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We consider second-order p-Laplacian differential system. By using three critical points theorem, we establish the new criterion to
guarantee that this p-Laplacian differential system has at least three homoclinic solutions. An example is presented to illustrate the

main result.

1. Introduction

Let us consider the following second-order p-Laplacian
differential system:

(P, (4 ®)) - 5O, w(®)
(P)

FAf (tu(6) =0,

where <Dp(x) = |xP2x, p>1,ps € L” with ess inf p >
0 and ess infs > 0, f: Rx R" — R" is continuous, ¢ € R,
and A € [0,+00). As usual, we say that a solution u(t) of
(P) is nontrivial homoclinic (to 0) if u(t) #0, u(t)
and u(t) — 0ast — *oo.

— 0

In the past two decades, many authors have studied
homoclinic orbits for the second-order Hamiltonian systems

i +VV(tq®)=f®), @)

and the existence and multiplicity of homoclinic solutions
for (1) have been extensively investigated via critical point
theory (see [1-15]). For instance, Yang et al. [5] have shown
the existence of infinitely many homoclinic solutions for (1)
by using fountain theorem.

Theorem A (see [5]). Assume that f and V satisfy the fol-
lowing conditions:

(H1) f(t) =0 and VV(t,q(t)) = —L(t)q(t) + VW (t, q(1));

(H2) L € C(R,R™") is a symmetric and positive definite
matrix for allt € R and there is a continuous
function « : R — R such that a(t) > 0 forall t €

R and
(L (6 uu) > o (8) ul’,
(2)
«(t) — +00
as |t| — oo
(H3) consider the following
W (t,u) = m(t) |ul” + d|ul?, 3)

where m : R — R is a positive continuous function
such that m € LZ/(Z_”)(R, RYand1<y<2dz=0,
and p > 2 are constants.

Then (1) possesses infinitely many homoclinic solutions.

Moreover, Tang and Xiao [10] prove the existence of homo-
clinic solution of (1) as a limit of the 2kT-periodic solutions of
the following extension of system (1):

4t)=-Vv(t.q®)+ fi ®), (4)
and they established the following theorem.

Theorem B (see [10]). Assume that f and V satisfy the fol-
lowing conditions:



(H4) V, f(t)#0 and V(t,x) = —-K(t,x) + W(t, x), where
V € C'(R x R, R) is T-periodic with respect to t, and
T > 0;

(H5) VW(t,x) = o(|x|), as |x| — 0 uniformly with respect
tot;

(H6) there is a constant y > 2 such that

0<uW (t,x) < (x, VW (t,x)) V(t,x) € Rx (R"\{0});

©)

(H7) f:RxR" isa continuous and bounded function;
(H8) there exist constants b > 0 and y € (1,2] such that

K(t,0)=0, K(tx)=b|x|" for(t,x)e[0,T]xR"

(6)
(H9) there is a constant ¢ € [2, u) such that

(x, VK (t,x)) < oK (t,x), for(t,x) € [0,T]xR";  (7)

(H10) consider the following
2 S ’
J |f ()] dt < 2<min {E,by_l - M(S”_l]») . (8
R

Then system (1) possesses a nontrivial homoclinic solution.

For p-Laplacian problem, Tian and Ge [16] obtained suf-
ficient conditions that guarantee the existence of at least two
positive solutions of p-Laplacian boundary value problem
with impulsive effects. Two key conditions of the main results
of [16] are listed as follows:

(H11) there exist 4 > p, h € C([a,b] x [0, +00), [0, +00)),
n > 0,r € C([a,b] x [0,+00)), g € C([0,+00),
[0, +00)), and

b
J- r(s)ds+mn>0, 9)

a
such that

Fltx) =r(0) @, (x)+h(t,x),
(10)
I (x) = 7, (x) + g (x);

(H12) there exist ¢ € L'([a,b],[0,+00)), d € C([a,b],
[0, +00)), & > 0, such that

ht,x) <c@)+d(t) o, (x). (11)

In [17], Ricceri established a three critical points theorem.
After that, several authors used it to obtain some interesting
results (see [18-22]).

Existence and multiplicity of solutions for p-Laplacian
boundary value problem have been studied extensively in
the literature (see [23-26]). However, to our best knowledge,
the existence of at least three homoclinic solutions for p-
Laplacian differential system has attracted less attention.
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Motivated by the aforementioned facts, in this paper we
are devoted to study the multiplicity homoclinic solutions of
(P) via three critical points theorem obtained by Ricceri [17].

In order to receive the homoclinic solution of (P), similar
to [10] we consider a sequence of system of differential
equations as follows:

(P, (4 ®)) - 5O, w(®)
+ Mo (Bu(t)) =0,

where f;) : Rx R* — R"is a 2kT-periodic extension of
restriction of f to the interval [-kT,kT), k € N. We will
prove the existence of three homoclinic solutions of (P) as the
limit of the 2kT-periodic solutions of (P,) as in [10]. However,
many technical details in our paper are different from
10, 12].

(Pe)

2. Preliminaries

For each k € N, let E;, = W;,;‘;(R, R™) denote the Sobolev
space of 2kT-periodic functions on R with values in R”
under the norm

loal = Tuals,,

kT yp  (12)
=[j @awdwF+dwwmwyﬂ :
kT

which is equivalent to the usual one. We define the norm
in C([-kT,kT1) as llullc, ., = max{lu(®)|:t € [-kT,kT]}.
Consider J, : Ey % [0, +00) — R" defined by

Joy s A) = ¢y (u) + A, (), (13)
where

llell?

¢y (u) = 3

kT
Fyo (t,u (1)) dt,
kT

8w == |

F(k) (t, x) = JO f(k) (t, y) dy \4 (t, x) € [—kT, kT] X Rn.
(14)
Using the continuity of fy,), one has that Jy,(u,A) is

(strongly) continuous in Eyy X [0,+00), Ji(»A) €
C'(Ey),R") and for any u,v € E,,

kT

T an@2)0) = [ p@0, (' ©)V @t

kKT
+I sO@, @) vtyd: (15
kKT

kKT
A fotu@)vod.
kT
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In order to prove our main result, we list some basic facts
in this section.

Definition 1. A function
! 1,00 n
ue{ueEg:pd,(u)() ewyy (RR)}  (16)

is said to be a 2kT-periodic solution of (P,) if u satisfies the
equation in (Py).

Lemma 2. If u € E, is a critical point of ] (- A); then u is
a 2kT-periodic solution of (P).

Proof. Assume that u € E, is a critical point of J)(-, A);
then for all v € E;,, one has

kT , ,
0= JkTp(t)d)P (' 1)V ) dt

kT
+ J s @, (u () v(t)dt (17)
kT

kT
- A J o f(k) (t, u (t)) 14 (t) dt

It follows that

kT , ,
L{T pt)®, (u' (1) (t)dt

kT
_ _J S(H @, (1) v () dt (18)
kT

kKT
kT

By the definition of weak derivative, (18) implies that

(PO, (' 1)) =sO D, @®) - M (Lu@®). 09

Thus p(DP(u')(-) € W;,;‘;?(R, R") and u satisfies the (P;).
Therefore, u is a solution of (P,). O

Lemma 2 motivates us to apply three critical points theo-
rem to discuss the multiplicity of the 2kT-periodic solution
of (P,). Here, at the end of this section, let us recall some
important facts.

Definition 3. Let X be a Banach space and f : X —
(—00,+00]. f is said to be sequentially weakly lower semi-
continuous if liminf, _, f(x;) > f(x) as x; — xin X.

Definition 4. Suppose E is a real Banach space. For ¢ ¢
C'(E,R"), we say that ¢ satisfies PS condition if any
sequence {1} C E for which ¢(u) is bounded and
@' (1) — 0 as k — oo possesses a convergent subsequence.

Lemma 5 (see [16]). For u € E,), one then has "u”C[—kaT] <
M||ul Eqy’ where

1
M = 29 max 1/p’
(2kT)"? (ess inf_prprs) ?

(2kT)"/ (20)
(ess inf(_yriryp)?

1 1
—+-=1

P q

Lemma 6 (see [27]). Let X be a nonempty set, and O, ¥ are
two real functions on X. Assume that there are v > 0, x, x, €
X such that

D (x9) =¥ (x0) =0, @ (x;) >,
¥ (x,) (21)
sup Y(x)<r .
x€d7(~oo,r] @ ('xl)
Then, for each p satisfying
sup Y(x)<p< r\P(xl), (22)
x€®1(—00,r] D (xl)
one has
sup inf (@ (x) + A (p - ¥ (x)))
A0 *€X
(23)

< inf sup (@ (x) + A (p— ¥ (x))).
xeX )50

Lemma 7 (see [17]). Let X be a separable and reflexive real
Banach space, I € R an interval, and f : X xI — Ra
function satisfying the following conditions:

(i) for each x € X, the function f(t,-) is continuous and
concave;

(ii) for each A € I, the function f(t,-) is sequentially
weakly lower semicontinuous and Ddteaux differen-
tiable, and lim; _, o, f(x, A) = +00;

(iii) there exists a continuous concave function h : I —

R such that
sup inf (f (x,A) + h (X)) < inf sup (f (x,A) + h(A)).
Ael X€X x€X )eI

(24)

Then, there exist an open interval ] < I and a positive real
number p, such that, for each A € ], the equation

flx,A) =0 (25)

has at least two solutions in X whose norms are less than p.
If, in addition, the function f is (strongly) continuous in X x
I, and, for each A € I, the function f(t,-) is C' and satisfies
the PS condition, then the above conclusion holds with “three”
instead of “two.”



Lemma 8. Let u € W"P(R,R"). Then for every t € R, the
following inequality holds:

t+1/2 1/p
()] < (j 2 |u(s>|Pds>

) (26)
1/ [reie ip
+ —(J |u' (s)|‘Dds) .
2\ Ji-12
Proof. Fix t € R. For every 7 € R,
t
[u @) < |u@)| + J u' (s)ds]|. (27)
T

Integrating (27) over [t —1/2,t + 1/2] and using the Holder
inequality, we get

t+1/2 t
lu(t)| < L/z [lu(r)|+ j u' (s)ds

|

t+1/2 t t
< J |u (1) dt + J- J 'u' (s)' dsdr
t t

-1/2 t-1/2 Je-1/2

t+1/2 t+1/2
+ J J |u' (s)| dsdr (28)
t t
t+1/2 1/p
< (j |u(s)|”ds)
t-1/2

1/ (12 /p
+ —(J |u' (s)|pds .
2\ Jt-1p2

3. Main Result

In this section, our main result of this paper is presented.
First, we introduce the following three conditions:

(V1) there exist constants ¢;,8,,0,,%, > 0and#n, > 0,
with 87 + 82 #0, 7, +1, < 1, and

C 1/
0< A—14 < (Ky)'* (29)

SuCh that sz max(t,x)e[—kT,kT]x[—cl,cl]F(k)(t’ x) < EQ,
where

E= (Cl/M)p
K, +K? j_kkTT s()dt

—KT+2KT /1y,
Q= J o Fyy (t, g, () dt

KT=2KT/1,
+ J Fiy (t, g5 (1)) dt

—KT+2kT/n,

kT
+ j Fyy (. g5 (1)) dt,
KT=2KT/1,
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Ot
1~ >
M+ -

K=ol |

-kT

|

—kT+2KkT/n,
vloof |
KT—2kT /1,

2kT 2kT
K, = max{— 15, 2L |52|},
M M

K

—KT+2KT/n,
p(t)dt

KT—2KT /1,
p(t)dt

kT

p()dt, keN,

gl (t) = 81 (t+kT))
g5 () = 6, (t - kT),

gz(t)=K1<t+kT—2k—T>, k e N;
m

(30)

(V2) there exist constant y € [0, p), and functions
7,(t),7,(t) € L([-KT,kT]) with essinf ;77 >
0 such that

Vt € [-kT,kT] and x € R";
(31)

Fyy (t,x) <1 () |x]*+7, ()

(V3) p,s € L and f : Rx R" — R" are continuous
functions.

Remark 9. If there exist constant 4 € [0, p) and functions
75(t) € C([-KT, kT]) with min_grp 73 > 0 such that

F,, (t,x
lim sup Ot (&%)

<15 ()
|x| = oo |x|#

uniformly V¢ € [-kT,kT],
(32)

then (V2) holds.
In fact, (32) implies that there exists ¢, > 0 such that

Fuo () <75 (8) Ixl* Vit € [-KTKT], |x| 2 ¢,  (33)

which combining the continuity of Fy,(t, x) — 73(t)|x|* on
[-kT,kT] x [—c,, c,] yields that there exists constant ¢; > 0
such that

Fyy (t,x) <73 (t) |x[" + ¢Vt € [-kT,kT], x € R".
(34)

Lemma 10. Assume that (V1) holds; then, for each k € N,
there exists a continuous concave function h, : [0,+00) —
R" such that

sup inf (Jgy (, A) + k() < inf sup (Jy (u,A) + h ().
A>0 uEE(k) uEE(k) A>0
(35)
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Proof. We define

l(cl>P
r=—(-2L),
p\M
’gl(t), te[—kT,-kT+2k_T>,
m
(36)
_Ja @), t€[—kT+2]<—T,kT_y<_T],
uy () = 3 m ’72
g5 (), t6<kT—2k—T,kT],
Uy

It is clear that u; € E,. It follows from

kKT , »
[, o ofd-x,

(37)
kT kT
0= J s () |uy 0)]7dt < Kfj s(t)dt
T kT
that
kKT
Ky < Jum|” < K, + Kﬁ’J st dt. (38)
—kT

Let g(x) = (1/p)xf, x > 0. It is clear that g(x) has the
following properties: (1) g(x) strictly increases for x > 0 and
(2) g(x) = w has unique solution Q(w) for each w > 0.

In view of (29), (38), and (1), one has

1, o 1 1<c1 >P
d K> —( L) = ,
p||u1|| 2p 2>\ r>0 (39)
which yields that
1
¢y (uy) = E“”l"p >r>0. (40)

It follows from Lemma 5, (1), and (2) that

. 1
gbll(—oo,r] Cju€Ey: ;"ulup < r}

N

{ueEg:llul <Q(n)}

Ciu€Ey: te[r—I}c%iT] lu(t)] < MQ (r)} ,
keN.
(41)

Let G = MQ(r); then G/M is a solution of g(x) = r. From
the definition of g(x) and r, we have g(¢, /M) = r. Thus, (2)
implies G = ¢;, which combining (41) yields that

-1
¢, (—oo,r] € {u €Ey : ax

)] < , keN.
[_kT,kT]Iu()I Cl}

(42)

5
Therefore,
kT
sup (¢, ()= sup J Fyy (t,u () dt
ued;! (—oo,r] uegy! (~co,r] JkT
kT
< sup J F(k) (t, u (t)) dt
lu(t)l<e, J-KT
< 2kT max Fy (t,x),
(t,x)e[-kT,kT]x [—cl \C1 ]
k € N.
(43)
Since F,(t,0) = 0, we obtain
2kT max Fyy (t,x) 20, keN. (44)

(t,x)€[-kT,kT]x [*Cl €1 ]

It follows from 87+085 #0 that K,+K? f_kkTT s(t)dt > 0, which
combining ¢;, M > 0 yields that E > 0. Therefore, in view of
(V1) and (44), we get Q > 0. Thus, it follows from (38) and
(40) that

r f,kkTT Fio (tuy (1)) dt g rQ
¢, (1) —(1/p) )P
a(e/M)’ (43)
K+ K[ sdr

k e N.

From (43), (45), and (V1), we have

-¢, (”1)
¢ (uy) .

It is obvious that ¢,(0) = —¢,(0) = 0. Owing to Lemma 6,
choosing h(A) = pA, we obtain

sup (¢, (W) <r

ueg (—oo,r]

(46)

sup inf) (‘(51 (u) + A, (u) + h (/\))

A>0 HEE(k

< il}if sup (¢ (1) + A, (W) +h (),

ueky) 1>0

(47)

which combining J (1, A) = ¢ (u) + Ap,(u) implies the
conclusion. O

Lemma 11. If (V2) holds, then for eachk € N,
limy, - oo Jgy (W A) = +0o and J, (-, A) satisfies the PS
condition.

Proof. Let {uflk)} be a sequence in Eg, such that

lim, oo/ (ou @5 2) = 0 and J(, (P, 1) is bounded,
for each k € N.
Lemma 5 implies that

@ < Wl < Mlullg, Vte[-KLKT].  (48)



It follows from (V2) and (48) that

kKT kT kT
J Fyy (t,u (1) dt < J 7, (8) [u()|“dt + J 7, (t) dt
kT T T

kT

< M”llu(t)ll”J TTI (t)dt

kT
+ J T, (t) dt,
—kT

(49)
which yields that
J, (k) (u, 1)
1 kT kT
> Lju? — AM*u o) j T () dt — A j o (1) dt,
P kT —kT

(50)

for each k € N. Noting that y € [0, p), the above inequality
implies that limy,,; _, o J) (4, A) = +00 and {uﬁlk)} is bounded
in E). Next, we will prove that {uik)} converges strongly to

some u(k)

in E,. The proof is similar to [22]. Since {uflk)} is
bounded in E,, there exists a subsequence of {u;k)} (for
simplicity denoted again by {u;k)}) such that {uﬁk)} converges
weakly to some u® in E . Then {uflk)} converges uniformly

to u® on [-KT, kT] (see [28]). Therefore,

kT %
J (fuw (B4 )

-kT

~ fuo (6u® ®)) (U 1) - u® ) dt — 0

(51)
asn —  4o0o,for eachk € N. In view that
lim, _, +OO]('k)u(uf,k),)\) = 0 and {uilk)} converges weakly
to some u(k), we get

] (k) ! (k) (k) (k)
o (25 2) = T (15 2) 0 = u®) — 0 (52)
asn — +00, for each k € N. Then, from (15), one has

o (21) = T (1, 1) = u®)

kT
[ 00,0 0) -0, (6 )

x (™ (#) - u'® (1)) dt

kKT
v s0(0, (W 0)-0, (P m) 6

x (1l (1) - u® (1) dt

kT ) .
-4 _[ (f(k) (t’ ”5: ) (t)) - fw (t’ u® (t)))

kT

x (1l (1) - u® (1) dt
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for each k € N. By [29], for each k € N, there exist ¢ ,dp >
0 such that

kT
[ 000, (42 ) -0, (e )

x (1® () - W' (1)) dt
+ rT s (0, (1 1) -0, (1™ ®)))
kT P u
x (1l (1) - u® (1)) dt
( kT
o[ o -

5 (0) [0 (0) —u® )] ) dt, ifp>2,

v

. IkT p (1) [ ® (1) - u'® ]
P ) oer (| )] + [ o))"
s Ju® 6)-u® (1)

+

('uﬁlk) (t)|+|u(k) (t)|)2—P

>dt, if I<p<2.

(54)

If p > 2, it follows from (51)-(54) that [[u® — u®| — 0
asn — +00.
If 1 < p < 2, by Holder’s inequality, we obtain

. 1(k 1(k p
| P ®-u @ ar

' ] 2 P2
([ poti oLy
kT (|u;"" (t)| + |u® 1)) P

kT (2-p)/2
x (J p @) [u® @) + [ ® 0 dt)
-kT

< o2

x JkT PO 0 - T
KT (|u£’(k) (t)| + |u/(k) (t)|)2—P

kT (2-p)/2
x (J p &) [ul® )] + [ @) dt)
—kT

< 2(17—1)(2—17)/2

kT P (t) u;(k) (t) _ u/(k) (t)|2 p/2
X J n dt
—kT ('u;(k) (t)| n |u’(k) (t)|)

(D
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for each k € N. Similarly,

kT
J s@) [ (1)~ u® 0| at
-kT

(k) k) 2 p/2
< 2(p—1)(2—p)/2<JkT s(t) |un (t)—u (ti| dt)
kT (|u£lk) (t)| + |u® (t)l) r

(] ™
(56)

It follows from 1 < p < 2 and (54)-(56) that

JkkTTP(f) ((DP (u/ik) (t)) — o, (ul(k) (t)))

1(k)

x (u D -u® (t)) dt

K (k) (k)
+ J_kTs ) (@, (1 1) -, (u® ®)))
x (ul (1) - u® (1)) dt

2(P-DC-p)2 g
p

> —
(Je ]+ uo) ™

(57)

kT 2/p
x [(J p &) [ul® &)~ u'™ ()] dt)
-kT

kT » 2/p
+ (J SO u® 0 - u® @) dt) ]
-kT

i U |

(P )

In view of (51)-(53) and (57), we have ||u£lk) -uP =
0 as n — 400, foreach k € N.

Therefore, {uflk)} converges strongly to u® in E,y, for
eachk € N. Thus, for each k € N, Jy) (- A) satisfies
the PS condition. ]

Lemma 12. Assume that (V1) and (V2) hold; then there exist
an open interval A C [0, +00) and a positive real number o,
such that, for each A € A and k € N, (P,) has at least three
2kT-periodic solutions in E, whose norms are less than o.

Proof. Let {u;k)} be a weakly convergent sequence to u*

in E); then {u;k)} converges uniformly sequence to u® on
[-kT,kT]. The continuity and convexity of (1/ p)llu(k)llp

imply that (1/ p)llu(k) ||p is sequentially weakly lower contin-
uous [28, Lemma 1.2], for each k € N, which combining the
continuity of f;, yields that

lim inf [l"u(k)"‘o -A JkT F, (t u(k))dt]
p n kT () \»> “n

n—+00

(58)
> 1 “u(k) ”P -A JkT F (t u(k)) dt
P g A7 '

Hence, ](k)(-,)t) is sequentially weakly lower semi-contin-
uous, for each k € N.

It is obvious that J,(u, ) is continuous and concave for
each u € E,. In view of Lemmas 10 and 11, it follows from
Lemma 7 that there exist an open interval A € [0, +00) and a
positive real number o, such that, foreach A € A and k € N,
Ji (> A) has at least three critical points in E;) whose norms
are less than o. Therefore, we can reach our conclusion by
using Lemma 2. O

Lemma 13. Assume that (V3) holds. Let ti) € E, be one

of the three 2kT-periodic solutions of system (P,) obtained
by Lemmal2 for eachk € N. Then there exists a
subsequence {ﬁ(kj)} of {Hi ke convergent to a certain i, €

C'(R,R") in C}, (R, R").
Proof. From Lemma 12, we have
lwlz,, <o (59)

which combining Lemma 5 yields that there exists a positive
constant M, independent of k such that

0], < My (60)

Thus, we obtain that {#)}cn is a uniformly bounded
sequence. Next, we will show that {ﬁék)}keN and

{P(Dp(ﬁZk))l}keN are also uniformly bounded sequences.
Since {ii(t) )} is a 2kT-periodic solutions of system (P, ) for
every t € [-kT,kT), we have

(p 0 @, (7 0)))

By (60), (61), and (V3), we get

(61)

(p®) @, (7)) | < |s Y0, () )]
+ A | f (83 ()]

< sup |S ), (x)' (62)

0<t<kT,|x|<M,
+A  sup | f, x)|
0<t<kT,|x|<M,

=M, te[-KkT,kT),



which yields that
|(p ) 0, (7, (t)))']]L% <M, keN. (63)
Then, from (63), (V3), and the definition of ® P(x), we obtain
|7 @, <Ms keN. (64)

Fori = —k,—k +1,...,k — 1, by the continuity of ﬁék)(t), we
can choose t;k) € [iT, (i + 1)T] such that
(i+1)T
—1 (0N 1 —
U (ti ) = — LT U (5) ds

T (65)

= T71 [u(k) ((1 + 1) T) - ”(k) (IT)] 5

it follows that for ¢t € [iT, (i + 1)T],i = -k,-k+1,..., k-1

t
'ﬁgk) (t)| = Lk) T (s) ds + gy (t)

@+1)T o » @
< JT [ 9] ds + Ji (7)) (66)

1

< MT + T ugy (G + 1) T) = ug,y (7))
< MyT +2M, T = M,.
Consequently,

a0 ], <M KeN. (67)

Now we prove that the sequences {Z )}, and {ﬁ(k)}keN

are uniformly bounded and equicontinuous. In fact, for
every k € N and t,t, € R, we have by (67)

123
|t (t1) = Ty (£2)] = L i, (s) ds
. (68)
< L |ﬁ£k) (s)| ds <M, |t, - t,|.
Similarly, from (64), we have
|a;k) (t,) - ﬁEk) (t2)| < M|t —t,]. (69)

Then, by application of the Arzela-Ascoli Theorem, we obtain
the existence of a subsequence {ﬁ(kj)} of {thjy}ken and a

function #, such that
i) — fp as j— 0o in Co (RR").  (70)
Thus, Lemma 13 is proved. O

Lemma 14. Let i, € C'(R, R") be determined by Lemma 13.
Then 1, is a nontrivial homoclinic solution of system (P).
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Proof. The first step is to show that i is a solution of system
(P). By Lemma 13, one has

(609, (34, 0) - s, (50, 0)

M) (t> ) (t)) ,

fort € [—ij, k]-T),j € N. Take a,b € R with a < b. There
exists j, € N such that for all j > j, one has

(o, (@, ®)) = s, (7, ®)

~Af (6, (), fort € la,b].
(72)

(71)

Integrating (72) from a to t € [a, b], we obtain

P, (i, (1)) - p (@) 0, (1T, (@)
t (73)
= J [s o, (ﬁ(kj) (v)) -Af (v, ﬁ(kj) (V))] dv,

a
for t € [a,b]. Since (70) shows that ﬁ(kj) — 1, uniformly
on [a,b] and ﬁékj) - ﬁ(') uniformly on [a,b] as j — o©o.
Let j — oo in (73), we get

p )@, (i1 (1) - p(a) D, (i (a))
t (74)
- J [s() @, (5 () = Af (v iy ()] v,

a

fort € [a,b]. Since a and b are arbitrary, (74) yields
that i, is a solution of system (P). It is easy to see that u =
0 is not a solution of system (P) for f(t,0) #0 and so i, #0.

Secondly, we will prove that #,(t) — 0 as t — +oc0. By
(59), we have

kT . »
J . (p ® [y 0 +5(0) | (t)|f’) dt <o”, keN.
(75)
For every I € N, there exists j, € N such that for j > j;

le (p [y O +50 ey 0] )t <o, 76)

-IT

Let j — oo in the above and use (70), and it follows that for
eachl e N,

IT
J (p [a o] +s®|a @ )dt <a?.  (77)
-IT

Let | — oo in the above, and we get

ro (p o |7 0| +s ) |7 (t)|P)dt <o’ (78)

Thus

Lt|> (P (t) |17(,) (t)|P +s(t) Iﬁo (t)IP) dE— 0. asr — o,
7 (79)
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Combining the above with (V3) we have
J (|ag o + 7 (t)|p)dt —0, asr—o00. (80)
|t|>r

By (26), we obtain
t+1/2 p
I, ()] < p”‘”(L_m (I I + [ (S)|p)ds) . (81)

Combining (80) with (81), we get 7i,(t) — 0 as t — +oo.
Finally, we show that

ﬁg (t) — 0 ast — +o00. (82)

From (60) and (70), one has

|ty ()| < M;, forteR (83)
From this and (64), we have
| @) < Ms, forteRr (84)

If (82) does not hold, then there exist ¢, € (0,1/2) and a
sequence {t;} such that

] < lta] <fts] <o <|te] <ltwn], k=1,2....,
(85)
| ()| 2 260, k=1,2,...,
which yield that for t € [t t; + /(1 + M;)]
t
iy ()] = |7 () + Jt 7y (s)ds
k (86)

t
> 'ﬁ(') (tk)' - Jt |a{)’ (s)' ds > g,
k
It follows that

teteo/(1+M;) , »
| iy (1) dt = 00, (87)

r:o iy ()| dt > i t

k=1

which contradicts to (78) and so (82) holds. The proof is
completed. O

Lemmas 13 and 14 imply that the limit of the 2kT-periodic
solutions of system (P ) is a nontrivial homoclinic solution of
system (P). Combining this with Lemma 10-Lemma 12, we
can get the following.

Theorem 15. Assume that (V1), (V2), and (V3) hold. Then
system (P) possesses three nontrivial homoclinic solutions.

4. Example

Example 1. Consider the following p-Laplacian problem:

(t+3)®; (' () - 2t +2) D, (V)

+Af (t,u(t)) =0,

(88)

where A € [0, +00), kT = 2, and
foo tx) =tx+1, V(t,x) € [-2,2] x (-00,+00).
(89)

It is obvious that (V3) holds and for every ¢ € [-2,2],

t
Fyy (t,x) = Ex2 +x-2, Y(tx)€[-2,2] % (-00,+00).
(90)

Then,

Eo (t
lim Fobx) _t 1)

x — +00 x2 2
for each t € [-2,2]. Thus, there exists ¢, > 0 such that
Fy (tx) <2Ix* Yt e[-2,2], |x] > q, (92)

which combining the continuity of F,(t x) — 2|x]* on
[2,2] x [—¢, ¢4] yields that there exists constant ¢; > 0 such
that

Fyo (t, x) < 2|x” + 5
(93)
for each (t,x) € [-2,2] X [-00, +00) .

Therefore, (V2) is satisfied. Furthermore, in view of Lemma 5,
M =41Llety =n =468 =1,8, = l,andq = (V2 -
1)/2;then K, = 0,K, = 6,K; = 1, E = 1.112x 107, Q =
1/2, and [2 — (=2)JmaX oy (2 0x(-(v-1)/2,(v3-1/21 Fig (%) <
0. Thus (V1) is satisfied. Moreover, f)(£,0) = 1+#0. In
view of Theorem 15, we have that Example 1 possesses three
nontrivial homoclinic solutions.

Acknowledgment

This work is supported by the National Natural Science
Foundation of China (nos. 11271371 and 10971229).

References

[1] Z.-Q. Ou and C.-L. Tang, “Existence of homoclinic solution for
the second order Hamiltonian systems,” Journal of Mathemati-
cal Analysis and Applications, vol. 291, no. 1, pp. 203-213, 2004.

[2] L. Wan and C.-L. Tang, “Homoclinic orbits for a class of the
second order Hamiltonian systems,” Acta Mathematica Scientia.
Series B, vol. 30, no. 1, pp. 312-318, 2010.

[3] Z.-H. Zhang and R. Yuan, “Homoclinic solutions for some
second order non-autonomous Hamiltonian systems with the
globally superquadratic condition,” Nonlinear Analysis: Theory,
Methods and Applications, vol. 72, no. 3-4, pp. 1809-1819, 2010.

[4] A.Daouas, “Homoclinic orbits for superquadratic Hamiltonian
systems without a periodicity assumption,” Nonlinear Analysis:
Theory, Methods and Applications, vol. 74, no. 11, pp. 3407-3418,
2011.

[5] L. Yang, H.-B. Chen, and J.-T. Sun, “Infinitely many homoclinic
solutions for some second order Hamiltonian systems,” Nonlin-
ear Analysis: Theory, Methods and Applications, vol. 74, no. 17,
pp. 6459-6468, 2011.



10

[6] Q.-Y. Zhang and C.-G. Liu, “Infinitely many homoclinic solu-
tions for second order Hamiltonian systems,” Nonlinear Analy-
sis: Theory, Methods and Applications, vol. 72, no. 2, pp. 894-903,
2010.

[7] X.-H. Tangand X.-Y. Lin, “Infinitely many homoclinic orbits for
Hamiltonian systems with indefinite sign subquadratic poten-
tials,” Nonlinear Analysis: Theory, Methods and Applications, vol.
74, no. 17, pp. 6314-6325, 2011.

[8] J. Yang and E-B. Zhang, “Infinitely many homoclinic orbits
for the second-order Hamiltonian systems with super-quadratic
potentials,” Nonlinear Analysis: Real World Applications, vol. 10,
no. 3, pp. 1417-1423, 2009.

[9] M.-H. Yang and Z.-Q. Han, “Infinitely many homoclinic solu-
tions for second-order Hamiltonian systems with odd nonlin-
earities,” Nonlinear Analysis: Theory, Methods and Applications,
vol. 74, no. 7, pp. 2635-2646, 2011.

[10] X.-H. Tang and L. Xiao, “Homoclinic solutions for a class
of second-order Hamiltonian systems,” Nonlinear Analysis:
Theory, Methods and Applications, vol. 71, no. 3-4, pp. 1140-1152,
20009.

[11] J.-C. Wei and J. Wang, “Infinitely many homoclinic orbits for
the second order Hamiltonian systems with general potentials,”
Journal of Mathematical Analysis and Applications, vol. 366, no.
2, pp. 694-699, 2010.

[12] M. Izydorek and J. Janczewska, “Homoclinic solutions for a
class of the second order Hamiltonian systems,” Journal of
Differential Equations, vol. 219, no. 2, pp. 375-389, 2005.

[13] X.Lv, S. Lu, and P. Yan, “Existence of homoclinic solutions for a
class of second-order Hamiltonian systems,” Nonlinear Analysis:
Theory, Methods and Applications, vol. 72, no. 1, pp. 390-398,
2010.

[14] D. Wu, X. Wu, and C. Tang, “Homoclinic solutions for a class of
nonperiodic and noneven second-order Hamiltonian systems,
Journal of Mathematical Analysis and Applications, vol. 367, no.
1, pp. 154-166, 2010.

[15] A.Daouas, “Homoclinic orbits for superquadratic Hamiltonian
systems with small forcing terms,” Nonlinear Dynamics and
Systems Theory, vol. 10, no. 4, pp. 339-348, 2010.

[16] Y. Tian and W. Ge, “Applications of variational methods to
boundary-value problem for impulsive differential equations,”
Proceedings of the Edinburgh Mathematical Society, vol. 51, no.
2, pp. 509-527, 2008.

[17] B. Ricceri, “On a three critical points theorem,” Archiv der
Mathematik, vol. 75, no. 3, pp. 220-226, 2000.

[18] Z. Du, X. Lin, and C.-C. Tisdell, “A multiplicity result for p-
Lapacian boundary value problems via critical points theorem,”
Applied Mathematics and Computation, vol. 205, no. 1, pp. 231-
237,2008.

[19] T. He and Y. Su, “On discrete fourth-order boundary value
problems with three parameters,” Journal of Computational and
Applied Mathematics, vol. 233, no. 10, pp. 2506-2520, 2010.

[20] G. Bonanno and R. Livrea, “Multiplicity theorems for the
Dirichlet problem involving the p-Laplacian,” Nonlinear Analy-
sis: Theory, Methods and Applications, vol. 54, no. 1, pp. 1-7, 2003.

[21] G.-A. Afrouziand S. Heidarkhani, “Three solutions for a quasi-
linear boundary value problem,” Nonlinear Analysis: Theory,
Methods and Applications, vol. 69, no. 10, pp. 3330-3336, 2008.

[22] L. Baiand B.-X. Dai, “Three solutions for a p-Laplacian bound-
ary value problem with impulsive effects,” Applied Mathematics
and Computation, vol. 217, no. 24, pp. 9895-9904, 2011.

Abstract and Applied Analysis

[23] Y. Tian and W. Ge, “Multiple positive solutions for a second
order Sturm-Liouville boundary value problem with a p-
Laplacian via variational methods,” The Rocky Mountain Journal
of Mathematics, vol. 39, no. 1, pp. 325-342, 2009.

[24] G. Bonanno and G. Riccobono, “Multiplicity results for Sturm-
Liouville boundary value problems,” Applied Mathematics and
Computation, vol. 210, no. 2, pp. 294-297, 2009.

[25] Y. Tian and W. Ge, “Second-order Sturm-Liouville boundary
value problem involving the one-dimensional p-Laplacian,” The
Rocky Mountain Journal of Mathematics, vol. 38, no. 1, pp. 309-
327, 2008.

[26] B. Ricceri, “Existence of three solutions for a class of elliptic
eigenvalue problems,” Mathematical and Computer Modelling,
vol. 32, no. 11-13, pp. 1485-1494, 2000.

[27] ]. Yang, Z. Wei, and K. Liu, “Existence of symmetric positive
solutions for a class of Sturm-Liouville-like boundary value
problems,” Applied Mathematics and Computation, vol. 214, no.
2, pp. 424-432, 2009.

[28] J. Mawhin and M. Willem, Critical Point Theory and Hamilto-
nian Systems, vol. 74 of Applied Mathematical Sciences, Springer,
New York, NY, USA, 1989.

[29] J. Simon, “Régularité de la solution d’'une équation non linéaire
dans R") in Journées d’Analyse Non Linéaire (Proc. Conf.,
Besangon, 1977), P. Benilan and J. Robert, Eds., vol. 665 of
Lecture Notes in Mathematics, pp. 205-227, Springer, Berlin,
Germany, 1978.



