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Some global existence and uniform asymptotic stability results for fractional functional differential equations are proved. It is worth
mentioning that when « = 1 the initial value problem D“[y(t)eﬁt] = f(t, yt)eﬁt, t € [ty00), t, 20,0 < <1, y(t) =
(1), ty—h <t <ty reduces to a classical dissipative differential equation with delays as in Caraballo et al’s work (2005).

1. Introduction

Consider the initial value problem (IVP for short) of the
following fractional functional differential equation:

D[y e] = f(t.y) e, teltgno0).ty >0,
0<a<l, (@

y()=¢ ), to-h<t<t,
where D” is the Caputo fractional derivative, > 0, f : J x
C([-h,0],R) — R, where ] = [t,,00), is a given function
satisfying some assumptions that will be specified later, 1 > 0,
and ¢ € C([t, — h,t,],R). If y € C([t, — h, 00),R), then for
anyt € [ty, 00), define y, by
%0 =y(t+0), 6e[-ho0]. 2)

The study of retarded differential equations is an impor-
tant area of applied mathematics due to physical reasons,
noninstant transmission phenomena, memory processes,
and specially biological motivations (see, e.g., [1-4]). Frac-
tional differential equations have attracted much attention
recently (see, e.g., [5-11] and the references cited therein
for the applications in various sciences such as physics,
mechanics, chemistry, and engineering).

Some attractive results for fractional functional differ-
ential equations and nonlinear functional integral equations

are obtained by using the fixed point theory; see [12-
16] and references therein. Global asymptotic stability of
solutions of a functional integral equation is discussed in [17];
however, there is no work on uniform asymptotic stability of
solutions of fractional functional differential equation. It is
our intention here to show the global existence and uniform
asymptotic stability of the fractional functional differential
equation (1).

We organize the paper as follows. In Section 2, we
recall some necessary concepts and results. In Section 3 we
give the global existence and uniform asymptotic stability
of fractional functional differential equations. Finally, two
examples are given to illustrate our main results.

2. Preliminaries

In this section, we introduce notations, definitions, and
preliminary facts which are used throughout this paper.

We consider BC := BC([t, — h, 00), R) the Banach space
of all bounded and continuous functions from [t,—h, co0) into
R with the norm

7]l == sup {|y ()| : t € [ty — h,00)}. (3)

Let |yl = sup_,pcly(t + 0)| for t € J.
Throughout this paper, we always assume that f(¢, x,)
satisfies the following condition:



(Hy) f(t,x,) is Lebesgue measurable with respect to t on
[ty, 00), and f(t, @) is continuous with respect to ¢ on
C([-h,0],R).

By condition (H,) and the technique used in [7], we get the
equivalent form of IVP (1) as

y(©)

O
| @l e )
B X f(s,y)ds, t=t,,

CIGHE te[ty—hty],

where T'(:) is the gamma function.

Definition 1. We say that the solutions y and x of IVP (1) are
uniformly asymptotically stable if for any bounded subset B
of C([-h,0],R) and € > 0, there exists a T > 0 such that

ly (ttg, ) —x (t,ty,y)| <e VE=T,
¢, v € B.

©)

We recall the following generalization of Gronwall’s
lemma for singular kernels [18], which will be used in the
sequel.

Lemma 2. Let v : [ty,b] — [0,+00) be a real function and
w(:) is a nonnegative, locally integrable function on [t,, b] and
there are constants a > 0 and 0 < « < 1 such that

v(t)sw(t)+ar AONFN (6)

t, (t—9)"

Then there exists a constant K = K(«) such that

v(t) <w(t) +Ka r w g @)

ty (t — S)(x
foreveryt € [t,,b].
Theorem 3 (Leray-Schauder fixed-point theorem). Let P be

a continuous and compact mapping of a Banach space X into
itself, such that the set

{x € X:x=APx for some 0<A<1}, (8)

is bounded. Then, P has a fixed point.

3. FDEs of Fractional Order

In this section, we will investigate the IVP (1). Our first
global existence and uniform asymptotic stability result for
the IVP (1) is based on the Banach contradiction principle
and Lemma 2.
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Theorem 4. Assume that f(t, y,) satisfies conditions (H,) and

(H,) there exists | > 0 such that
If (tu) - f(t Vt)l <l "ut - Vt" > €

fort € ] and every u,,v, € C([-h,0],R). Moreover, the
functiont — f(t,0) is bounded with f, = supgtolf(t, 0)].

If

pr) o >< Lo o)

I'(x+1)

then the IVP (1) has a unique solution in the space BC.
Moreover, solutions of IVP (1) are uniformly asymptotically
stable.

Proof. We divide the proof into two steps.

Step 1. We define the operator P : C([t,—h, 00), R) — C([t,—
h,00),R) by

(Py) (®)
(5 (1)
t
), e ()
i X flsy)ds  tet
CIGE te[ty—hty].

The operator P maps BC into itself. Indeed for each y € BC,
and for each t > 2t + h, it follows from (H, ) that

|(Py) )]

< |J’ (to)l e K

tt;)

1 (! B
*ﬁaj“*>%“>mﬁwmws

ty

H%
I'(a)

t=(ty+h) R t
X (J (to +h)* e P9ds + J
to t—(ty+h)

(to +h)"
T+ D >
(12)

< Jgfle

(t - s)“_lds>

(ty + b)* e At
BT (o)

QW+%+WM(

For each t € [t,,2t, + h], we have

ot o) o +B)° 15
I'(x+1)

|(Py) 0)] < [|¢]| +

and consequently P(y) € BC.
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Since BC := BC([t, — h,00),R) is a Banach space with
norm | - ||, we will show that P : BC — BC is a contraction
map. Let y;, y, € BC. Then, we have for each t > ¢,

|(Py,) (t) = (Py,) (1)]

I a-1_—B(t-s)
<S—— | (t-s)"e
to

(14)

X|f (s y15) = f (5, 25)| ds

t
< | 9 bl

Therefore, for any ¢ > 2t, + h,

|(P}’1) (t) - (Py,) (t)|

t—(ty+h) e
x J (t,+ 1) e
t

0

! _ a—1
+L_(t0+h) (t—s) ds)

<1 (tg + h)* e Fto? n (ty +h)*
- BT () [(x+1)

A9 g

(15)

X 31 ) = 32 Ol

andfort, —h<t<2t,+h,

|(P)’1) (t) - (Py,) (t)l

! 1
— 51 = Ol J(t—s)“_ ds

ST ( ) (16)

l(t0 +h)*

S Tar l|y1 )= 72 O]l

and thus

1(Py;) () = (Pyy) Ol

a-1__p(t,+h)
<l (to +h)" e
BT ()

<y (=2 Ollso

I'(ax+1)

. (t, +h) > 1)

Hence, (10) and (17) imply that the operator P is a contraction.
Therefore, P has a unique fixed point by Banach’s contraction
principle.

Step 2. For any two solutions x = x(¢) and y = y(t) of IVP (1)
corresponding to initial values y and ¢, by (4) we can deduce
that forallt > ¢, + hand all 0 € [-h, 0],

lx(t+9)—y(t+0)|

S |x (to) —y (to)| e

1 t+0
+ m J;O (t +0-s
X |f(S,X$)—f(S,yS)|d$

< |x (to)) —y (to)| e Po)

+ b J-He (t + 6 — 5)* L P09 x5 = ¥4l ds.
T ((X) ty

Then, it follows that

—B(t+6—-t,)

)a—le—ﬁ(t+9—s)

(18)

e I = vl
< |x (t)) —y (to)l )
Pt o1 b
T ), €9 bl
Let w(t) = eﬁtllxt — y;|l. Then, we have

|x (ty) = y (o) et
leﬁh t

+ t-
I'(x) Jto (

Applying Lemma 2, one can see that there exists a constant K
such that

w(t)

(19)

w(t) <

(20)
) w(s)ds

y ()] #

[ e ey

KlePh «
(t-1)).

I'(x+1)

< |x (k) -

KleP"
+
[ (a)

<h%rwamfwm0+

Hence, we obtain

s ||xt - J’t“ =w(t)

h
< |x (tO) -y (tO)l eﬁ( +o) (22)
KleP" «
x(1+ (t=1t0)" |»
IF'(x+1)
and thus forall t > ¢, + h,

|x @) =y (1)

< |x () = y ()] e Pl-ht) (1 +

KlePh «
040),

I'(x+1)
(23)

which implies that the solutions of IVP (1) are uniformly
asymptotically stable. O



Now we give global existence and uniform asymptotic
stability results based on the nonlinear alternative of Leray-
Schauder type.

Theorem 5. Assume that the following hypotheses hold:

(H,) f is a continuous function;
(H;) there exist positive functions ky, k, € BC([t,, 00),R,)
such that
|f ()| < ky () + Ky () ] (24)

fort € ] and every u, € C([-h,0], R);

(H,) moreover, assume that

lim j (t - )P (s)ds =0,

t — 00
t (25)
lim J (t - )Pk, (s)ds = 0.

t—o00 J;

Then the IVP (1) admits a solution in the space BC. Moreover,
solutions of IVP (1) are uniformly asymptotically stable.

Proof. Let P : C([t, — h,00),R) — C([t, — h,00),R) be
defined as in (11). First, we show that P maps BC into itself.
Let Ky = supy, ky(t), K; = sup,, k,(t). Indeed, the map
P(y) is continuous on [t, — h, +00) for each y € BC, and for
each t > 2t + h, (H,) implies that

|(Py) (0)]
< |y (t)| e P

1 a—1 _—B(t-s
it ], R s

-t Kt Kol
cfpleten s S
t—(to+h) 26
X (J ' (to + h)* e P45 26)
to

‘ _ el
+L(t0+h) (t-s) ds)

<|lgll + (Ky + K| 5],,)
N (ty +h)" ) ’
I'(x+1)

to + h)* e Ptoth)
) (( o+ h)
for each t € [t,,2t, + h], we have

BT ()

K, +K to+h)"
(e o)< ol + E TP g
and for any t € [t, — h,t,],
|(Py) )] < [l¢]- (28)
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Thus,
1P (7)]leo
< J¢ll + (K; + K| y]lo)
o=l _—B(ty+h)
y < (to +h)" e

(29)

BI ()

o
+ (to +h) >,
IF'(w+1)
and consequently P(y) € BC.
Next, we show that the operator P is continuous and
completely continuous, and there exists an open set U ¢ BC
with y #AP(y) for A € (0,1) and y € oU.

Step 1 (P is continuous). Let {y,} be a sequence such that y, —
y in BC. Then, there exist R > 0 and N > 0 such that
[ylleo + 17l <R ¥n=N. (30)

Let € > 0 be given. Since (H,) holds, there is a real number
T > 0 such that

2 Jt a-1_~p(t-s)
— | (t-9)""¢ ki(s)+ky,(s)R)ds<e, (31
) to( ) (ky (s) + K, () R) (3D
forall t > T. Now we consider the following two cases.

Case 1. If t > T, then it follows from (H;) and (30)-(31) that
for n sufficiently large

|Py, (t) — Py (1)

y (to)l o Pt

t
) J (t - S)a_le_ﬁ(t_S) |f (S’ yns) - f (S’ ys)l ds

< |yn (tO) -

1
T (@)

<[y (o) =y (t)]

t
+ 2 J (t - s)"Hefl3 (t=5)
['(a) J,

x (k; (s) + k, (s) R) ds < 2e.
(32)
Case 2. If t, < t <
has
|Py,, (1) = Py (8)]
S |J’n (to)) ~y (to)l

T, since f is a continuous function, one

i | IS () - 7 (5 30l ds
<[y ta) =y (1)

T -t
+%§:{‘:}p |f Syns) f(s’ys)l

(33)
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Note that y, — yin BC. Hence, (32) and (33) imply that

[P(y,) -PW)|, — 0 as n— oco.

(34)

Step 2 (P maps bounded sets into bounded sets in BC). Indeed,
it is enough to show that for any # > 0, there exists a positive
constant £ such that for each y € B, = {y € BC: |lyl, <n}
one has [P(y), < €. Let y € B,. Then, we have for each
t22t)+h,

|y ()] e 77

1 a—1 _—[(t—s
i I sl

|(Py) (1)] <

K + K|l y]o J't (t — 5% e B9 g
F(oc) ty (35)
<n+ (K + Kyn)
x (tg + )" e Pl + (to + )"
Br («) I(a+1)
=: ¢,
and for each t with t, <t <2t + h,
(to+h)"
Py) (t)| < K, +K . 36
|(Py) ()] <5+ (K, + 277)F(0¢+1) (36)

Hence, |[P(p)l, < €

Step 3 (P maps bounded sets into equicontinuous sets on every
compact subset [ty — h,b] of [t, — h,00)). Let t,t, € [ty,b],
t; < t,, and let B, be a bounded set of BC as in Step 2. Let
y € B,. Then, we have

|(Py) (1,) -
<y (e
tl
’ ﬁ L '((tz —5) P

- (t - S)“*le—ﬁ(tl—s))f

1 f a—1
+ m J;l (tz — S)

S ly (tO)l eﬁto efﬁtz — eﬂgtl|

(Py) (t1)

B(t,—ty) Blt1—ty)

- y(ty)e

(s, )| ds

e PO f (s, y,)| ds

K1+K211(t 4 )a
[ (ax+1) !

K, +Kyn Jtl a-1_—B(t,—s)
+— t,—s) e
@ ((t,-5)
—(t, - s)afle_ﬁ(tz_s)) ds
- - K, +Kyn
S I)’(to)leﬁto |e fo e ﬁtl' Tt i) (t,-1,)"
K, + K,y Jtl a-1__B(t,~s)
+ t,—s) e
r (“) t (( 1 )
—(t, - s)“_le_ﬁ(t‘_s)) ds
K, + Kyn Jtl a-1_—p(t,—s)
-1 2 £ — 1
+ @ ((2 s)" e
—(t, - s)“ile_ﬁ(tz_s)) ds. (37)
Observing that
K, +Kyn
I'(«)
t
[ (=9 =9 s
0
K, + Ky Jtl a-1 a-1
< ——— t,—s —(t,—s ds
el ICEDREICER I
K + Kyn a a «
m ((tl —tg) —(t,—ty) +(t, 1) )
K + K217( )
ST@+1 Loh) o
38
from Taylor’s theorem, we obtain
K, + K,y
I'(x)
t
X L ((t2 — ) e P (g, - s)“ile_ﬁ(tz_s)) ds
0
K+ Ky a1 J N Bt B9
e " —e ds
K [ )
K, + Ky a-1 —B(t,—t1)
< ———(t, =t l-e ™2™
Ky + Ky « o(t-t) «
= L2 (-t ——(t, - 1) ),
T () ((2 )7 -t (1)

(39)
where limtz_t1 Lolo(t, —t)/(ty — t;)) = 0. By (37)-(39), we
can conclude that

|(Py) (t2) = (Py) ()]
< ﬂeﬁtﬂ |e—ﬁt2 _ e_ﬁtl'

2(K; + Kyp) a

—_—(t, — ¢
T(ax+1) (t=t)

Ky + Ky « o(t-t) P

t,—t t,—t

(- 20,



Ast, — t,,the right-hand side of the above inequality tends
to zero. The equicontinuity for the cases t; < t, < t, and
t, <ty < t, is obvious.

Step 4 (P maps bounded sets into equiconvergent sets). Let y €
B,. Then

|(Py) ()]
< |y (tO)l e’ﬁ(t*to)
Lo e

[ () Jg,
_B(t_to)

(41)

e

erf(t—s)“1 B (1 (5) + K, (5) ) ds.

Therefore, (H,) implies that |(Py)(t)| uniformly (with respect
to y € B(n)) converges to 0 ast — ©00. As a consequence of
Steps 1-4, we can conclude that P : BC — BC is continuous
and completely continuous.

Step 5 (a priori bounds). We now show that there exists an
open set U € BC with y# AP(y) for A € (0,1) and y € 0U.

Let y € BCand y = AP(y) for some 0 < A < 1. Then, for
eacht € [t,, 00), we obtain

y(t) = [y(t ) e Pt
(42)

1 a-1_—p(t-s)
1“()J'to(l‘ )" e f(sy)ds|.

By (H;), we have that for all 0 € [-h,0] and t > ¢) + h,

|y (£ +0)]
< ly (to)l e—ﬁ(t+6—t0)

t+6
+ 1 J (t +6 — 5)* L P09 |f (s, 5)| ds
(@) )i,

< l)’ (t0)| e—ﬁ(t+9—t0)

1 (0 a1 _—p(t+6—s)
+ — (t+0—$) e (Kl +K2 "ys”)ds’

(@) Js,
(43)
and thus
[l
<ly(t)le Blt—h—t,) (44)
. % f (t - 9% e PR (K, + K, | ya]) ds
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From the arguments in (26)-(27), we can conclude that for
eacht € [t;, 00),

1 _B(t—
J (t —s)* e P9 gs
to

T (a)
o (45)
N N
h BT () T(a+1) F
Hence,
il
< ||¢“ eﬁ(h+t0) + eﬁ(h+t)K1R1 (46)
Ke" a1 fs
T J (t= 96" |y, ds.

LetR, = ||qb||eﬁ (hto) 4 P hKlRl. Then, from Lemma 2, there
exists K such that we have forall t > t, + h,
KK,R,e"

)P
Tt D) (t—ty) e P, (47)

lell < Ry +

Since lim, _, . (t — t,)%e " = 0, there exists R, > 0 such that
Iyl < Rs- (48)

Set
U={yeBC:|y|, <Rs+1}. (49)

P:U — BCiscontinuous and completely continuous. From
the choice of U, there is no y € oU such that y = AP(y), for
A € (0,1). As a consequence of Leray-Schauder fixed-point
theorem, we deduce that P has a fixed point y in U.

Step 6 (uniform asymptotic stability of solutions). Let B C
C([-h, 0], R) be bounded; that is, there exists d > 0 such that

y||= sup |y(0)<d VyeB
Wl s fve® 5
From the similar arguments in Step 4, we can deduce that

there exists R, > 0 such that for all solutions y(t, t,, ¢) of IVP
(1) with initial data ¢ € B, we have

I¥lo <Ry Vo €B. (51)

Now we consider two solutions x = x(¢) and y = y(t) of
IVP (1) corresponding to the initial values ¥ and ¢. Note that
forallt > ¢,

|x (@) -y @)

< | (tg) = v (t)] e i)
1 oa— 1 —p(t-s)
r g L9l 17

< 2de PO

2 R
+WL“‘S) e (ky (5) + ky (5) Ry ) s

(52)
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Then, the proof of uniform asymptotic stability of solutions
can be done by making use of (H,) and (52).
The proof of Theorem 5 is completed. 0

4. Examples

Example 1. Consider the fractional functional differential
equation

2t
D1/2 [y(t)et] = Wsin‘l (y(l‘—l))+et, £>0,
yt)=¢@), -1<t<0,
(53)

where f(t, y,) = (e'/8(e" + e_t))sin4(y(t — 1)) + 1. It is clear
that condition (H,) holds. Let x,, y, € C([-1, 0], R). Then for
allt € [0, 00), we have

|f (&) = £ (&, 32)]

@ |Sin4 (x(t-1)) - sin’ (y(t- 1))|

t (54)
|x(t-1)-y@-1)

e
< e
2(ef +e)

N

1
SlxE-D-y@E-1l.

On the other hand, note that f(t,0) = 1 for each t € [0, 00)
and (1/2)(e”'/T(1/2)+1/T(3/2)) < 1. Hence, conditions (H,)
and (10) hold. By Theorem 4, we conclude that IVP (53) has a
unique solution in the space BC([-1, 00), R), and the solution
of IVP (53) is uniformly asymptotically stable.

Example 2. Consider the fractional functional differential
equation

1/2 t] t —3/4 y(t-1)
D2 [y(t)e'] = 10€'(t + 1) PP 0,
yO =¢@), -1<t<0,
(55)

where f(t, y,) = 10(t + 1) *(p(t = 1)/(1 + |y(t — D)])). It is
easy to see that condition (H,) holds. Let y, € C([-1,0], R).
Then, for all t € [0, c0), we find that

|f (t>yt)|

aa Y1)
L+]y(t-1)

—3/4

<10t + 1)yt - 1),

(56)

=110(t + 1)

-—- sin(t) —cos(t)
~— cos(t) 1.5

FIGURE 1: The numerical solutions of Example 1 with the initial
conditions ¢(t) = sin(t), cos(t), — cos(t), and 1.5, respectively.

25 —
150 -

05|
y 0L T e

-0.5
|

=150,

=25

0 5 10 15 20 25 30 35 40 45 50

—cos(t)
1.5

-t
~— cos(t)

FIGURE 2: The numerical solutions of Example 2 with the initial
conditions ¢(t) = t, cos(t), — cos(t), and 1.5, respectively.

where 10t + 1)™* € BC([0,00),R,) with sup,.,10(t +
1)™/* = 10 and

1 ! 12 () ~3/4
07 L (t — 5 V29105 + 1) ds
10 (" a3
STanm L (tmsy s s &
_ 100 (1/4)

V450 as t— oo.

T (3/4)

Thus, conditions (H;) and (H,) hold, and the global existence
and the uniform asymptotic stability of solutions of IVP (55)
can be obtained by applying Theorem 5.



By using the algorithm given in [19], we numerically
simulate Example 1 with the initial conditions ¢(t) = sin(t),
cos(t), —cos(t), 1.5, and Example 2 with ¢(t) = ¢, cos(t),
— cos(t), 1.5; see Figures 1 and 2. From the numerical results,
it can be noted that both of the solutions of Examples 1
and 2 converge uniformly, and the solutions of Example 1
converge faster than the ones of Example 2. The numerical
results confirm the theoretical analysis.
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