
Hindawi Publishing Corporation
Abstract and Applied Analysis
Volume 2013, Article ID 658617, 8 pages
http://dx.doi.org/10.1155/2013/658617

Research Article
On the Solvability of Caputo 𝑞-Fractional Boundary Value
Problem Involving 𝑝-Laplacian Operator

Hüseyin AktuLlu and Mehmet Ali Özarslan

Eastern Mediterranean University, Gazimagusa, Mersin 10, Turkey

Correspondence should be addressed to Hüseyin Aktuğlu; huseyin.aktuglu@emu.edu.tr
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We consider the model of a Caputo 𝑞-fractional boundary value problem involving 𝑝-Laplacian operator. By using the Banach
contraction mapping principle, we prove that, under some conditions, the suggested model of the Caputo 𝑞-fractional boundary
value problem involving 𝑝-Laplacian operator has a unique solution for both cases of 0 < 𝑝 < 1 and 𝑝 > 2. It is interesting that
in both cases solvability conditions obtained here depend on 𝑞, 𝑝, and the order of the Caputo 𝑞-fractional differential equation.
Finally, we illustrate our results with some examples.

1. Introduction

In this section we will give some basic definitions and results
that will be needed in the sequel. For more details about
the theory of 𝑞-calculus, fractional calculus, and 𝑞-fractional
calculus, we refer readers to [1–10].

Let 𝑞 ∈ (0, 1) be a fixed real number. Then for any 𝛼 ∈ R,

[𝛼]𝑞 :=
1 − 𝑞
𝛼

1 − 𝑞
. (1)

The 𝑞-binomial function is defined for all 𝑛 ∈ N as

(𝑡 − 𝑠)
𝑛

𝑞
=

𝑛−1

∏

𝑘=0

(𝑡 − 𝑞
𝑘
𝑠) ,

(𝑡 − 𝑠)
𝛽

𝑞
= 𝑡
𝛽

∞

∏

𝑖=0

(
1 − (𝑠/𝑡) 𝑞

𝑖

1 − (𝑠/𝑡) 𝑞𝑖+𝛼
) ,

(2)

where 𝛽 is not a positive integer. It is easy to see that

(𝑎𝑡 − 𝑎𝑠)
𝛽

𝑞
= 𝑎
𝛽
(𝑡 − 𝑠)

𝛽

𝑞
. (3)

The 𝑞-analog of Euler’s gamma function is denoted by Γ𝑞(𝑡)
and defined as

Γ𝑞 (𝑡) =

(1 − 𝑞)
𝑡−1

𝑞

(1 − 𝑞)
𝑡−1

, 𝑡 > 0. (4)

The following theoremwill be used to compare values of Γ(𝑡),
the usual gamma function, with values of Γ𝑞(𝑡) for a fixed 𝑞 ∈

(0, 1).

Theorem 1 (see [11]). For 0 < 𝑟 < 𝑞 < 1, one has

Γ𝑟 (𝑡) ≤ Γ𝑞 (𝑡) ≤ Γ (𝑡) , for 0 < 𝑡 ≤ 1 or 𝑡 ≥ 2,

Γ (𝑡) ≤ Γ𝑞 (𝑡) ≤ Γ𝑟 (𝑡) , for 1 ≤ 𝑡 ≤ 2.

(5)

It is known that for 0 < 𝑞 < 1,

T𝑞 = {𝑞
𝑛
; 𝑛 ∈ Z} ∪ {0} ,

T
𝛼

𝑞
= {𝑞
𝑛+𝛼

; 𝑛 ∈ Z} ∪ {0} , 𝛼 ∈ R
+
∪ {0} .

(6)

The nabla 𝑞-derivative of the function 𝑓 : T𝑞 → R is defined
by

∇𝑞𝑓 (𝑠) =
𝑓 (𝑠) − 𝑓 (𝑞𝑠)

(1 − 𝑞) 𝑠
, 𝑠 ∈ T𝑞 − {0} . (7)
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The nabla 𝑞-integral of 𝑓 is defined by

∫

𝑠

0

𝑓 (𝑡) ∇𝑞𝑡 = (1 − 𝑞) 𝑠

∞

∑

𝑘=0

𝑞
𝑘
𝑓 (𝑠𝑞
𝑘
) . (8)

Jackson in [12] and Thomae in [13] showed that the 𝑞-beta
function, which is defined by

𝐵𝑞 (𝑡, 𝑠) =
Γ𝑞 (𝑡) Γ𝑞 (𝑠)

Γ𝑞 (𝑡 + 𝑠)
, (9)

has the following 𝑞-integral representation:

𝐵𝑞 (𝑡, 𝑠) = ∫

1

0

𝜏
𝑡−1

(1 − 𝑞𝜏)
𝑠−1

𝑞
∇𝑞𝜏, 𝑡, 𝑠 > 0. (10)

The fundamental theorem of 𝑞-calculus states that

∇𝑞 ∫

𝑠

0

𝑓 (𝑡) ∇𝑞𝑡 = 𝑓 (𝑠) , (11)

and if 𝑓 is continuous at 0, then

∫

𝑠

0

∇𝑞𝑓 (𝑡) ∇𝑞𝑡 = 𝑓 (𝑠) − 𝑓 (0) . (12)

Moreover,

∇𝑞 ∫

𝑡

0

𝑓 (𝑡, 𝑠) ∇𝑞𝑠 = ∫

𝑡

0

∇𝑞𝑓 (𝑡, 𝑠) ∇𝑞𝑠 + 𝑓 (𝑞𝑡, 𝑡) , (13)

where the derivative is applied with respect to 𝑡.
The nabla 𝑞-fractional derivative of (𝑡 − 𝑠)

𝛼

𝑞
with respect

to 𝑡 and for all 𝛼 ∈ R is given by

∇𝑞(𝑡 − 𝑠)
𝛼

𝑞
=
1 − 𝑞
𝛼

1 − 𝑞
(𝑡 − 𝑠)

𝛼−1

𝑞
. (14)

Moreover, the 𝑞-fractional integral of order 𝛼 ̸= 0, −1, −2, . . .

is defined by

𝑞𝐼
𝛼

0
𝑓 (𝑡) =

1

Γ𝑞 (𝛼)
∫

𝑡

0

(𝑡 − 𝑞𝑠)
𝛼−1

𝑞
𝑓 (𝑠) ∇𝑞𝑠. (15)

The 𝛼-order Caputo 𝑞-fractional derivative of a function 𝑓 is
defined by

𝑞𝐶
𝛼

0
𝑓 (𝑡) =

1

Γ𝑞 (𝑛 − 𝛼)
∫

𝑡

0

(𝑡 − 𝑞𝑠)
𝑛−𝛼−1

∇
𝑛

𝑞
𝑓 (𝑠) ∇𝑞𝑠, (16)

where 𝑛 = [𝛼] + 1 and [𝛼] denotes the greatest integer less
than or equal to 𝛼.

The following lemma enables us to transferCaputo 𝑞-frac-
tional differential equations into an equivalent 𝑞-fractional
integral equation.

Lemma 2 (see [3]). Assume that 𝛼 > 0 and 𝑓 is defined on a
suitable domain. Then

𝑞𝐼
𝛼

0𝑞
𝐶
𝛼

0
𝑓 (𝑡) = 𝑓 (𝑡) −

𝑛−1

∑

𝑖=0

𝑡
𝑘

Γ𝑞 (𝑘 + 1)
∇
𝑘

𝑞
𝑓 (0) (17)

and if 0 < 𝛼 ≤ 1, then

𝑞𝐼
𝛼

0𝑞
𝐶
𝛼

0
𝑓 (𝑡) = 𝑓 (𝑡) − 𝑓 (0) . (18)

On the other hand the operator 𝜑𝑝(𝑠) = |𝑠|
𝑝−2

𝑠, where
𝑝 > 1 is called the 𝑝-Laplacian operator. It is easy to see that
𝜑
−1

𝑝
= 𝜑𝑟, where (1/𝑝)+(1/𝑟) = 1.The following properties of

𝑝-Laplacian operator will be used in the rest of the paper.

(P1) if 1 < 𝑝 < 2, 𝑥𝑦 > 0, and |𝑥|, |𝑦| ≥ 𝑚 > 0, then
|𝜑𝑝(𝑥) − 𝜑𝑝(𝑦)| ≤ (𝑝 − 1) 𝑚

𝑝−2
|𝑥 − 𝑦|;

(P2) if 𝑝 ≥ 2 and |𝑥|, |𝑦| ≤ 𝑀 then, |𝜑𝑝(𝑥) − 𝜑𝑝(𝑦)| ≤

(𝑝 − 1)𝑀
𝑝−2

|𝑥 − 𝑦|.

2. A Model of Caputo 𝑞-Fractional
Boundary Value Problem Involving
𝑝-Laplacian Operator

In this paper, our main aim is to prove the existence and uni-
queness of the solution for the following Caputo 𝑞-fractional
boundary value problem involving the 𝑝-Laplacian operator:

∇𝑞 (𝜑𝑝 ( 𝑞𝐶
𝛼

0
𝑥 (𝑡))) = 𝑓 (𝑡, 𝑥 (𝑡)) ,

∇
𝑘

𝑞
𝑥 (0) = 0, for 𝑘 = 2, 3, . . . , 𝑛 − 1,

𝑥 (0) = 𝑎0𝑥 (1) ,

∇𝑞𝑥 (0) = 𝑎1∇𝑞𝑥 (1) ,

(19)

where 𝑎0, 𝑎1 ̸= 1, 1 < 𝛼 ∈ R, and 𝑓 ∈ 𝐶 ([0, 1] ×R,R).
Note that, the boundary value problem given in (19) is

antiperiodic for 𝑎0, 𝑎1 = −1.
In the following lemma we obtain a 𝑞-integral equation

which is equivalent to the Caputo 𝑞-fractional boundary
value problem given in (19).

Lemma 3. Assume that 𝛼 > 1, 𝑎0, 𝑎1 ̸= 1, and ℎ ∈ 𝐶([0, 1]).
Then

∇𝑞 (𝜑𝑝 ( 𝑞𝐶
𝛼

0
𝑥 (𝑡))) = ℎ (𝑡) ,

∇
𝑘

𝑞
𝑥 (0) = 0, for 𝑘 = 2, 3, . . . , 𝑛 − 1,

𝑥 (0) = 𝑎0𝑥 (1) ,

∇𝑞𝑥 (0) = 𝑎1∇𝑞𝑥 (1)

(20)

are equivalent to the following 𝑞-integral equation:

𝑥 (𝑡) = 𝑏
𝑞

0
∫

𝑡

0

(𝑡 − 𝑞𝜏)
𝛼−1

𝑞
𝜑𝑟 (∫

𝜏

0

ℎ (𝑠) ∇𝑞𝑠)∇𝑞𝜏

+ 𝑏
𝑞

1
∫

1

0

(1 − 𝑞𝜏)
𝛼−1

𝑞
𝜑𝑟 (∫

𝜏

0

ℎ (𝑠) ∇𝑞𝑠)∇𝑞𝜏

+ 𝑏
𝑞

2
(𝑡) ∫

1

0

(1 − 𝑞𝜏)
𝛼−2

𝑞
𝜑𝑟 (∫

𝜏

0

ℎ (𝑠) ∇𝑞𝑠)∇𝑞𝜏,

(21)

where 𝑏𝑞
0
= 1/(Γ𝑞(𝛼)), 𝑏

𝑞

1
= 𝑎0/(Γ𝑞(𝛼)(1 − 𝑎0)), and 𝑏

𝑞

2
(𝑡) =

(𝑎1(𝑡 + 𝑎0(1 − 𝑡)))/ (Γ𝑞(𝛼 − 1)(1 − 𝑎0) (1 − 𝑎1)).
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Proof. Using (20) and the fact that 𝜑𝑝(𝑞𝐶
𝛼

0
𝑥(0)) = 0, we have

𝜑𝑝 ( 𝑞𝐶
𝛼

0
𝑥 (𝑡)) = ∫

𝑡

0

ℎ (𝑠) ∇𝑞𝑠, (22)

or equivalently,

𝑞𝐶
𝛼

0
𝑥 (𝑡) = 𝜑𝑟 (∫

𝑡

0

ℎ (𝑠) ∇𝑞𝑠) . (23)

Applying 𝑞-fractional integral operator 𝑞𝐼
𝛼

0
to both sides and

using Lemma 2, we get

𝑥 (𝑡) −

𝑛−1

∑

𝑘=0

𝑡
𝑘

Γ𝑞 (𝑘 + 1)
∇
𝑘

𝑞
𝑥 (0)

=
1

Γ𝑞 (𝛼)
∫

𝑡

0

(𝑡 − 𝑞𝜏)
𝛼−1

𝑞
𝜑𝑟 (∫

𝜏

0

ℎ (𝑠) ∇𝑞𝑠)∇𝑞𝜏.

(24)

Using ∇𝑘
𝑞
𝑥(0) = 0, for 𝑘 = 2, 3, . . . , [𝛼] − 1 in (24), we obtain

𝑥 (𝑡) =
1

Γ𝑞 (𝛼)
∫

𝑡

0

(𝑡 − 𝑞𝜏)
𝛼−1

𝑞
𝜑𝑟 (∫

𝜏

0

ℎ (𝑠) ∇𝑞𝑠)∇𝑞𝜏

+ 𝑥 (0) + 𝑡∇𝑞𝑥 (0) .

(25)

According to (13) and (14), we have

∇𝑞𝑥 (𝑡) =
1

Γ𝑞 (𝛼 − 1)
∫

𝑡

0

(𝑡 − 𝑞𝜏)
𝛼−2

𝑞
𝜑𝑟 (∫

𝜏

0

ℎ (𝑠) ∇𝑞𝑠)∇𝑞𝜏

+ ∇𝑞𝑥 (0) .

(26)

Taking 𝑡 = 1 in both sides of (25) and (26), we get

𝑥 (1) =
1

Γ𝑞 (𝛼)
∫

1

0

(1 − 𝑞𝜏)
𝛼−1

𝑞
𝜑𝑟 (∫

𝜏

0

ℎ (𝑠) ∇𝑞𝑠)∇𝑞𝜏

+ 𝑥 (0) + ∇𝑞𝑥 (0) ,

∇𝑞𝑥 (1) =
1

Γ𝑞 (𝛼 − 1)
∫

1

0

(1 − 𝑞𝜏)
𝛼−2

𝑞
𝜑𝑟 (∫

𝜏

0

ℎ (𝑠) ∇𝑞𝑠)∇𝑞𝜏

+ ∇𝑞𝑥 (0) .

(27)

Solving equations obtained by the given boundary value
conditions 𝑥(0) = 𝑎0𝑥(1) and ∇𝑞𝑥(0) = 𝑎1∇𝑞𝑥(1), it follows
that

∇𝑞𝑥 (0) =
𝑎1

Γ𝑞 (𝛼 − 1) (1 − 𝑎1)

× ∫

1

0

(1 − 𝑞𝜏)
𝛼−2

𝑞
𝜑𝑟 (∫

𝜏

0

ℎ (𝑠) ∇𝑞𝑠)∇𝑞𝜏,

𝑥 (0) =
𝑎0

Γ𝑞 (𝛼) (1 − 𝑎0)
∫

1

0

(1 − 𝑞𝜏)
𝛼−1

𝑞
𝜑𝑟 (∫

𝜏

0

ℎ (𝑠) ∇𝑞𝑠)∇𝑞𝜏

+
𝑎0

Γ𝑞 (𝛼 − 1) (1 − 𝑎0) (1 − 𝑎1)

× ∫

1

0

(1 − 𝑞𝜏)
𝛼−2

𝑞
𝜑𝑟 (∫

𝜏

0

ℎ (𝑠) ∇𝑞𝑠)∇𝑞𝜏.

(28)

Substituting (28) into (25) gives (21) which completes the
proof.

3. Solvability of the Caputo 𝑞-Fractional
Boundary Value Problem

This section is devoted to the solvability of the Caputo 𝑞-
fractional boundary value problem given in (19). In the first
part we shall prove the existence and uniqueness of the solu-
tion, and then we shall illustrate our main results with some
examples.

Recall that 𝐶[0, 1] is a Banach space with the norm ‖𝑥‖ =

max𝑡∈[0,1]|𝑥(𝑡)|. Now consider 𝑇𝑖 : 𝐶[0, 1] → 𝐶[0, 1], 𝑖 =

0, 1 with

𝑇0𝑥 (𝑡) := 𝜑𝑟 (∫

𝑡

0

𝑓 (𝑠, 𝑥 (𝑠)) ∇𝑞𝑠) ,

𝑇1𝑥 (𝑡) = 𝑏
𝑞

0
∫

𝑡

0

(𝑡 − 𝑞𝜏)
𝛼−1

𝑞
𝑥 (𝜏) ∇𝑞𝜏

+ 𝑏
𝑞

1
∫

1

0

(1 − 𝑞𝜏)
𝛼−1

𝑞
𝑥 (𝜏) ∇𝑞𝜏

+ 𝑏
𝑞

2
(𝑡) ∫

1

0

(1 − 𝑞𝜏)
𝛼−2

𝑞
𝑥 (𝜏) ∇𝑞𝜏.

(29)

Then 𝑇 = 𝑇1 ∘ 𝑇0 is a continuous and compact operator.

Theorem 4. Suppose that 1 < 𝑟 < 2, 𝑎0, 𝑎1 ̸= 1, 𝑞 ∈ (0, 1)

is fixed, and the following conditions hold: ∃𝜆 > 0, 0 < 𝛿 <

2/(2 − 𝑟) and 𝑑 with

0 < 𝑑

< 𝜆
2−𝑟

Γ𝑞 (𝛿 (𝑟 − 2) + 2 + 𝛼)

(𝑟 − 1) Γ𝑞 (𝛿 (𝑟 − 2) + 2)

×[

1 − 𝑎0

1 − 𝑎1



(
1 − 𝑎0

 +
𝑎0

)(
1 − 𝑎1

 +
𝑎1

 [𝛿 (𝑟 − 2) + 𝛼 + 1]𝑞)
]

(30)

such that

[𝛿]𝑞 𝜆𝑡
𝛿−1

≤ 𝑓 (𝑡, 𝑥) , for any (𝑡, 𝑥) ∈ (0, 1] ×R, (31)
𝑓 (𝑡, 𝑥) − 𝑓 (𝑡, 𝑦)

 ≤ 𝑑
𝑥 − 𝑦

 , for 𝑡 ∈ [0, 1] , 𝑥, 𝑦 ∈ R.

(32)

Then the boundary value problem (19) has a unique solution.
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Proof. Inequality given in (31) implies that

𝜆𝑡
𝛿
≤ ∫

𝑡

0

𝑓 (𝑠, 𝑥) ∇𝑞𝑠, for any (𝑡, 𝑥) ∈ [0, 1] ×R. (33)

On the other hand using (P1) and (32), we have
𝑇0𝑥 (𝑡) − 𝑇0𝑦 (𝑡)



=


𝜑𝑟 (∫

𝑡

0

𝑓 (𝑠, 𝑥 (𝑠)) ∇𝑞𝑠) − 𝜑𝑟 (∫

𝑡

0

𝑓 (𝑠, 𝑦 (𝑠)) ∇𝑞𝑠)



≤ (𝑟 − 1) (𝜆𝑡
𝛿
)
𝑟−2


∫

𝑡

0

𝑓 (𝑠, 𝑥 (𝑠)) ∇𝑞𝑠 − ∫

𝑡

0

𝑓 (𝑠, 𝑦 (𝑠)) ∇𝑞𝑠



≤ (𝑟 − 1) (𝜆𝑡
𝛿
)
𝑟−2

∫

𝑡

0

𝑓 (𝑠, 𝑥 (𝑠)) − 𝑓 (𝑠, 𝑦 (𝑠))
 ∇𝑞𝑠

≤ 𝑑 (𝑟 − 1) (𝜆𝑡
𝛿
)
𝑟−2

∫

𝑡

0

𝑥 (𝑠) − 𝑦 (𝑠)
 ∇𝑞𝑠

≤ 𝑑 (𝑟 − 1) 𝜆
𝑟−2

𝑡
𝛿(𝑟−2)+1 𝑥 − 𝑦

 .

(34)

Similarly,
𝑇𝑥 (𝑡) − 𝑇𝑦 (𝑡)



=
𝑇1 (𝑇0𝑥 (𝑡)) − 𝑇1 (𝑇0𝑦 (𝑡))



=


𝑏
𝑞

0
∫

𝑡

0

(𝑡 − 𝑞𝜏)
𝛼−1

𝑞
((𝑇0𝑥) (𝜏) − (𝑇0𝑦) (𝜏)) ∇𝑞𝜏

+ 𝑏
𝑞

1
∫

1

0

(1 − 𝑞𝜏)
𝛼−1

𝑞
((𝑇0𝑥) (𝜏) − (𝑇0𝑦) (𝜏)) ∇𝑞

+𝑏
𝑞

2
(𝑡) ∫

1

0

(1 − 𝑞𝜏)
𝛼−2

𝑞
((𝑇0𝑥) (𝜏) − (𝑇0𝑦) (𝜏)) ∇𝑞𝜏



.

(35)

Finally using (34) in (35), we get
𝑇𝑥 (𝑡) − 𝑇𝑦 (𝑡)



≤ 𝑑 (𝑟 − 1) 𝜆
𝑟−2 𝑥 − 𝑦



× [𝑏
𝑞

0
∫

𝑡

0

(𝑡 − 𝑞𝜏)
𝛼−1

𝑞
𝜏
𝛿(𝑟−2)+1

∇𝑞𝜏

+
𝑏
𝑞

1

 ∫

1

0

(1 − 𝑞𝜏)
𝛼−1

𝑞
𝜏
𝛿(𝑟−2)+1

∇𝑞𝜏

+
𝑏
𝑞

2
(𝑡)

 ∫

1

0

(1 − 𝑞𝜏)
𝛼−2

𝑞
𝜏
𝛿(𝑟−2)+1

∇𝑞𝜏] .

(36)

Since

∫

𝑡

0

(𝑡 − 𝑞𝜏)
𝛼−1

𝑞
𝜏
𝛿(𝑟−2)+1

∇𝑞𝜏

= ∫

1

0

(1 − 𝑞𝜏)
𝛼−1

𝑞
𝑡
𝛿(𝑟−2)+𝛼+1

𝜏
𝛿(𝑟−2)+1

∇𝑞𝜏,

(37)

we have
𝑇𝑥 (𝑡) − 𝑇𝑦 (𝑡)



≤ 𝑑 (𝑟 − 1) 𝜆
𝑟−2 𝑥 − 𝑦



× [𝑏
𝑞

0
∫

1

0

(1 − 𝑞𝜏)
𝛼−1

𝑞
𝑡
𝛿(𝑟−2)+𝛼+1

𝜏
𝛿(𝑟−2)+1

∇𝑞𝜏

+
𝑏
𝑞

1

 ∫

1

0

(1 − 𝑞𝜏)
𝛼−1

𝑞
𝜏
𝛿(𝑟−2)+1

∇𝑞𝜏

+
𝑏
𝑞

2
(𝑡)

 ∫

1

0

(1 − 𝑞𝜏)
𝛼−2

𝑞
𝜏
𝛿(𝑟−2)+1

∇𝑞𝜏]

= 𝑑 (𝑟 − 1) 𝜆
𝑟−2 𝑥 − 𝑦



× [𝑏
𝑞

0
𝑡
𝛿(𝑟−2)+𝛼+1

𝐵𝑞 (𝛿 (𝑟 − 2) + 2, 𝛼)

+
𝑏
𝑞

1

 𝐵𝑞 (𝛿 (𝑟 − 2) + 2, 𝛼)

+
𝑏
𝑞

2
(𝑡)

 𝐵𝑞 (𝛿 (𝑟 − 2) + 2, 𝛼 − 1) ]

= 𝑑 (𝑟 − 1) 𝜆
𝑟−2 𝑥 − 𝑦



× [𝑏
𝑞

0
𝑡
𝛿(𝑟−2)+𝛼+1

𝐵𝑞 (𝛿 (𝑟 − 2) + 2, 𝛼)

+
𝑏
𝑞

1

 𝐵𝑞 (𝛿 (𝑟 − 2) + 2, 𝛼) +
𝑏
𝑞

2
(𝑡)



×
[𝛿 (𝑟 − 2) + 𝛼 + 1]𝑞

[𝛼 − 1]𝑞

𝐵𝑞 (𝛿 (𝑟 − 2) + 2, 𝛼)]

≤ 𝑑 (𝑟 − 1) 𝜆
𝑟−2 𝑥 − 𝑦

 𝐵𝑞 (𝛿 (𝑟 − 2) + 2, 𝛼)

× [𝑏
𝑞

0
𝑡
𝛿(𝑟−2)+𝛼+1

+
𝑏
𝑞

1

 +
𝑏
𝑞

2
(𝑡)



[𝛿 (𝑟 − 2) + 𝛼 + 1]𝑞

[𝛼 − 1]𝑞

] .

(38)

In other words,
𝑇𝑥 (𝑡) − 𝑇𝑦 (𝑡)



≤ 𝑑 (𝑟 − 1) 𝜆
𝑟−2 𝑥 − 𝑦



Γ𝑞 (𝛿 (𝑟 − 2) + 2) Γ𝑞 (𝛼)

Γ𝑞 (𝛿 (𝑟 − 2) + 2 + 𝛼)

× [
1

Γ𝑞 (𝛼)
𝑡
𝛿(𝑟−2)+𝛼+1

+



𝑎0

Γ𝑞 (𝛼) (1 − 𝑎0)



+



𝑎1 (𝑡 + 𝑎0 (1 − 𝑡))

Γ𝑞 (𝛼 − 1) (1 − 𝑎0) (1 − 𝑎1)



[𝛿 (𝑟 − 2) + 𝛼 + 1]𝑞

[𝛼 − 1]𝑞

]

≤ 𝑑 (𝑟 − 1) 𝜆
𝑟−2 𝑥 − 𝑦



Γ𝑞 (𝛿 (𝑟 − 2) + 2) Γ𝑞 (𝛼)

Γ𝑞 (𝛿 (𝑟 − 2) + 2 + 𝛼)

× [
1

Γ𝑞 (𝛼)
+

𝑎0


Γ𝑞 (𝛼)
1 − 𝑎0



+

𝑎1
 (
𝑎0

 +
1 − 𝑎0

) [𝛿 (𝑟 − 2) + 𝛼 + 1]𝑞

Γ𝑞 (𝛼)
1 − 𝑎0


1 − 𝑎1



]
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≤ 𝑑 (𝑟 − 1) 𝜆
𝑟−2 𝑥 − 𝑦



Γ𝑞 (𝛿 (𝑟 − 2) + 2) Γ𝑞 (𝛼)

Γ𝑞 (𝛿 (𝑟 − 2) + 2 + 𝛼)

× [ (
1 − 𝑎0


1 − 𝑎1

 +
𝑎0


1 − 𝑎1



+
𝑎1

 (
𝑎0

 +
1 − 𝑎0

) [𝛿 (𝑟 − 2) + 𝛼 + 1]𝑞)

×(Γ𝑞 (𝛼)
1 − 𝑎0


1 − 𝑎1

)
−1

]

= 𝑑 (𝑟 − 1) 𝜆
𝑟−2

Γ𝑞 (𝛿 (𝑟 − 2) + 2)

Γ𝑞 (𝛿 (𝑟 − 2) + 2 + 𝛼)

×[
(
1 − 𝑎0

 +
𝑎0

) (
1 − 𝑎1

 +
𝑎1

 [𝛿 (𝑟 − 2) + 𝛼 + 1]𝑞)

1 − 𝑎0

1 − 𝑎1



]

×
𝑥 − 𝑦

 = 𝐾
𝑥 − 𝑦

 ,

(39)

where𝐾 = 𝑑(𝑟−1)𝜆
𝑟−2

(Γ𝑞(𝛿(𝑟−2)+2)/Γ𝑞(𝛿(𝑟−2)+2+𝛼))[((|1−

𝑎0|+ |𝑎0|)(|1−𝑎1|+ |𝑎1|[𝛿(𝑟 − 2) + 𝛼 + 1]𝑞))/(|1−𝑎0||1−𝑎1|)].
By condition (30), we get 0 < 𝐾 < 1, which implies that 𝑇

is a contraction. As a consequence of the Banach contraction
mapping theoremandLemma 3, the boundary value problem
given in (19) has a unique solution.

Theorem 5. Suppose that 1 < 𝑟 < 2, 𝑎0, 𝑎1 ̸= 1, and the fol-
lowing conditions hold for a fixed 𝑞 ∈ (0, 1), ∃𝜆 > 0, 0 < 𝛿 <

2/(2 − 𝑟), and 𝑑 with

0 < 𝑑

< 𝜆
2−𝑟

Γ𝑞 (𝛿 (𝑟 − 2) + 2 + 𝛼)

(𝑟 − 1) Γ𝑞 (𝛿 (𝑟 − 2) + 2)

× [

1 − 𝑎0

1 − 𝑎1



(
1 − 𝑎0

 +
𝑎0

) (
1 − 𝑎1

 +
𝑎1

 [𝛿(𝑟 − 2) + 𝛼 + 1]𝑞)
]

(40)

such that

𝑓 (𝑡, 𝑥) ≤ −[𝛿]𝑞𝜆𝑡
𝛿−1

, for any (𝑡, 𝑥) ∈ (0, 1] ×R,

𝑓 (𝑡, 𝑥) − 𝑓 (𝑡, 𝑦)
 ≤ 𝑑

𝑥 − 𝑦
 , for 𝑡 ∈ [0, 1] , 𝑥, 𝑦 ∈ R.

(41)

Then the boundary value problem (19) has a unique solution.

Remark 6. When 𝑞 → 1, Theorems 4 and 5 reduce to
Theorems 3.1 and 3.2 of [14].

Theorem 7. Suppose that 𝑟 > 2, 𝑎0, 𝑎1 ̸= 1, and the following
conditions hold for a fixed 𝑞 ∈ (0, 1).There exists a nonnegative
function 𝑔(𝑥) ∈ 𝐿[0, 1] with𝑀 := ∫

1

0
𝑔(𝜏)∇𝑞𝜏 ≥ 0 such that

𝑓 (𝑡, 𝑥)
 ≤ 𝑔 (𝑡) , for any (𝑡, 𝑥) ∈ [0, 1] ×R, (42)

and there exists a constant 𝑑 with

0 < 𝑑

<
Γ𝑞 (𝛼 + 2)

(𝑟 − 1)𝑀𝑟−2

× [

1 − 𝑎0

1 − 𝑎1



(
1 − 𝑎0

 +
𝑎0

) (
1 − 𝑎1

 +
𝑎1

 [𝛼 + 1]𝑞)
] ,

(43)

𝑓 (𝑡, 𝑥) − 𝑓 (𝑡, 𝑦)
 ≤ 𝑑

𝑥 − 𝑦
 , for 𝑡 ∈ [0, 1] , 𝑥, 𝑦 ∈ R.

(44)

Then the boundary value problem (19) has a unique solution.

Proof. By (42), we can get that

∫

𝑡

0

𝑓 (𝜏, 𝑥 (𝜏))
 ∇𝑞𝜏 ≤ ∫

1

0

𝑔 (𝜏) ∇𝑞𝜏 = 𝑀 (45)

for all 𝑡 ∈ [0, 1]. By the definition of 𝑇0, we have

𝑇0𝑥 (𝑡) − 𝑇0𝑦 (𝑡)


=


𝜑𝑟 (∫

𝑡

0

𝑓 (𝑠, 𝑥 (𝑠)) ∇𝑞𝑠) − 𝜑𝑟 (∫

𝑡

0

𝑓 (𝑠, 𝑦 (𝑠)) ∇𝑞𝑠)


.

(46)

Using (P2) and (45) gives

𝑇0𝑥 (𝑡) − 𝑇0𝑦 (𝑡)


≤ (𝑟 − 1)𝑀
𝑟−2

×


∫

𝑡

0

𝑓 (𝑠, 𝑥 (𝑠)) ∇𝑞𝑠 − ∫

𝑡

0

𝑓 (𝑠, 𝑦 (𝑠)) ∇𝑞𝑠



≤ (𝑟 − 1)𝑀
𝑟−2

× ∫

𝑡

0

𝑓 (𝑠, 𝑥 (𝑠)) − 𝑓 (𝑠, 𝑦 (𝑠))
 ∇𝑞𝑠

≤ 𝑑 (𝑟 − 1)𝑀
𝑟−2

∫

𝑡

0

𝑥 (𝑠) − 𝑦 (𝑠)
 ∇𝑞𝑠

≤ 𝑑 (𝑟 − 1)𝑀
𝑟−2

𝑡
𝑥 − 𝑦

 .

(47)

Therefore,

𝑇𝑥 (𝑡) − 𝑇𝑦 (𝑡)


=
𝑇1 (𝑇0𝑥 (𝑡)) − 𝑇1 (𝑇0𝑦 (𝑡))



=


𝑏
𝑞

0
∫

𝑡

0

(𝑡 − 𝑞𝜏)
𝛼−1

𝑞
((𝑇0𝑥) (𝜏) − (𝑇0𝑦) (𝜏)) ∇𝑞𝜏

+ 𝑏
𝑞

1
∫

1

0

(1 − 𝑞𝜏)
𝛼−1

𝑞
((𝑇0𝑥) (𝜏) − (𝑇0𝑦) (𝜏)) ∇𝑞

+𝑏
𝑞

2
(𝑡) ∫

1

0

(1 − 𝑞𝜏)
𝛼−2

𝑞
((𝑇0𝑥) (𝜏) − (𝑇0𝑦) (𝜏)) ∇𝑞𝜏
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≤ 𝑑 (𝑟 − 1)𝑀
𝑟−2 𝑥 − 𝑦



× [
1

Γ𝑞 (𝛼)
∫

𝑡

0

(𝑡 − 𝑞𝜏)
𝛼−1

𝑞
𝜏∇𝑞𝜏

+

𝑎0


Γ𝑞 (𝛼)
1 − 𝑎0



∫

1

0

(1 − 𝑞𝜏)
𝛼−1

𝑞
𝜏∇𝑞𝜏

+

𝑎1 (𝑡 + 𝑎0 (1 − 𝑡))


Γ𝑞 (𝛼 − 1)
1 − 𝑎0


1 − 𝑎1



∫

1

0

(1 − 𝑞𝜏)
𝛼−2

𝑞
𝜏∇𝑞𝜏] .

(48)

Since

∫

𝑡

0

(𝑡 − 𝑞𝜏)
𝛼−1

q 𝜏∇𝑞𝜏 = ∫

1

0

𝑡
𝛼+1

(1 − 𝑞𝜏)
𝛼−1

𝑞
𝜏∇𝑞𝜏 (49)

we have

𝑇𝑥 (𝑡) − 𝑇𝑦 (𝑡)


≤ 𝑑 (𝑟 − 1)𝑀
𝑟−2 𝑥 − 𝑦



× [
1

Γ𝑞 (𝛼)
∫

1

0

𝑡
𝛼+1

(1 − 𝑞𝜏)
𝛼−1

𝑞
𝜏∇𝑞𝜏

+

𝑎0


Γ𝑞 (𝛼)
1 − 𝑎0



∫

1

0

(1 − 𝑞𝜏)
𝛼−1

𝑞
𝜏∇𝑞𝜏

+

𝑎1
 (
𝑎0

 + 𝑡
1 − 𝑎0

)

Γ𝑞 (𝛼 − 1)
1 − 𝑎0


1 − 𝑎1



∫

1

0

(1 − 𝑞𝜏)
𝛼−2

𝑞
𝜏∇𝑞𝜏] .

(50)

Using 𝑞-Beta function and the fact that 𝑡 ∈ [0, 1], we get

𝑇𝑥 (𝑡) − 𝑇𝑦 (𝑡)


≤ 𝑑 (𝑟 − 1)𝑀
𝑟−2 𝑥 − 𝑦



× [
1

Γ𝑞 (𝛼)
𝐵𝑞 (2, 𝛼) +

𝑎0


Γ𝑞 (𝛼)
1 − 𝑎0



𝐵𝑞 (2, 𝛼)

+

𝑎1
 (
𝑎0

 +
1 − 𝑎0

)

Γ𝑞 (𝛼 − 1)
1 − 𝑎0


1 − 𝑎1



[𝛼 + 1]𝑞

[𝛼 − 1]𝑞

𝐵𝑞 (2, 𝛼)]

≤ 𝑑 (𝑟 − 1)𝑀
𝑟−2

𝐵𝑞 (2, 𝛼)
𝑥 − 𝑦



× [
1

Γ𝑞 (𝛼)
+

𝑎0


Γ𝑞 (𝛼)
1 − 𝑎0



+

𝑎1
 (
𝑎0

 +
1 − 𝑎0

) [𝛼 + 1]𝑞

Γ𝑞 (𝛼)
1 − 𝑎0


1 − 𝑎1



]

≤ 𝑑 (𝑟 − 1)𝑀
𝑟−2

𝐵𝑞 (2, 𝛼)
𝑥 − 𝑦



× [ (
1 − 𝑎0


1 − 𝑎1

 +
𝑎0


1 − 𝑎1



+
𝑎1

 (
𝑎0

 +
1 − 𝑎0

) [𝛼 + 1]𝑞)

×(Γ𝑞 (𝛼)
1 − 𝑎0


1 − 𝑎1

)
−1

]

≤
𝑑 (𝑟 − 1)𝑀

𝑟−2

Γ𝑞 (𝛼 + 2)

× [
(
1 − 𝑎0

 +
𝑎0

) (
1 − 𝑎1

 +
𝑎1

 [𝛼 + 1]𝑞)

1 − 𝑎0

1 − 𝑎1



]

×
𝑥 − 𝑦

 ≤ 𝐾
𝑥 − 𝑦

 ,

(51)

where

𝐾 =
𝑑 (𝑟 − 1)𝑀

𝑟−2

Γ𝑞 (𝛼 + 2)

× [
(
1 − 𝑎0

 +
𝑎0

) (
1 − 𝑎1

 +
𝑎1

 [𝛼 + 1]𝑞)

1 − 𝑎0

1 − 𝑎1



] .

(52)

By condition (43), we get𝐾 < 1which implies that𝑇 is a con-
traction; therefore boundary value problem given in (19) has
a unique solution.

Next, we give some examples to illustrate our results.

Example 8. Consider the following Boundary value problem

∇𝑞 (𝜑7/3 ( 𝑞𝐶
3/2

0
𝑥 (𝑡)))

= 4𝑡
2
(2 + cos(√𝜋𝑥

24
+ 𝜔)) , 𝑡 ∈ (0, 1) ,

∇
𝑘

𝑞
𝑥 (0) = 0, for 𝑘 = 2, 3, . . . , 𝑛 − 1,

𝑥 (0) =
1

2
𝑥 (1) ,

∇𝑞𝑥 (0) =
1

2
∇𝑞𝑥 (1) ,

(53)

where

𝑝 =
7

3
, 𝛼 =

3

2
, 𝛿 = 4,

𝑎0 =
1

2
, 𝑎1 =

1

2
.

(54)

Then 𝑟 = 7/4, and take 𝛿 = 4, 𝜆 = 1, and 𝑑 = √𝜋/6. Using
Theorem 1 and the fact that [3/2]𝑞 > 1 for any fixed 𝑞 ∈ (0, 1),
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we have

𝜆
2−𝑟

Γ𝑞 (𝛿 (𝑟 − 2) + 2 + 𝛼)

(𝑟 − 1) Γ𝑞 (𝛿 (𝑟 − 2) + 2)

× [ (
1 − 𝑎0


1 − 𝑎1

)

× ( (
1 − 𝑎0

 +
𝑎0

)

× (
1 − 𝑎1

 +
𝑎1

 [𝛿 (𝑟 − 2) + 𝛼 + 1]𝑞))
−1

]

=
2

3
[
[3/2]𝑞Γ𝑞 (3/2)

(1 + [3/2]𝑞)
] >

2

3
[

[3/2]𝑞Γ𝑞 (3/2)

([3/2]𝑞 + [3/2]𝑞)
]

>
1

3
Γ (

3

2
) =

√𝜋

6
= 𝑑 > 0,

𝐾 = 𝑑 (𝑟 − 1) 𝜆
𝑟−2

Γ𝑞 (𝛿 (𝑟 − 2) + 2)

Γ𝑞 (𝛿 (𝑟 − 2) + 2 + 𝛼)

×[
(
1 − 𝑎0

 +
𝑎0

)(
1 − 𝑎1

 +
𝑎1

 [𝛿 (𝑟 − 2) + 𝛼 + 1]𝑞)

1 − 𝑎0

1 − 𝑎1



]

=
√𝜋

4Γ𝑞 (5/2)
[(1 + [

3

2
]
𝑞

)]

<
√𝜋

4[3/2]𝑞Γ𝑞 (3/2)
[([

3

2
]
𝑞

+ [
3

2
]
𝑞

)] ≤
√𝜋

2Γ (3/2)
= 1.

(55)

Moreover, it can be easily seen that

[𝛿]𝑞𝜆𝑡
𝛿−1

= [4]𝑞𝑡
3
≤ 4𝑡
2
(2 + cos(√𝜋𝑥

24
+ 𝜔))

= 𝑓 (𝑡, 𝑥) .

(56)

Finally,

𝑓 (𝑡, 𝑥) − 𝑓 (𝑡, 𝑦)


=


4𝑡
2
(2 + cos(√𝜋𝑥

24
+ 𝜔))

− 4𝑡
2
(2 + cos(

√𝜋𝑦

24
+ 𝜔))



= 4𝑡
2



cos(√𝜋𝑥

24
+ 𝜔) − cos(

√𝜋𝑦

24
+ 𝜔)



≤ 4



(
√𝜋𝑥

24
+ 𝜔) − (

√𝜋𝑦

24
+ 𝜔)



=
√𝜋

6

𝑥 − 𝑦
 .

(57)

Therefore as a consequence of Theorem 4, boundary value
problem given in (53) has a unique solution.

Example 9. Consider the following boundary value problem:

∇𝑞 (𝜑9/4 (𝜑31/15 ( 𝑞𝐶
3/2

0
𝑥 (𝑡))))

= 4𝑡
2
(2 + cos(√𝜋𝑥

24
+ 𝜔)) , 𝑡 ∈ (0, 1) ,

∇
𝑘

𝑞
𝑥 (0) = 0, for 𝑘 = 2, 3, . . . , 𝑛 − 1,

𝑥 (0) =
1

2
𝑥 (1) ,

∇𝑞𝑥 (0) =
1

2
∇𝑞𝑥 (1) .

(58)

Then

𝜑9/4 (𝜑31/15 (𝑠)) = 𝜑9/4 (|𝑠|
1/15

𝑠) =

|𝑠|
1/15

𝑠


(9/4)−2

|𝑠|
1/15

𝑠

= |𝑠|
(1/15)(1/4)

|𝑠|
1/4

|𝑠|
1/15

𝑠

= |𝑠|
(1/60)+(1/4)+(1/15)

𝑠 = |𝑠|
1/3

𝑠

= |𝑠|
(7/3)−2

𝑠 = 𝜑7/3 (𝑠) .

(59)

Therefore boundary value problem given in (58) reduces to
the boundary value problem given in (53), and it has a unique
solution.

Example 10. Now consider the following antiperiodic bound-
ary value problem:

∇𝑞 (𝜑7/4 ( 𝑞𝐶
3/2

0
𝑥 (𝑡)))

= (sin2 (√𝜋𝑥

40
+ 𝜔)) , 𝑡 ∈ (0, 1) ,

∇
𝑘

𝑞
𝑥 (0) = 0, for 𝑘 = 2, 3, . . . , 𝑛 − 1,

𝑥 (0) = −𝑥 (1) ,

∇𝑞𝑥 (0) = −∇𝑞𝑥 (1) ,

(60)

where

𝑝 =
7

4
, 𝛼 =

3

2
, 𝑎0 = −1, 𝑎1 = −1. (61)
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Then 𝑟 = 7/3, and take 𝑑 = √𝜋/20. Using Theorem 1 and
taking 𝑔(𝑡) = 1, we get that

𝑀 = 1,

Γ𝑞 (𝛼 + 2)

(𝑟 − 1)𝑀𝑟−2

× [

1 − 𝑎0

1 − 𝑎1



(
1 − 𝑎0

 +
𝑎0

) (
1 − 𝑎1

 +
𝑎1

 [𝛼 + 1]𝑞)
]

= [
Γ𝑞 (7/2)

(2 + [5/2]𝑞)
] > [

[5/2]𝑞[3/2]𝑞Γ𝑞 (3/2)

(2[5/2]𝑞 + [5/2]𝑞)
]

=
[3/2]𝑞Γ𝑞 (3/2)

3
>
Γ (3/2)

3
=
√𝜋

6
>
√𝜋

20
= 𝑑.

(62)

On the other hand,

𝑓 (𝑡, 𝑥) − 𝑓 (𝑡, 𝑦)
 ≤



sin2 (√𝜋𝑥

40
+ 𝜔) − sin2 (

√𝜋𝑦

40
+ 𝜔)



≤
√𝜋

20

𝑥 − 𝑦
 , for 𝑡 ∈ [0, 1] , 𝑥, 𝑦 ∈ R,

𝐾 =
𝑑 (𝑟 − 1)𝑀

𝑟−2

Γ𝑞 (𝛼 + 2)

×[
(
1 − 𝑎0

+
𝑎0

)(
1 − 𝑎1

+
𝑎1

[𝛼 + 1]𝑞)

1 − 𝑎0

1 − 𝑎1



]

=
√𝜋

20Γ𝑞 (7/2)
[2 + [

5

2
]
𝑞

]

<
√𝜋

20[5/2]𝑞[3/2]𝑞Γ𝑞 (3/2)
[3[

5

2
]
𝑞

]

=
3√𝜋

20[3/2]𝑞Γ𝑞 (3/2)
<

3√𝜋

20Γ (3/2)
=

3

10
< 1.

(63)

Therefore by Theorem 7, the antiperiodic boundary value
problem given in (60) has a unique solution.
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