 0 Iy, |

Moreover, based on the interpolation method, the transfer
function T(vf(t)) can be represented as follows [47]:

T (vg’ (t)) = (hg’o (1) g% +hS () gjl) V7 ()

1 (11)
= < zhqu () gf(,,) ve (0),
=0
where the interpolation coefficients hgp(t) € [0,1] and

Z;;:o h‘:(p(t) = 1. Equations (3) and (11) show that

¥ ()= [TOE®) TOE®) - T(W )]

1 1
(S0, )10 3,00, )
¢1=0 $,=0

T
1
x5 (t) - < Z h‘]fgw (t) gfg¢/> Vo (t)] .
#=0

(12)

Therefore, the final output of the NN model (4) can be
reformulated as follows:

1
X(t) =) h,G
p=0
1
><<WS [...[thn(t)c;z
n=0
1
x <w2 [ Y hy (6 G

b=0

)

e Y YRS () B, () B, () WP

0 n=0b=0

< (W'A®)

1
P:
- GWAG'W!A (1)
= Y o () CHA (1),
Q

(13)



4
where
1
Y hiy(t) = Zh b, () Zh%z ® Zh,lb (),
b=0 b=0
1 1 1
PHAGCE thnl ® ) h§n2 () Zh,z 1),
n=0 n=0 n,=0 ny=0
(14)
1 1
T O= T, O 3 H 0 T H 0
=0 P=0 py=0

1 1 1
thn (t) = Z Z Z (t)-h2, () (b)),
S "G2W2G1W1

and bc, Nes Pe (¢ = 1,2,...,]%) represent the variables 0]
of the ¢th neuron of the first, second, and the Sth layer,
respectively. Finally, according to (7), the dynamics of the NN
model (13) can be rewritten as the following LDI state-space
representation:

¢
X(t) =Y h () CA®), (15)

i=1

where h;(t) > 0, Zle h;(t) = 1, ¢ is a positive integer, and C;
is a constant matrix with appropriate dimension associated
with Cg). Moreover, the LDI state-space representation (15)
can be rearranged as follows:

¢ m
X(t) =Y h(t) {A,.X (1) + ) Ay X (t —Tk)} ,  (16)

i=1 k=1

where A; and A;; are the partitions of C; corresponding to the
partitions of A (¢).

From the above, the NN models of the master and slave
chaotic systems are described by the following LDI state-
space representations (17) and (18), respectively:

¢ m
Master: X (t) = Zhi (1) {AiX () + ZzikX (t- Tk)]»
k=1

17)

2.3. Fuzzy Controller. According to the control scheme, a
fuzzy controller is utilized to make the slave system synchro-
nize with the master system.
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The fuzzy controller takes the following form:
Control Rule I:
IF e, (t) is My and --- and es (t) is M5

(19)
THEN U (t) = -K,E (¢),

where ] = 1,2,..., p, and p is the number of IF-THEN rules
of the fuzzy controller and M), (= 1,2,...,0) are the fuzzy
sets. Hence, the final output of this fuzzy controller can be
inferred as follows:

P w () KE ()
le=1 wy (t)

Ut) = —
(20)

p —
- Yh O KE®),
1=1

with wy(t) = [T)_ My, (e, ), hy(t) = w®/(E w(b),
in which Ml,](e,](t)) is the grade of membership of eq(t) in
M, In this study, it is also assumed that wy(t) > 0 (I =

2,...,p) and Zle w(t) > 0 for all ¢. Therefore, ljll(t) >0
and )7 hy(t) = 1 for all ¢t.

3. Robustness Design of Chaotic
Synchronization and Stability Analysis

In this section, the synchronization of multiple time-delay
chaotic (MTDC) systems is examined under the influence of
modeling error.

3.1. Error Systems. From (1) and (2), the synchroniza-
tion error is defined as E(f) = X(@) - X(t) =
[e; (1), e,(t), ... ,65(t)]T and then the dynamics of the error
system under the fuzzy control (20) can be described as
follows:

E@)=T+0(t) -

¢ ¢ p o
Y YR )Ry (1)

i=1j=1i=1

x {D,,E(t)+ (A;-A,)X ()

+ ki (jjk - Zik) X (t-7)
+§ZikE (t- Tk)}

¢ ¢ p o
XACIAGLIG

i=1j=11=1
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X {D,.,E ) +(A;-A)X ()

+ (jjk - Zik) X(t-)

Mz

=
Il

1

AyE(t - Tk)}

+
NgE

k=1

¢ P _
=) YOk )

i=11=1

X {D,-ZE (t) + izikE (t—‘rk)}

k=1

+0(t)+D(t),

(21)
where D; = A; — BK],
T=f(X®)+ Z (X (t-m))+U ),
k=l (22)
[=f(X()+ ZHk (X (t-7))
k=1
with

Ut) = Zhl () KE(t),

¢ p
d(t)=T- {Z Y hi ()l (6) [DyE()  (23)

i=11=1

3

+kz _ikE(t—Tk)]}.

=1

Suppose that there exists a bounding matrix AY; such that

¢ p
IO @I < | Y. Y hi (1) hy () AY,E (1) (24)
i=11=1

for the trajectory E(t), and the bounding matrix AY}; can be
described as follows:

AYI = KIIY (25)

where Y is the specified structured bounding matrix and
lxyll < 1fori = 1,2,...,¢;1 = 1,2,..., p. Equations (24)
and (25) show that

T

o p _
o (D (D) < [Z Y hi () hy (t)AYilE(t)]

i=1]=1

¢ p
X [Z > hi () By (1) AY, zE(t)]

i=11=1

P -
> Y O IYE D] ]

11=1

M'S

¢ p _
x Y N hy () by (8) |k IYE (0]
i=1]=1

<YE®|]"[YE®] <E'®Y'YE®).

Namely, O(t) is bounded by the specified structured bound-
ing matrix Y.

Remark 1 (see [43]). The following simple example describes
the procedures for determining «; and Y. First, assume that
the possible bounds for all elements in AY}; are

1 12 13
Ayzll Ay~ Ayy
22 23
AY; = Ay;' Ayt Ay X (27)
Ayy' Ayy Ay

where -y < Ay® < y* for some y with ¢, s = 1,2,3;
i=12,...,¢;and [ =1,2,...,p.
A possible description for the bounding matrix AYj; is

LN | P
AYy; =10 «j 03 yoyTy

} = KilY’ (28)
0 0 K?l y31 y32 y33

where -1 < «1 < 1for q = 1,2,3. Notice that «; can be

chosen by other forms as long as [lx;|| < 1. Then, we check
the validity of (24) in the simulation. If it is not satisfied, we
can expand the bounds for all elements in AY}; and repeat the
design procedure until (24) holds.

3.2. Delay-Dependent Stability Criterion for Exponential H>
Synchronization. In this subsection, a delay-dependent cri-
terion is proposed to guarantee the exponential stability of
the error system described in (21). Moreover, in real physical
systems, some noises or disturbances always exist that may
cause instability and thereby destroy the synchronization
performance. To reduce the effect of the external disturbance,
an optimal H* scheme is used to design the fuzzy control so
that the effect of external disturbance on control performance
can be attenuated to a minimum level. In other words, in this
study, the fuzzy controller (20) not only realizes exponential
synchronization but also achieves the optimal H* control
performance.



Prior to the examination of the stability of the error
system, some definitions and a lemma are given next.

Definition 2 (see [49]). The slave system (2) can exponentially
synchronize with the master system (1) (i.e., the error system
(21) is exponentially stable) if there exist two positive num-
bers e and f3 such that the synchronization error satisfies

IE@I <aexp(-B(t-t)), Ve=0.  (29)

The positive number f is called the exponential convergence
rate.

Definition 3 (see [24-28]). The master system (1) and slave
system (2) are said to be exponential H* synchronization if
the following conditions are satisfied:

(i) in the case of 0(t) = 0, the error system (21) is
exponentially stable,

(ii) under the zero initial conditions (i.e., E(t) = 0 for t €
[~Tmaw 0], in which 7, is the maximal value of 7;s)

and a given constant y > 0, the following condition
holds:

O(E®),d(t) = JOO ET (1) E (t)dt —* ro ol (H)o(t)dt
0 0
<0,

(30)

where the parameter y is called the H*-norm bound or the
disturbance attenuation level. If the minimum y is found
(i.e., the error system can reject the external disturbance as
strongly as possible) to satisfy the above conditions, the fuzzy
controller (20) is an optimal H* synchronizer [25].

Lemma 4 (see [50]). For the real matrices A and B with
appropriate dimension, one has:

ATB+BT'A<2ATA + 17'B"B, (31)

where X is a positive constant.

Theorem 5. For given positive constants a and n, if there
exist symmetric positive definite matrices P, yy and positive
constant ¢, y such that the following inequalities hold, then
the exponential H™ synchronization with the disturbance
attenuation y is guaranteed via the fuzzy controller (20):

y > em, (32a)
m T m
Ay= Y nDyP+ Y PDy
k=1 k=1
m
+ ZT,sz (c_1 +n ma_l)
k=1 (32b)
m
+ Yy nmY Y + 1
k=1
<0,
P
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where Dy = A; — BK, fori = 1,2,...,¢; k = 1,2,...,m and
I=1,2,...,p
Proof. See the appendix. O

Remark 6. Based on (24), ®(t) is assumed to be bounded
by the specified structured bounding matrix Y and then the
larger ®(t) results in larger Y. Since the matrices A; must
be negative definite to meet the stability condition (32b), the
larger Y will make Theorem 5 more difficult to satisty.

Corollary 7. Equations (32b) and (32c) can be reformulated
into LMIs via the following procedure.

By introducing the new variables Q = P™', F, = K,Q, and
v = QuQ, (32b) and (32c) can be rewritten as follows:

Mz

7. {QAT - F/B" + A,Q - BF}

k=1
m
+ Zr,f (c_1 +n 4 ma_l)I
k=1 (33a)
m
+ ) Y +mmQY ' YQ+Q'Q
k=1
<0,
T—T — —
maQ Ay ApQ -y, <0 (33b)
fori=12,....,¢;k =1,2,...,myandl = 1,2,...,p. Based

on Schur’s complement [47], it is easy to show that the linear
matrix inequalities in (33a) and (33b) are equivalent to the
following LMIs in (34a) and (34b):

g Qy” ]
[YQT 1) < (34a)
— ZT
[_“//k Qddy ]<o, (34b)
A Q —(am) I
where
E= ) 1QA] - ) 1, F B
k=1 k=1
+ Y 1 AQ- ) 7 BF,
k=1 k=1
(34¢)

+
Mz
W‘h‘l\)

-1 -1 -1
(c +n  +ma )I

kol
Il
—_

tQQ

+

Mz

k=1
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Therefore, Theorem 5 can be transformed into an LMI
problem, and efficient interior-point algorithms are now avail-
able in MATLAB LMI Solver to solve this problem.

Corollary 8 (see [51]). To verify the feasibility of solving the
inequalities in (34a), (34b) by LMI Solver (MATLAB), the
interior-point optimization techniques are utilized to compute
feasible solutions. Such techniques require that the system of
LMLI is constrained to be strictly feasible; that is, the feasible
set has a nonempty interior. For feasibility problems, the LMI
Solver by feasp (feasp is the syntax used to test feasibility of a
system of LMIs in MATLAB) is shown as follows:

Find x such that the LMI L (x) <0 (35)

(in this study, (35) can be represented as (34a), (34b))
as

Minimize t subject to L (x) <t x L. (36)

From the above, the LMI constraint is always strictly
feasible in x, t and the original LMI (35) is feasible if and only
if the global minimum t min of (36) satisfies t min< 0. In other
words, if t min< 0 will make (34a) and (34b) satisfied, then
the stability conditions (32b) and (32c) in Theorem 5 can be
met. Then, the obtained fuzzy controller (20) can exponentially
stabilize the error system, and the H® control performance is
achieved at the same time.

Remark 9. To reduce the computational burden, this study
sets the positive constants a and » as unity.

Remark 10. It is an important issue to reduce the effect of
external disturbances in synchronization process. The H*-
norm bound y is generally chosen as a positive small value
less than unity for attenuation of disturbance. A smaller
y is desirable as this yields better performance. However,
a smaller y will result in a smaller ¢, making the stability
conditions (32b) more difficult to satisfy.

Corollary 11. To achieve optimal H™ exponential synchro-
nization, the fuzzy control design is formulated as the following
constrained optimization problem:

minimize Y > \cm
subject to Q = Q' >o, (37)
V.=, >0, (34a) and (34b).
More details to search the minimum vy are given as follows.
The positive constant ¢ is minimized by the mincx function

of MATLAB LMI Toolbox. Therefore, the minimum distur-
bance attenuation level y,,;, > /G, can be obtained.

The complete design procedure can be summarized in the
following section.

4. Algorithm

Problem 1. Given two multiple time-delay chaotic systems
with different initial conditions, how can a fuzzy controller be
synthesized to realize the optimal H* exponential synchro-
nization?

This problem can be solved according to the following
steps.

Step 1. Construct the neural network (NN) models of the
master system (1) and the slave system (2), respectively. On
the basis of the interpolation method, the NN models are then
converted into LDI state-space representations.

Step 2. According to the state-feedback control scheme, a
fuzzy controller (20) is synthesized to exponentially stabilize
the error system.

Step 3. Define the synchronization error E(t) = X(t) -
X(t), and then the dynamics of the error system (21) can be
obtained.

Step 4. Based on Corollary1l, the positive constant ¢ is
minimized by the mincx function of MATLAB LMI Toolbox
and then we have the minimum disturbance attenuation level.

Step 5. The matrices P, F;, and ¥, can be obtained with the
minimum disturbance attenuation y,,;.,.

5. Numerical Example

The following example is given to illustrate the effectiveness
of the proposed algorithm.

Problem 2. The purpose of this example is to synthesize a fuzzy
controller to achieve optimal H* exponential synchroniza-
tion. Consider a pair of modified multiple time-delay Chen’s
chaotic systems in master-slave configuration, described as
follows:

X (£) = 35(x, (t) — x; (1)),
X, (t) = = 7x; (t = 0.15) — x; (¢) x5 (t) + 28x, (t — 0.055)
X5 (t) = x; () x, (t) — 3x5 (t - 0.12),
(38)
X (1) = 35 (%, (1) = %, (1) + 0 (1) +uy (B),
X, (t) = =7%, (t — 0.15) — X, (t) X5 () + 28X, (t — 0.055)
+0(t) +u, (1),

X (1) = %) () %, () = 3%5 (£ — 0.12) + 9 (£) + us (£) ,
(39)
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FIGURE 2: (a) Chaotic behavior of the master system (38). (b) Chaotic behavior of the slave system (39) without control.

where [x,(t) x,(t) x,(t)]7 and [X,(t) %,(t) %,(t)]" are
the state vectors of master and slave systems, respec-
tively. Let the different initial conditions of master and
slave systems be [x;(0) = -0.5 x,(0) = -2 x5(0) = 6] and
[%,(0) =1 X,(0) =2 Xx;(0) = —1], and let the external dis-
turbance o(t) = 0.5 sin(2.3t).

Figures 2(a) and 2(b) show the chaotic behaviors of the
master (38) and slave (39) systems, respectively.

Solution. We can solve the above problem according to the
following steps.

Step 1. Establish the NN models for master and slave sys-
tems via back propagation algorithm, respectively. First, the
NN model to approximate the master chaotic system is
constructed by 4-5-3, and the transfer functions of all hidden

neurons are chosen as follows:

r(zo)-{;

2
1 +exp (—v‘c7 () /0.5)]

_ 1}
(40)

for o =1,2.

On the other hand, the transfer functions of all output
neurons are chosen as follows:

T (v (1) = (t), foro=3. (41)
After training, we can obtain the following the connection
weights (the indices in W state that the weight of the oth

layer in the NN model represents the connection to the ¢th
neuron from the 9th source):

Wl
1 -3
- [wh] =10
-2.2596  1.9650  -0.0363 —0.0032 -508.2983 —548.8484 632.4534 0.0048 563.0571 790.8728 —126.7520 —0.0013
—15.5783 -27.7458 -63.4663 1.0173  586.7615 —331.7273 682.0762 0.4348 904.2274 -284.3785 413.0475 -4.4174
70.0573 -51.6754 2.1679  0.2317 807.5113 -966.2829 -831.8849 -0.2983 217.1861 —763.1395 788.9868 0.0089
52.1919 -18.8304 -51.5188 1.8090 814.8914 -164.8514 939.5783 -1.5049 -391.4165 -277.6515 -780.2455 -3.8781
90042.4610  265.5050  1364.4214 —132.9508
-99246.709  772.631  -4313.1671 605.4461
W? = [W5] =107 x | -221487.76 —1715.2506 —9271.4255 —413.9966 |,
~6724.7569 0949.6135 —624.7541 —433.4421
93499.239 —735.4193 4088.0257 —-799.674

349642.81 39165.768 —13541.566
W = [W3] =107 x | 7029312 84431823 11737651 —667488.67 393028.9
82032.708 5430424.3 —402721.53 -952938.89 5075605.6

Then, the net inputs of the oth (¢ = 1,2, 3) layer are

Ve (1) = Waxy () + Wox, () + Wy, ()
+ Wy (E=0.15) + Wi - 0+ W - 0

—87345.175 56762.8100

(42)
+ W) -0+ Whx, (£ - 0.055) + Wiy - 0
+ ‘/Vcllo 0+ WS11 -0+ Wjux2 (t-0.12),
¢=123,4,
(43a)
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Vi) = WAT (v} (1) + WAT (v (1))
+WAT (v () + WAT (v (D), (43b)
¢=1,2,3,4,5,
v (t) = WAT (vi () + WST (v3 (1))
FWET (v () + WaT (v ()

+WIT (2 (1), ¢=1,23,

(43c¢)
aop [T00)
Xm=[@aﬁ=idém) (43d)
X3 (t) T (V; (t))

(the symbol v{ denotes the net input of the gth neuron of the
oth layer in the NN model, and the indices ¢ and ¢ shown in
K, (¢ = 1,2) indicate the same thing).

According to (9), the minimum and the maximum of the
derivative of each transfer function shown in (40) and (41)
can be obtained as follows:

1 2 3
ch = qu = O’ ch = 1’

(44)

1 2 3
9a=9a=9,=1 for¢=12,...,]
To simplify the notation, we let gio = gé, 921 = gi, gfo —

2 2 2 3 3 3 3
90 90 = 91> 90 = 90> and 9o = 9i- Then, based on the
interpolation method, we have

1 5
Xy ()= Y by, (1) g5 > WiT (v2 (1))
d=0 ¢=1

1 5
= Y Mg (®) g3 ) Wi (K (0 g5 + 15 (0 g7)
d=0

¢=1

4
x Y WAT (v, )
v=1

5

1
= Y (0 gy ) Wi (K (1) go + 12 (B g7)
d=0 ¢=1
4
x Y Wa (oo (£) go + hyy (1) g1) v,y (£)
v=1
1 5
= Y, (0 g5 Y Wr. (hy (8) go + 2, (8) g7)
d=0 ¢=1
1 1 1 1
XD DY Iy (6 Ry, (6) By, (6) By, (1)
s=0p=0r=00=0

(Wi () + g,Wav, (1)

+ gerév; (t) + géWiv}l (t))

1
= 2 g
d=0

1 1 1 1
DIIPIPIPWACLAC

c=01=0k=0m=0n=0

x hy, (t) h5, (t) H2, (t)

1 1 1
NN YR )k, (6 B, () B, ()

$=0p=07=00=0
X (gfwflgslwlzlvi ()
+ 9c2W131 g;szv; (t)
+ 9c2W1319r1W123V; ()
+ gc2W1319;W124V}1 ()
+GWhg Wiy (1)
+ glzwfzgzlawzzzvé (t)
+ g Wihg, Wiy (1)
+ G Wi g, Wayvy (1)
+ GeWisg: Wiy, (8)
+ gliW1339;W322V; (t)
+ GeWi3 g, Wisvs (£)
+ GeWi3 9, Wiyvy (£)
+ gﬁqwligslelvi (t)
+ gﬁqwlilg]l)WAfZV; (t)
+ gﬁle134gr1W423V; (t)
+ gan134g;W424Vi (t)
+ ginsgsl Wszlvi ()
+ g Wisg, Wy, ()

+ ginSngWév; (t)

+ ginsgcl,Wsiv}l (t)) >

1 5
X6 =Y I (1) g,y WoT (v: (1))
e=0 ¢=1

1 5
= 2 (0 3. Yy Wy (o (0 g0 + 1y (1) 97)
e=0 ¢=1
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4
X ZVVCZUT (vll) (t))
=1

1 5
= Y I (t) go Y Wy, (K2 () go + 2y () g7)
e=0

¢=1

X

M=

W2, (hyo (1) go + hyy (8) g1 ) v, (8)

v=1

N

5
e (1) g, Y W (R () g3 + 12, (1) 97)
0 ¢=1

o
I

1 1 1 1
XYY Y Y O, () hy, (£ hy, ()
s=0p=0r=00=0
(gWivi (0 + g;,wjzv; (t)
+ g WAV, () + g Wi ()
1

1 1 1 1 1
aACESIISISISWAOLACEAC
e=0

c=0]=0k=0m=0n=0

(=}

x hy () h2, (t)

1 1 1
NN YRl )k, (6 B, () B, ()

$=0 p=07=00=0
X (9§W231951W121V} (t)
+ G W g, Wiy ()
+ G Wor g, Wiy (1)
+ giW51 9, Wryvy (1)
+ glzwjzgslwzzlvi (t)
+ 512W2329;W222V; (t)
+ G/ Wi g, Wy vy (1)
+ 912W2329$W224V411 (t)
+ giW%gle;lvi (t)
+ giW%g;W;zv; (t)
+ GiWasg, Wisvs (1)
+ giW;géWivi (t)
+ gan234g51W421 V} (t)
+ g;Wig;szv; (t)

21,3 11,2 1
+ 9, W549, W35 (1)

Abstract and Applied Analysis

+ G Wag,Wigvs (1)
+ gﬁszgsl Wszl"} (t)
+ gﬁWfsg;W;zvé (t)
+ 9, Wosg, Wasvs (1)

+ giwz?’sgiwszﬂ}t (t)) >

1 5
2 (t)= Y I, (0 gy Yy WaT (v (1))
f=0 ¢=1

5
1, (6) gy Y Wa (I () g + 12, (8) 47)

¢=1

1
—
-

WA (1)
v=1

1 5
= Y (6 g}y War (K (1) gg + 12 (B) g7)
f=0 ¢=1

M=

x Y W2 (o (£) go + hyy (1) g1 ) v, (1)

v=1

5
= hgf (t) g} ZW;c (hzo (t) g(z) + hzl (t) g%)

0 =1

M-

f
1 1 1 1

XY YN Y Ok, O, 6k, (®)
s=0p=0r=00=0

(GiWin () + g, Wy, () + g, Wivs (©)

+gaWZvy (1)

1 1 1 1 1 1

DO I ROLAAGLAG)

f=0 c=01=0k=0m=0n=0

x h () h2, (t)
2 2 2 2
I RO OL RO

X (9§W331gs1W121Vi (®)
+ 93W331911>W122V; (t)
+9W3 9, Wiy (1)
+ 9§W331g3W124V}1 (t)
+ G W g Wy vy (1)
+ glzws?’zg}lawzzz"; (t)

20473 11,2 1
+ g, W39, Wy3v; (1)
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where

20,73 11,2 1
+ g W39,Wauvy (1)
2473 1,2 1
+ g W39, Wi vy (1)
2473 112 1
+ g Ws39,Ws,v, (1)

21053 1,2 1
+ géw%,,gﬁW?v% (t)
+ giW339,Wsqvy (1)

+ gan334g51W421Vi (t)
+ G Wi, Wiy ()
+ gan;gerZSV; (t)
+ gfnwsigiwjﬂi (t)
+ 9ZW335g51W521V} (®)
+ g, Wis9,Wayvy ()

2103 1,2 1
+ g, W59, W35 (1)

+ gﬁw3359(1)W524V}1 (t)) .

(45)

1 1 1 1 1 1 1 1 1 1 1 1
NOEDIDIDISIISIDIDISISIPIPR A LA ACEACLACLACEMOLAG
d=0e=0f=0c=0/=0k=0m=0n=0s=0p=0r=00=0

’ h}s (t) h;p (t) h;r (t) héllo (t) {Adefclkmnsprox )+ Zdefclkmnsprolx (t-0.15)

11
Based on (10), let
1
gl 0.0 0
1
Go|9 9% 01 ol
0 0 g o0
0 0 0 g,
g> 0 0 0 0
0 gg 0 0 0
2 46
Gy={0 0 gt 0 0], (46)
00 0 g% 0
000 0 g
g, 0 0
G=|0 g 0
3
0 0 g5
Then,
31473, 27472
Edefclkmnspraq =GWGW GIWI = [YERN]_%XIZ’
(47)
R=1,23 R=1,2...,12
Plugging (43a)—-(43c) into (45) leads to
(48)

+ ZdefclkmnsproZX (t—-0.055) + ZdEfclkmnspro?yX (t- 0.12)} R

Y1 1 Yl 2 Y1 3

Adefclkmnspro = YZ 1 YZ 2 YZ 30>
31 Y3 2 Y3 3
_ [ Yl 4 Yl 5 Y1 6
Adefclkmnsprol = Y2 4 Y2 5 Y2 6 |
L YS 4 Y3 5 Y3 6
_ [ Yl 7 Yl 8 Yl 9 ]
AdefclkmnsproZ =| Y5y Yog Yoo |,
Y3 7 Y3 8 Y3 9

Y1 10 Y1 11 Y1 12

AdefclkmnsproS = Y2 10 Y211 Y2 12 | »
310 Y311 Y3 12

X () = [x,(0) %0 x®],
X (t-0.15) = [x, (t = 0.15) 0 0]",
X (t—0.055) = [0 x, (t —0.055) 0],

X(t-0.12)=[0 0 x;(t-0.12)]".

(49)

Next, by renumbering the matrices shown in (48), the NN
model of master system can be rewritten as the following LDI
state-space representation:

4096

3
X (@)=Y h(t) {AiX (6)+ ) AyX (£ - Tk)}" (50)
i=1 k=1
where 7; = 0.15, 7, = 0.055, 73 = 0.12,
A = Agoooo0000000> - - > Ad0e5 = At111111111100

A4096 = A
Ar1 = Ag0000000000 1> - - > Aa0951 = Ati1111111110 1>
Ayoos1 = At v
_ _ (51)
A1z = Ag00000000002> - - - > Aaoes2 = Art11111111102>
Ayoo62 = Attnniniin 2
A13 = Ag000000000003> - - - » Asgos3 = Arti1i11111103

Ayo963 = Attt -
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Similarly, the connection weights of the NN model for
the slave system are obtained as follows:

Abstract and Applied Analysis

W= ) - 107
133.4435 -0079.5049 -17.6211 3.3882 -—225.1168 -64.0209 -954.1527 -3.4193 480.1857 754.7737  707.4367 —2.159
—62.4012 53.2513 —4.9754  0.4651 —383.4523 -999.858 275.4848 -0.25 —190.4024 655.3 295.4735 -0.2102
—136.5871 80.423 17.6424 -3.432 -335.9 451.561 -121.296  3.4809 —897.175 -102.7268 13.5665 2.1915 |°
46.5562 10.9547 24.1296 -1.6127 863.1865 -201.0341 183.5383 0.7656  896.0093 768.9494 —847.9542 0.5831
21614.815 1817.1715 17964295 —1655.6057
N , ~2215.2823 0.641.7697 -2.146.7808  121.167
sz[wc9]=1o‘3x ~989.3919 —1389.4418 —1046.1459 —-410.0032 |,
128543.46 -5108.3101 12747558  2979.3142
~24482.498 11657441 —27137.819 -2515.8115
~215587.43 11775345 123780.4  18638.275 240168.12
W? = [W3,] =107 x | 294714.01 312655.73 —198923.25 -55013.034 —330253.83
~1607287.8 4247988 2000786 —48419.674 1579125.9
(52)

Step 2. 'The procedures of constructing the NN model for the
slave system are similar to those for the master system, and
then we have the NN model of the slave system:

. 4096
Xt = Zh (t) {A X (t) + ZAJkX(t—Tk)} +BU (t)

k=1
(53)

with 7, = 0.15,7, = 0.055,7; = 0.12, and B is a identity

matrix. The responses of X(¢) and X(t) for original systems
and NN models are shown in Figures 3(a) and 3(b).

Step 3. To synchronize the master and slave systems, a fuzzy
controller is synthesized as follows:

Control Rulel: IF ¢, (t) is M;, THEN U (¢t) = -K,E(t),

THEN U (t) = -K,E (1),

(54)

Control Rule 2: IF e, (t) is M,,

where M, and M, are the membership functions for each e,
(see Figure 4):

1, e =30,
M, (e)) = %, 30 < ¢, < 30, (55a)
1, e; < -30,
M, (e;) =1-M, (e). (55b)

According to (20), we have the overall fuzzy controller:

2
W =Y hy (t) KyE (¢)
=1 W

1=1

U(t) = (56)

with wy(t) = M(e, (1)), hy(t) = w(t)/(X;_, wy(®)).

According to (21), the dynamics of the error system is
obtained as follows:

) 4096 2 _
E@) =) Y h(t)h )
i=l]=1
3
X {D,.,E (t)+ ) ARE(t- Tk)} &7
k=1
+0(t) +D(1),
where D = A;—BK,, T = f(X(£)+Y;_, H(X(t-7))+U(t)
with U(t) = - ¥, (K E(),
3
T=f(X®)+ Y H(X(t-7)),
k=1
R 4096 2 _
®()=T-T- «{ Y Y hi )l () [DE®)  (58)
i=11=1

i ALE(t - ]}

Step 4. Based on (42), (48)-(57), the LMI in (34a) and (34b)
can be solved via MATLAB LMI Toolbox. In accordance
with Remark 1, the specified structured bounding matrices
4600 0 0 100
Y and «; are set to be Y = [ 0 4600 0 ], Ky = [0 1 0].
0 0 4600 001
Based on Corollary 11, the positive constant ¢ is minimized
by the mincx function of MATLAB LMI Toolbox: ¢,;, =
5.3341 x 107'°, and then we have the minimum disturbance
attenuation level y,;,, = 1.0329 x 1077

Step 5. The common solutions P, F,, F,, ¥, ¥,, and ¥/, of
the stability conditions (32b) and (32c) can be obtained with
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FIGURE 3: (a) The responses of X (t) for original system and NN model. (b) The responses of X (¢) for original system and NN model.

the best value t min of LMI Solver (MATLAB) of —1.135048x
1078

4001.1183 -268.3795 813.795

P = 10" x | -268.3795 2206.7761 778.8835 S
813.795 778.8835 3191.7162
[ 0.1113 0.0257 —0.0346]
F, =107 x | 00258 0.2094 -0.0576 |, (59)
| -0.0347 -0.0578 0.1515 |
[ 0.1113  0.0258 —0.0347 ]
F, =107 x| 0.0258 02094 -0.0576 |.
| —0.0347 —0.0576 0.1515 |
Furthermore, the resulting controller gains are
[4103.0292 —1.3653 0.8911
K, = 1.3645 4103.0282  2.2966 R
| -0.8907 22952  4103.0288 |
[4103.0292 -0.624 -0.6759 ]
K, = 0.6233 4103.0282 1.7095 R (60)
0.6763 —1.7081 4103.0288 |
0.6228 0.0000 0.0000
V, =V, =, = |0.0000 0.6228 0.0001

0.0000 0.0001 0.6228

Figure 5 displays the state responses of both master and
slave systems. The chaotic behaviors of the master and
slave systems are shown in Figure 6. Moreover, Figure7
illustrates the synchronization errors (e;, e,, and e;) which
converge to zero. Furthermore, the assumption of |®(f)| <
I 2?2916 lezl h;(t)h (t)AY,E()|| is satisfied from the illustra-
tion shown in Figure 8.

6. Conclusion

In this study, an effective approach is proposed to realize the
exponential synchronization of multiple time-delay chaotic
(MTDC) systems, and the optimal H™ performance is
achieved at the same time. First, we employed a neural
network (NN) model to approximate the MTDC system. A
linear differential inclusion (LDI) state-space representation
is then established for the dynamics of the NN model. Next,
a delay-dependent stability criterion derived in terms of
Lyapunov’s direct method is presented to guarantee that the
slave system can exponentially synchronize with the master
system. Subsequently, the stability condition of this criterion
is reformulated into a linear matrix inequality (LMI). Based
on the Lyapunov stability theory and LMI approach, a fuzzy
controller is synthesized to realize the exponential H* syn-
chronization of the chaotic master-slave systems and reduce
the H*-norm from disturbance to synchronization error at
the lowest level. Finally, simulation results demonstrate that
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FIGURE 5: State responses of both master and slave systems.

the exponential H*® synchronization of MTDC systems can
be achieved by the designed fuzzy controller.

Appendix
Proof of Theorem 5

Let the Lyapunov function for the error system (21) be defined
as

x5(t)

€]
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50

—20 -15 -10 -5

x,(t)

—— Master
-~ Slave

FIGURE 6: The chaotic behaviors of the master and the slave systems.
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FIGURE 7: State responses of the error system.

V() = iET (t) 7, PE (t)
e (A1)

0

£y J “ET (6 - m) yiE (t - m) dm,
k=1
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FIGURE 8: Plots of |®(t)|| (blue line) and | ¥/%° ¥7_, by ()l () AY,E(8)] (red line).
where the weighting matrices P= P'>0and y; = u/kT >0. We m o P - T
then evaluate the time derivative of V(t) on the trajectories of = Z Z Zhi () by () E° (1)
(21) to obtain k=1i=l1=1 .,
x 1D} P+ 1 PDy + vy | E (£)
m ¢ m . _r
' mo L £ Y b [N (t - 1) nALPE ()
V()= Y n [ET () PE(t) + E" (t) PE (1)) kolisldot
k=1 + ET (t) TkPZidE (t - Td)]
© [T T m
+ kZ [E" () yiE (6) ~ E" (¢ = 5) wiE (¢ = 7)) + Y [07 ) mPE(®) + ET (67,3 (1)
=l k=1
m ¢ P _ +®" (t) 7 PE (t) + ET (t) 1,PD (t)
Z {Z ACLI0) . ]
k=1 i=11=1
- [E" (t = m) yiE (£ - 7)) -
k=1
(A.2)

X [DilE (t) + izidE (t —Td):|

d=1
T
+0(t) + D (1) ]» PE (t)

+ iTkET (t) P

k=1

¢ p _
X {Z NAGCIHG [DﬂE ()

i=11=1

M§

ZdE (t-14)
d

+0(t) + D (1)

|

f[ OVE® - E (t - 1) peE (¢ - )]

Based on Lemma 4 and (A.2), we have
¢ _
140 < Z Zh,» O O E" (1)
S11-1

x [1eD} P + 1 PDy + v | E (1)

\|M§

m ¢ m
£ Y Y@ [aE" (- 1)) Ay AE (- 7,)
k=1i=1d=1
+a 'ET (1) 2 P?E (1) ]
+ i [0 ()0 (1) + c'ET (1) 1i P’E (t)
k=1

+n®" () () +n'E () i P°E(1)]

Mz

[ET (t— 1) yiE(t - Tk)]

k=1

(A.3)
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h ()l () ET (1)

M-

m ¢
< ZZ
k=1i=1]=1

x [1.DyP + 7 PDy + v | E ()

+ ihl (t) [aE t—Td) AldAdE (t Td)

1d=1

NgE
™M=

k=1i

+a 'ET (1) 2P*E (t) ]

+ i [c0" (o) +c'ET () T PPE (1)
k=1
+nE" (1) YTYE (1) (by (26))

+n 'ET () T,fPZE (t)]

NgE

[ET (t —m) wieE (£ - Tk)]

k=1

(A4)

P
hi (£) by (£) E (8)

i=1l]=

I
.Mﬁ

m

[i 7Dy P+ ) 7,PD,

k=1

+ iriPz (c71 4 mail)
(A.5)

+ )y +nmY Y | E(t)

k=1

h (O E" (t- 1) [maAzk Ay = V/k]

B Me

)
E(t—1,)+cmd ()0 (t).
From (A.5), we have

V(t)+E" (t)E(t) - y*d" (t)0(t)

¢ »p _
<Y )y ) E" (1)
i=11=1

m m
x [Zr,pﬁp + Y 7,PD,

k=1 k=1

(cf1 4 ma’l)

m
252
+ ZTkP
k=1

m
+ Z v + nmY'Y

xE(t)+ET () E®)
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h ) E" (t-1) [mazgc Ay - Wk]

M§
Ms

=~
I

—
Il

Yol (1))
(A.6a)

X E(t—1.)+cmd" (t)0(t) -

¢ p _
=Y Yh )l E ()

i=11=1

m m
Y nDyP+ Y 7,PDy
k=1 k=1
m
+ ZT;PZ (cf1 4 mail)
k=1
(A.6b)

m
+Z1//k +nmYTY +1
k=1

E(t)

h (1) E" (t - 1)

M§
Ms

k 1

1i

X [mazz; Ay~ ‘J/k] E(t-1)

+cmd” (£)0(t) —y*0" (1) 0 (t)

p —
> YOk () E" (6) AE (1)

11=1

Ms

ih ) E" (t-

1k=1

) ViE (t - )

N

+

i

+(em-y*)d" (o)

Ms

DB (6 By () Ay (M) ET (1) E(8)

11=1

¢ m
+ Z th (t) )‘max (Vik) ET(t - Tk) E (t - Tk)

i=1k=1

+(em—-y*)a" (o)

<0,
(A.6¢)
where
m m
Ag= Y uDyP+ Y 1,PD,
k=1 k=1
m
+ ZT;PZ (c_1 +nl+ ma_l)
k=1 (A7)
m
+ Yy +nmY Y +1  (see(32b))
k=1
T —
Vi = maA; Ay — Yy (see (32¢)).
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Integrating (A.6a), (A.6b), and (A.6¢) fromt = Otot =
00, the following inequality is obtained as

V (00) - V (0) + LOO ET(t)E (t)dt

—yzj T (1) (¢) dt (A.8)
0
<0.
With zero initial conditions (i.e., E(tf) = 0 for t €
[~ Tpax> 01), we have
J ET (1) E (D) dt < yzj T ®awd.  (A9)
0 0

That is, (30) and the H*™ control performance are
achieved with a prescribed attenuation .

Since
iwmin (P)E" (1) E(1) < irkET (t) PE (t)
k=1 k=1
=V () - 3 TkET(t—n)
|

xy E(t—m)dn

(from (A.1)),
(A.10)

<V(t)
we can get the following inequality from (A.6a), (A.6b), and

(A.60):

V(t)+E"(t)E(t)-y*d" (t)0(t)

L e (V)
h- (O h (1) —2 "% vt
<i§1l;1() l()Z;n:ITkAmin(P) )

<0.

(A.11)

Then, we can obtain

V(0o <V (to) exp Bt —1y), (A.12)
where

o p
By 5

I=1

(A.13)

t) hl t) |: Amax (Ail) :| )

Z;nzl TkAmin (P)
From (A.1) and (A.12), we have

ifkkmin (PYE" (t) E(t)
k=1

§

< Y E" () 7.PE (1)

k=1

V (to) exp B(t — t,)

(A.14)

—ZJ E" (t - m) W E(t — m)dn

<V (ty)exp B(t —t,).
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That is, [EOI < (V(t)/(Thy Tehmin(P)) exp Bt — t).
Consequently, we conclude that

IE@® < cexp (-B(t 1))

witha = \/—m vito)
Zk:l Tk/\min (P)

Therefore, based on Definition 2, the error system (21) with
the fuzzy controller (20) is exponentially stable for d(¢) =

(A.15)

1—
>0, B=—-—=B>0.
2
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