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We extend the concept of a-y-contractive mappings introduced recently by Samet et al. (2012) to the setting of gauge spaces.
New fixed point results are established on such spaces, and some applications to nonlinear integral equations on the half-line are

presented.

1. Introduction and Preliminaries

Fixed point theory plays an important role in nonlinear
analysis. This is because many practical problems in applied
science, economics, physics, and engineering can be refor-
mulated as a problem of finding fixed points of nonlinear
mappings. The Banach contraction principle [1] is one of
the fundamental results in fixed point theory. It guarantees
the existence and uniqueness of fixed points of certain self-
maps of metric spaces and provides a constructive method to
approximate those fixed points.

Theorem 1 (see [1]). Let (X, d) be a complete metric space. Let
T : X — X bea contraction self-mapping on X; that is, there
exists a constant k € (0, 1) such that

d(Tx,Ty) <kd(x,y), @

forall (x,y) € X x X. Then the map T admits a unique fixed
point. Moreover, for any x,, € X, the sequence {T" x,} converges
to this fixed point.

During the last few decades, several extensions of this
famous principle have been established. In 1961, Edelstein [2]
established the following result.

Theorem 2 (see [2]). Let (X, d) be complete and e-chainable
forsomee > 0.LetT: X — X be such that

x,yeX, d(x,y)<e=d(Tx,Ty)<kd(x,y), (2)

wherek € (0,1) is a constant. Then T has a unique fixed point.

Kirk et al. [3] introduced the concept of cyclic mappings
and proved the following fixed point theorem.

Theorem 3 (see [3]). Let A and B be two nonempty closed
subsets of a complete metric space (X,d). Let T : X — X
be a self-mapping such that

xy€X, (xy)eAxB=d(Tx,Ty)<kd(x,y), (3)

where k € (0, 1) is a constant. Suppose also that T(A) € B and
T(B) c A. Then T has a unique fixed point in AN B.

Ran and Reurings [4] extended the Banach contraction
principle to a metric space endowed with a partial order. They
established the following result.

Theorem 4 (see [4]). Let (X,d) be a complete metric space
endowed with a partial order <. Let T : X — X bea

continuous mapping such that
x,yeX, xxy=d(Tx,Ty)<kd(x,y), (4)

where k € (0,1) is a constant. Suppose also that there exists
Xy € X such that x, X Tx,. Then T has a fixed point.



Many extensions of the previous result exist in the
literature; for more details, we refer the reader to [5-11] and
the references therein.

Observe that all the contractive conditions (2), (3), and
(4) can be written as

d(Tx,Ty) <kd(x,y), V(x,y)¢€H, (5)

where H is a subset of X x X. In Theorem 2, we have
H:={(x,y) e XxX:d(x,y) <e}. (6)
In Theorem 3, we have
H:=(AxB)U(BxA). (7)
In Theorem 4, we have
H={(xy)eXxX:(x2y)A(y=x)}. (8

The contractive condition (5) is said to be a partial contrac-
tion, that is, a contraction satisfied only on a subset of H <
XxX.

Very recently, Samet et al. [12] observed that a partial
contraction can be considered as a total contraction, that is,
a contraction satisfied for every pair (x, y) € X x X. More
precisely, if we define the function o : X x X — [0, c0) by

1, if (x,y) € H,
0, otherwise,

a(xy) = { ©)

we show that (5) is equivalent to

a(x,y)d(Tx,Ty) <kd(x,y), V(x,y)eXxX. (10)
In [12], the authors considered a more general inequality; that
is,

a(x,y)d(Tx,Ty) <y (d(x y)),

where ¢ : [0,00) — [0,00) is a function satisfying some
conditions. The above inequality is called an a-y-contraction.
In [12], some fixed point results were established under this
contractive condition. For other works in this direction, we
refer the reader to [13-16].

The aim of this work is to extend, generalize, and improve
the obtained results in [12]. More precisely, the concept of a-
y-contractive mappings is extended to the setting of gauge
spaces. New fixed point results are established on such spaces,
and some applications to nonlinear integral equations on the
half-line are presented.

Through this paper, E will denote a gauge space endowed
with a separating gauge structure & = {d,},.,, where Aisa
directed set.

A sequence {x,} c Eissaid to be convergent if there exists
an x € [E such that for every e > 0 and A € A, there is an
N e Nwithd,(x,,x) <& foralln > N.

A sequence {x,} C Eissaid tobe Cauchy, if for every e > 0
and A € A, thereisan N € N with d,(x,, x,,,) < &, for all
n>Nand peN.

V(x,y) e Xx X, (11)
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A gauge space is called complete if any Cauchy sequence
is convergent.

A subset of E is said to be closed if it contains the limit of
any convergent sequence of its elements.

For more details on guage spaces, we refer the reader to
Dugundji [17].

We denote by ¥ the set of functions y : [0, 00) — [0, 00)
satisfying the following conditions:

(Cl) y is nondecreasing;

(C2) Y2, y"(t) < oo, forallt > 0, where y" is the nth
iterate of y;

(C3) w(a) +w(b) <y(a+b),foralla,b=>0.

It is easy to show that under the conditions (C1) and (C2), we
have y(t) < t, for all + > 0. Moreover, under the conditions
(C1) and (C3), we have

V' (@) +y" (b) <y (a+b), (12)
foralln e Nanda,b > 0.

Example 5. Lety : [0,00) — [0, 00) be the function defined
by

2

~

, iftelo1),

v () = (13)

N+ n

, ift>1
Theny € V.

Definition 6. Leta : EXE — [0, 00) be a given function. Let
N e Nand x, y € E. We say that (xl)fio ¢ E is an N-«a-path
from x to y if

(14)

We denote

x[N,a] :={y € E : there is an N-a-path from x to y}.
(15)

Let N e Nand x € E. For A € A and y € x[N, «], and let

N . Y i-1 i i\N
Py (x,y):=inf Zd,\ (x X ) : (x )i:O cX
= (16)

is an N-a-path from x to y ¢ .

2. Fixed Point Results for a-y/,-Contractions

Definition 7. Let T : E — [ be a given self-mapping. Let
a:ExE — [0,00)bea given function, and let {y/, },c, € V.
We say that T is an «-y, -contraction if

a(x,y)d) (Tx, Ty) <y, (d) (x. ) » 17)
forallA € Aand x, y € E.
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Definition 8. Let T : E — [E be a given self-mapping. Let
a: ExE — [0,00) be a given function. We say that T is
a-admissible if

a(x,y)21=a(Tx,Ty)>1, Vx,yeE. (18)

The following lemma will be useful to establish our fixed
point results.

Lemma 9. Let T : E — [ be a self-mapping. Suppose that
there existao : EXE — [0,00) and {y} e C VY such that the
following conditions hold:

(i) T is an oy, -contraction;
(ii) T is a-admissible.

Let ¢ > 0 and N € N. Then, for every A € A, x € X, and
y € x[N, «], one has

(I) Ty € Tx[N, «] with

Py (Tx, Ty) < vy (p7 (%) +¢); (19)
(I1) for all k € N U {0}, one has Tky € T*x[N, a] with
pf{] (Tkx, Tky) < 1//;c (pif (x, )+ s) ) (20)

Proof LetA € A, x € X,and y € x[N,a]. Let {x'}\; be an
N-a-path from x to y such that

N
Yy (x7 ") < p) (% p) +e @1
i=1

Since a(x, x') > 1, we have

dy (Tx, Txl) < oc(x,xl)dA (Tx,Txl) <y, (dl (x,xl)).
(22)

Since a(x!, x*) > 1, we have
dy (Txl,sz) <a (xl,xz) dy (Txl,sz)
<y, (d,\ (xl,xz)).

. . . i-1 i
Recursively from i = 3 to N, since a(x" ', x') > 1, we have

(23)

d, (TxH, Txi) <« (xH, xi) d, (TxH, Txi)

<y (d, (¥, ).

On the other hand, since T is a-admissible, {Tx'}, is an N-
a-path from Tx to T'y. So, we have

(24)

N
Py (Tx, Ty) < Zdl (Tx", Tx')

i=1

Thus, we proved (I).

3
Again, since a(Tx, Tx") > 1, we have
dy (T°x, T’x") < o (Tx, Tx') dy (T?x, T°x")
<y, (dy (Tx, Tx')) < y7 (d) (x,x1)).
(26)
Since a(Tx', Tx?) > 1, we have
dy (T*x", T°x%) < a(Tx', Tx*) d, (T°x', T?x%)
< vy (dy (Tx', Tx)) < 3 (dy (x',%7)).
(27)

Recursively from i = 3 to N, since a(Tx" !, Tx") > 1, we have
dy (T2, T2 < o (T ™, T ) dy (T2471, T2
<Yy (d/\ (Txi_l, Txi)) (28)
<y, (d/\ (xi_l,xi)) .
On the other hand, since T is a-admissible, {szi}f\:]() isan N-

«-path from T%x to T?y. So, we have

N
pf\\r (sz, sz) < Zdl (szi_l, szi)

i=1 (29)

<V (o () ).
Continuing this process, by induction, we get (II). O

Definition 10. Let T : E — [ be a self-mapping, and let « :
E xE — [0,00) be a given function. For N € N, we say
that a sequence {x,} C E is an N-«a-Picard trajectory from
Xy if x, = Tx,_, € x,_1[N,«a] for all n € N. We denote by
I n(T, &, x,), the set of all N-a-Picard trajectories from x,.

Definition 1. Let T : E — [ be a self-mapping, and let « :
ExE — [0,00) be a given function. For N € N, we say that
T is N-«a-Picard continuous from x, € E if the limit of any
convergent sequence {x,} € 7 y(T,«, x,) is a fixed point of
T.

We have the following fixed point result.

Theorem 12. Let T : E — [E be a self-mapping on the
complete gauge space E. Let {y}yep € Y and o @ E x
E — [0,00) be a given function. Suppose that the following
conditions hold:

(i) T is an a-y, -contraction;



(ii) T is a-admissible;

(iii) there exist N € N and x, € [E such that Tx, €
xo[N, l;

(iv) T is N-a-Picard continuous from x,,.
Then T has a fixed point.

Proof. Let A € A and € > 0. From condition (iii) and
Lemma 9, we have T2x0 € Txy[N, «] and

d, (TxO,TZxO) <py (TxO,szO) <y (pf\\] (%0, Txy) + s) .
(30)

Again, from Lemma 9, we have T?x, € T?x,[N, a] and

dy (szo, T3x0) < pf\\] (szo, T3x0)
31
<y, (pﬁ\] (%9, Tx,) + s) .

Continuing this process, by induction, for n > 2, we have
T x, € T"x,[N, &] and

d, (T"xo, T"“xo) < py (T”xO,T"HxO)
(32)
N
<y (PA (%0, Txo) + 3) .
Thus, {T"x,} € I §(T, &, x4) and, for m > 1,

m—1
d}t (Tnxo,annxO) < Z d}t (Tn+zx0, Tn+z+1x0)
i=0

-1

3

<

1M

WTi (Pf\\] (%0, Txo) + 5) (33)

< Z‘//;]\ (Pi\] (%0, Txg) + 8) .
Jjzn

From condition (C2), we have

Z‘//i (pf (%, Tx,) + s) — 0 asn— 0o, (34)

j=n

which implies that {T"x,} is a Cauchy sequence in the
complete gauge space E. Since T is N-a-Picard continuous
from x,, the limit of {T"x,} is a fixed point of T. O

Corollary 13. Let T : E — [E be a self-mapping on the
complete gauge space E. Let {y}ycp € Y and o @ E x
E — [0,00) be a given function. Suppose that the following
conditions hold:

(i) T is an «-y, -contraction;

(ii) T is a-admissible;

(iii) there exist N € N and x, € [E such that Tx, €
xo[N, al;

(iv) T is continuous.

Then T has a fixed point.
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Proof. Let {x,} € T y(T,a,x,) be such that x, — x € E.
Since T is continuous, we have x,,,, = Tx,, — Tx. Since E is
endowed with a separating gauge structure, we have x = Tx.
The conclusion follows from Theorem 12. O

Corollary 14. Let T : E — [E be a self-mapping on the
complete gauge space E. Let {yy}1ep € Y and o : E x
E — [0,00) be a given function. Suppose that the following
conditions hold:

(i) T is an a-y, -contraction;
(ii) T is a-admissible;
(iii) there exist N € N and x, € [E such that Tx, €
xo[N, al;
(iv) for every {x,} € T (T, «, x,) such that x, — x €
E, there exist a subsequence {x,,} of {x,} and k, €
N such that a(x,), x) 2 1 for k > k.

Then T has a fixed point.

Proof. Let {x,} € I n(T,a, x,) be such that x, — x € E.
From condition (iv), there exist a subsequence {x,,)} of {x,}
and k, € N such that a(x,,), x) > 1 for k > k. Since T is an
a-, -contraction, for all A € A and k > k,, we have

dA (Txn(k), Tx) <« (xn(k), x) d/\ (Txn(k), TX)

(35)
<y (dy (%> %)) -
Letting k — o0 in the above inequality, we obtain that
Xuy+1 = TXpgy — Tx,  as k — oo. (36)

Since E is endowed with a separating gauge structure, we have
x = Tx. The conclusion follows from Theorem 12. O

For T : E — [E, we denote by Fix(T) the set of fixed
points of T’ that is,

Fix(T) :={x e E: x = Tx}. (37)

The next result gives us a sufficient condition that ensures the
uniqueness of the fixed point.

Theorem 15. Suppose that all the conditions of Theorem 12 are
satisfied. Moreover, suppose that

(v) for every (x,y) € Fix(T) x Fix(T) with x # y, there
exists N(x, y) € N such thaty € x[N(x, y), «].

Then T has a unique fixed point.

Proof. From Theorem 12, The mapping T has at least one fixed
point. Suppose that u,v € E are two fixed points of T' with
u+# v. From the condition (v), there exists N(u,v) € N such
that v € u[N(u,v),«]. Let A € A and € > 0. From Lemma 9,
we have

dy (u,v) < pY™” (u,v)

38
N(u,v) ( )

<y (p)

(u, v) +s),
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forall n € N. Letting n — oo in the above inequality, we
obtain thatd, (u,v) = 0 forall A € A, which is a contradiction
with u # v (since we have a separating gauge structure). We
deduce that u = v. O

The following result follows immediately from Theorems
12and 15 with N = 1 and a(x, y) = 1 for every x, y € E.

Corollary 16. Let T : E — [E be a self-mapping on the
complete gauge space E. Let {y;}1c5 C Y. Suppose that for all
A € A, forall x, y € E, one has

dy (Tx, Ty) <y (dy (%)) . (39)
Then T has a unique fixed point.

Corollary 17. Let T : E — E be a self-mapping on the
complete gauge space E. Let {y}yep € ¥ and o @ E x
E — [0,00) be a given function. Suppose that the following
conditions hold:

(i) T is an a-y, -contraction;
(ii) T is a-admissible;
(iii) there exists x, € E such that «(xy, Tx,) > 1;
(iv) T is continuous
(or) for any sequence {x,} C E such that x, = Tx,_;, x, —
x € Eand a(x,_,Tx,1) = 1 forn € N, there exist a
subsequence {x,,} of {x,} and ky € Nsuch that a(x,), x) > 1

fork > k.
Then T has a fixed point. Moreover, if

(v) for every (x,y) € Fix(T) x Fix(T) with x # y, there
exists z € E such that a(x,z) > 1 and a(z, y) > 1,

one has uniqueness of the fixed point.

Proof. The existence follows from Theorem 12 with N = 1.
The uniqueness follows from Theorem 15 with N(x, y) = 2.
O

Corollary 18. Let < be a partial order on the complete gauge
space E. Let T : E — [E be a self-mapping and {y,},cp € V.
Suppose that the following conditions hold:

(i) for all A € A, for all x,y € E such that x and y are
comparable, one has

d, (Tx, Ty) <y, (d (x,¥)); (40)

(ii) x, y € E,x and y are comparable = Tx and Ty are
comparable;

(iii) there exists x, € E such that x, and Tx, are compa-
rable;

(iv) T is continuous,

(or) for any sequence {x,} c E such that x, = Tx,_,, x, —
x € E x,_, and x,, = Tx,_, are comparable for n € N, there
exist a subsequence {x,,} of {x,} and k, € N such that x,,,
and x are comparable for k > k.

Then T has a fixed point. Moreover, if

(v) for every (x,y) € Fix(T) x Fix(T) with x # y, there
exists z € [ such that x and z are comparable, z and y
are comparable,

one has uniqueness of the fixed point.

Proof. 1t follows from Corollary 17 with

1, if(x<y)Vv(y=x),
»Y) = 41
oc(x Y ) {0, otherwise. ( E)]

3. Applications

In this section, we are interested in the study of the existence
of solutions to the nonlinear integral equation on the real axis

x()=h()+ Lt F(t,s,x(s))ds, t=>0, (42)

where h € C([0,00), &) and F € C([0, 00) x [0,00) X &, &).
Here, & is a Banach space with respect to a given norm | - [|.

Let E := C([0,00),&) and the family of pseudonorms
{Il - I,},,eny defined by

Tt

= t -, 0.
llxll, tg}gf}llx( e 7> (43)
For every n € N, define now
d,(x,y):=|x-y|, forx,yeE. (44)

Then 9 := {d, },y is a separating gauge structure on E.
We have the following existence result.

Theorem 19. Suppose that the following conditions hold:

(i) there exist a nonempty set I C & x & and a constant
k < 7 such that

|E(t,s,u) — F(t,s,v)|e < kllu— V|, (45)

forallt,s >0, (u,v) € I;

(ii) there exists a nonempty set [y € E x E such that

(x,y)elp = (x®),y(®) e, Vt=>0; (46)
(iii) for all (x, y) € I, one has

¢ t
(h @) + Jo F(t,s,x(s))ds,h(t) + L F(t,s, y(s)) d5> €T,
(47)

forallt > 0;

(iv) there exists x,, € E such that
t
<x0 t),h(@)+ J F(t,s,xy(s)) ds) €T, (48)
0

forallt > 0;



(v) zf{xp} C E is a sequence such that (xp, xp+1) e Iy for
peNandx, — x € E (withrespect to D), then there
exist a subsequence {xp(k)} of {xp} and k, € N such that

(h (t) + Lt F(t,5, x4 (5)) ds, x (t)) el,  (49)

forallk > ky, t > 0.
Then (42) has at least one solution in E.

Proof. Consider the mapping T : E — E defined by
t
Tx(t) =h(t)+ J F(t,s,x(s))ds, t=>0, (50)
0

forall x € E. We have to prove that T has at least a fixed point.
Define the functiona : E X E — [0, 00) by

1, if(x,y) €T,
bl :: 51
a(x) {O, otherwise. S
We claim that for all n € N, for all x, y € E,
a(x,y)d, (Tx,Ty) <y, (d, (x,5)), (52)

where v, (t) = (k/7)t for all n € N, for all t > 0. Clearly, since
k<1, {y,}en € V.- Ifa(x, y) = 0, (52) holds immediately. So,
suppose that a(x, y) #0; that is, (x, y) € I. Let n € N. From
conditions (i) and (ii), for all t € [0, #], we have

[Tx () = Ty (1), < L IF (t,5,x(s)) = F (t, 5,y (5))|| £ ds

t
< j-o ke™ (||x (s) = y ()] s ™) ds
k

Tt
S;dn(x’y €

(53)

which implies that
k
a(x,y)d,(Tx,Ty) =d,(Tx,Ty) < —d, (x,y).  (54)
T

Thus, we proved (52).

We will prove that T' is a-admissible. Let (x, y) € E x E
such that a(x, y) > 1; thatis, (x, y) € Ir. From condition (iii),
we have (Tx(t), Ty(t)) € T for all t > 0, which implies from
condition (ii) that (T'x, T'y) € I'y; thatis, a(Tx, Ty) > 1. So, T
is a-admissible.

From conditions (iv) and (ii), we have (x,, Tx,) € I,
which is equivalent to say that a(xy, Tx,) > 1.

Finally, condition (v) implies that for every {x,} €
I (T, &, xy) such thatx, — x € E, there exist a subsequence
{xp(k)} of {x,} and k, € N such that (x(xp(k), x) > 1fork > k.

Now, All the hypotheses of Corollary 14 are satisfied; we
deduce that T has at least a fixed point, which is a solution to
(52). O
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Theorem 20. In addition to the assumptions of Theorem 19,
suppose that

(vi) for all (x,y) € E x E, there exists z € [E such that
(x,2) € Iz and (z, y) € I

Then (42) has one and only one solution in E.

Proof. It follows immediately from Theorem 15. O
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