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In this paper, by using a fixed point theorem, we investigate the existence of a positive solution to the singular fractional boundary
value problem 𝐶𝐷

𝛼

0+
𝑢 + 𝑓(𝑡, 𝑢,

𝐶
𝐷

]

0+
𝑢,
𝐶
𝐷
𝜇

0+
𝑢) + 𝑔(𝑡, 𝑢,

𝐶
𝐷

]

0+
𝑢,
𝐶
𝐷
𝜇

0+
𝑢) = 0, 𝑢(0) = 𝑢󸀠(0) = 𝑢󸀠󸀠(0) = 𝑢󸀠󸀠󸀠(0) = 0, where 3 < 𝛼 < 4,

0 < ] < 1, 1 < 𝜇 < 2, 𝐶𝐷
𝛼

0+
is Caputo fractional derivative, 𝑓(𝑡, 𝑥, 𝑦, 𝑧) is singular at the value 0 of its arguments 𝑥, 𝑦, 𝑧, and 𝑔(𝑡, 𝑥,

𝑦, 𝑧) satisfies the Lipschitz condition.

1. Introduction

In recent years, as an extended concept of integral differential
equations, fractional differential equations are widely con-
cerned in various fields of science. For examples, see [1–14].
Many results, such as [1, 2, 6, 15, 16], discuss singular frac-
tional boundary value problems.

In [1], the authors discuss positive solutions to the singu-
lar Dirichlet problem

𝐷
𝛼

0+
𝑢 (𝑡) + 𝑓 (𝑡, 𝑢 (𝑡), 𝐷

𝜇
𝑢 (𝑡)) = 0,

𝑢 (0) = 𝑢 (1) = 0,

(1)

where 1 < 𝛼 < 2, 0 < 𝜇 ≤ 𝛼 − 1 and 𝑓 is a Carathéodo-
ry function on [0, 1] × (0,∞) × R. Here, 𝐷𝛼

0+
is the standard

Riemann-Liouville fractional derivative. The existence of
positive solutions is obtained by the combination of regu-
larization and sequential techniques with the Guo-Krasnos-
el’skii fixed point theorem on cone.

The singular problem

𝐷
𝛼

0+
𝑢 (𝑡) + 𝑞 (𝑡) 𝑓 (𝑢 (𝑡) , 𝑢

󸀠
(𝑡) , . . . , 𝑢

(𝑛−2)
(𝑡)) = 0,

𝑛 − 1 < 𝛼 ≤ 𝑛, 𝑛 ≥ 2,

𝑢 (0) = 𝑢
󸀠
(0) = ⋅ ⋅ ⋅ = 𝑢

(𝑛−2)
(0) = 0, 𝑢

(𝑛−2)
(1) = 0,

(2)

was discussed in [16], where 𝑓 ∈ 𝐶((0,∞)𝑛−1) and 𝑞 ∈ 𝐿𝑟[0,
1] (𝑟 > 0) are positive. The existence results of positive solu-
tions are acquired by the use of regularization and sequential
techniques with a fixed point theorem for mixed monotone
operators on normal cones.

Paper [6] investigates positive solutions of singular frac-
tional boundary value problem

𝐷
𝛼

0+
𝑢 (𝑡) + 𝑓 (𝑡, 𝑢 (𝑡) , 𝐷

]
0+
𝑢 (𝑡) , 𝐷

𝜇

0+
𝑢 (𝑡)) = 0,

𝑢 (0) = 𝑢
󸀠
(0) = 𝑢

󸀠󸀠
(0) = 𝑢

󸀠󸀠
(1) = 0,

(3)

where 3 < 𝛼 ≤ 4, 0 < ] ≤ 1, 1 < 𝜇 ≤ 2, 𝐷𝛼
0+

is the
standard Riemann-Liouville fractional derivative, and 𝑓 is a
Carathédory function. The existence and multiplicity of pos-
itive solutions are obtained by means of Guo-Krasnosel’skii
fixed point theorem on cones.

In this paper, we are concerned with the following singu-
lar fractional boundary value problem:

𝐶
𝐷
𝛼

0+
𝑢 + 𝑓 (𝑡, 𝑢,

𝐶
𝐷

]

0+
𝑢,
𝐶
𝐷
𝜇

0+
𝑢)

+ 𝑔 (𝑡, 𝑢,
𝐶
𝐷

]

0+
𝑢,
𝐶
𝐷
𝜇

0+
𝑢) = 0,

(4)

𝑢 (0) = 𝑢
󸀠
(0) = 𝑢

󸀠󸀠
(1) = 𝑢

󸀠󸀠󸀠
(0) = 0, (5)
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where 3 < 𝛼 < 4, 0 < ] < 1, and 1 < 𝜇 < 2 are real
numbers. 𝐶𝐷𝛼

0+
is the Caputo fractional derivative of order

𝛼. 𝑓 satisfies the Carathéodory condition on [0, 1] × D,
D ⊂ R3, 𝑓(𝑡, 𝑥, 𝑦, 𝑧) may be singular at the value 0 of all its
space variables 𝑥, 𝑦, 𝑧, and 𝑔(𝑡, 𝑥, 𝑦, 𝑧) satisfies the Lipschitz
condition.

A function 𝑢 ∈ 𝐶2[0, 1] is called a positive solution of
problems (4), (5) if 𝑢 > 0 on (0, 1], 𝐶𝐷𝛼

0+
𝑢 ∈ 𝐿[0, 1], and 𝑢

satisfies boundary condition (5) and equality (4) for a.e. 𝑡 ∈
[0, 1].

Throughout the paper, denote ||𝑥||
1
= ∫
1

0
|𝑥(𝑡)|𝑑𝑡 which

is the norm of 𝐿[0, 1], and ‖𝑥‖ = max{|𝑥(𝑡)| : 𝑡 ∈ [0, 1]} is the
norm of space 𝐶[0, 1], while ‖𝑥‖

∗
= max{‖𝑥‖, ‖𝑥󸀠‖, ‖𝑥󸀠󸀠‖} is

the norm of 𝐶2[0, 1]. 𝐴𝐶[0, 1] and𝐴𝐶𝑘[0, 1] are sets of abso-
lutely continuous functions and functions having absolutely
continuous 𝑘th derivatives on [0, 1], respectively.

The following conditions on 𝑓 and 𝑔 in (4) will be used.

(𝐻
1
) 𝑓 is a Carathéodory function on [0, 1]×D, whereD =
(0,∞)

3, and there exists a positive constant 𝑚 such
that, for a.e. 𝑡 ∈ [0, 1] and all (𝑥, 𝑦, 𝑧) ∈ D,

𝑓 (𝑡, 𝑥, 𝑦, 𝑧) ≥ 𝑚. (6)

(𝐻
2
) 𝑔 ≥ 0 satisfies the following inequality, for a.e. 𝑡 ∈
[0, 1] and all (𝑥

1
, 𝑦
1
, 𝑧
1
), (𝑥
2
, 𝑦
2
, 𝑧
2
) ∈ D:

󵄨󵄨󵄨󵄨𝑔 (𝑡, 𝑥1, 𝑦1, 𝑧1) − 𝑔 (𝑡, 𝑥2, 𝑦2, 𝑧2)
󵄨󵄨󵄨󵄨

≤ 𝐿
1

󵄨󵄨󵄨󵄨𝑥1 − 𝑥2
󵄨󵄨󵄨󵄨 + 𝐿2

󵄨󵄨󵄨󵄨𝑦1 − 𝑦2
󵄨󵄨󵄨󵄨 + 𝐿3

󵄨󵄨󵄨󵄨𝑧1 − 𝑧2
󵄨󵄨󵄨󵄨 ,

(7)

with

1

Γ (𝛼 − 2)
[𝐿
1
+

𝐿
2

Γ (2 − ])
+

𝐿
3

Γ (3 − 𝜇)
] < 1. (8)

(𝐻
3
) For a.e. 𝑡 ∈ [0, 1] and all (𝑥, 𝑦, 𝑧) ∈ D,

𝑓 (𝑡, 𝑥, 𝑦, 𝑧) + 𝑔 (𝑡, 𝑥, 𝑦, 𝑧)

≤ 𝑝 (𝑥, 𝑦, 𝑧) + 𝛾 (𝑡) ℎ (𝑥, 𝑦, 𝑧) ,

(9)

where 𝛾 ∈ 𝐿[0, 1], 𝑝 ∈ 𝐶(D), and ℎ ∈ 𝐶([0,∞)3) are
positive, 𝑝 and ℎ are nonincreasing and nondecreas-
ing in all their arguments, respectively,

∫

1

0

𝑝(2𝑀𝑡
𝛼
,
𝑀

12
𝑡
4−]
,
(2 − 𝜇)𝑀

6
𝑡
3−𝜇
)𝑑𝑡 < ∞,

𝑀 =
𝑚

Γ (𝛼 + 1)
, lim

𝑥→∞

ℎ (𝑥, 𝑥, 𝑥)

𝑥
= 0.

(10)

We will use regularization and sequential techniques to
prove the existence of a positive solution of problems (4), (5).
Define 𝜒

𝑛
and 𝑓

𝑛
(𝑛 ∈ N) by the following formulas:

𝜒
𝑛 (𝑡) =

{{{

{{{

{

𝑡, if 𝑡 ≥ 1
𝑛
;

1

𝑛
, if 𝑡 < 1

𝑛
,

(11)

for a.e. 𝑡 ∈ [0, 1] and all (𝑥, 𝑦, 𝑧) ∈ R3,

𝑓
𝑛
(𝑡, 𝑥, 𝑦, 𝑧) = 𝑓 (𝑡, 𝜒

𝑛 (𝑥) , 𝜒𝑛 (𝑦) , 𝜒𝑛 (𝑧)) . (12)

Then, condition (𝐻1) gives that 𝑓
𝑛
is a Carathéodory

function on [0, 1] ×R3,

𝑓
𝑛
(𝑡, 𝑥, 𝑦, 𝑧)≥𝑚, for a.e. 𝑡 ∈ [0, 1] and all (𝑥, 𝑦, 𝑧) ∈ R3.

(13)

Condition (𝐻
3
) gives

𝑓
𝑛
(𝑡, 𝑥, 𝑦, 𝑧) ≤ 𝑝 (

1

𝑛
,
1

𝑛
,
1

𝑛
) + 𝛾 (𝑡) ℎ (𝑥 +

1

𝑛
, 𝑦 +

1

𝑛
, 𝑧 +

1

𝑛
) ,

for a.e. 𝑡 ∈ [0, 1] and all (𝑥, 𝑦, 𝑧) ∈ [0,∞)3,
(14)

𝑓𝑛 (𝑡, 𝑥, 𝑦, 𝑧) ≤ 𝑝 (𝑥, 𝑦, 𝑧) + 𝛾 (𝑡) ℎ (𝑥 +
1

𝑛
, 𝑦 +

1

𝑛
, 𝑧 +

1

𝑛
) ,

for a.e. 𝑡 ∈ [0, 1] and all (𝑥, 𝑦, 𝑧) ∈ D.
(15)

In Section 3, We will firstly investigate the regular frac-
tional differential equation

𝐶
𝐷
𝛼

0+
𝑢 + 𝑓𝑛 (𝑡, 𝑢,

𝐶
𝐷

]

0+
𝑢,
𝐶
𝐷
𝜇

0+
𝑢)

+ 𝑔 (𝑡, 𝑢,
𝐶
𝐷

]

0+
𝑢,
𝐶
𝐷
𝜇

0+
𝑢) = 0.

(16)

2. Preliminaries

Definition 1. The Caputo fractional derivative of order 𝛽 > 0
of a function 𝜐 ∈ 𝐶[0, 1] is defined by

𝐶
𝐷
𝛽

0+
𝜐 (𝑡) =

1

Γ (𝑛 − 𝛽)
∫

𝑡

0

(𝑡 − 𝑠)
𝑛−𝛽−1

𝜐
(𝑛)
(𝑠) 𝑑𝑠, (17)

provided that the right-hand side is pointwise defined on
[0, 1], where 𝑛 = [𝛽] + 1 and [𝛽] means the integer part of
the number 𝛽. Γ is the Euler function.

Definition 2. The fractional integral of order 𝛼 > 0 of a
function 𝑦: [0, 1] → R is defined by

𝐼
𝛼

0+
𝑦 (𝑡) =

1

Γ (𝛼)
∫

𝑡

0

(𝑡 − 𝑠)
𝛼−1
𝑦 (𝑠) 𝑑𝑠, (18)

provided the right-hand side is pointwise defined on [0, 1].

Lemma 3 (see [10]). One has

𝐼
𝛼

0+
: 𝐿
1
[0, 1] 󳨀→

{

{

{

𝐿
1
[0, 1] , if 𝛼 ∈ (0, 1) ,

𝐴𝐶
[𝛼]−1

[0, 1] , if 𝛼 ≥ 1,
(19)

where [𝛼]means the integral part of 𝛼 and 𝐴𝐶0[0, 1] = 𝐴𝐶[0,
1].
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Lemma 4 (see [10]). Suppose that 𝛼 > 0, 𝛼 ∉ N. If 𝑥 ∈ 𝐶(0, 1]
and 𝐶𝐷𝛼

0+
𝑥 ∈ 𝐿
1
[0, 1], then

𝑥 (𝑡) = 𝐼
𝛼

0+

𝐶
𝐷
𝛼

0+
𝑥 (𝑡) +

𝑛−1

∑

𝑘=0

𝑐𝑘𝑡
𝑘
, for 𝑡 ∈ (0, 1] , (20)

where 𝑛 = [𝛼] + 1 and 𝑐
𝑘
∈ R, 𝑘 = 0, 1, . . . , 𝑛 − 1.

Lemma 5. Given 𝜌 ∈ 𝐿[0, 1], then for 𝑡 ∈ [0, 1],

𝑢 (𝑡) = ∫

1

0

𝐺 (𝑡, 𝑠) 𝜌 (𝑠) 𝑑𝑠 (21)

is the unique solution in 𝐶2[0, 1] of the equation

𝐷
𝛼

0+
𝑢 (𝑡) + 𝜌 (𝑡) = 0, (22)

satisfying the boundary condition (5), where 𝛼 ∈ (3, 4) and

𝐺 (𝑡, 𝑠) =

{{{{

{{{{

{

𝑡
2
(1 − 𝑠)

𝛼−3

2Γ (𝛼 − 2)
−
(𝑡 − 𝑠)

𝛼−1

Γ (𝛼)
, if 0 ≤ 𝑠 ≤ 𝑡 ≤ 1,

𝑡
2
(1 − 𝑠)

𝛼−3

2Γ (𝛼 − 2)
, if 0 ≤ 𝑡 ≤ 𝑠 ≤ 1.

(23)

Proof. By Lemma 4,

𝑢 (𝑡) = −𝐼
𝛼

0+
𝜌 (𝑡) + 𝑐0 + 𝑐1𝑡

1
+ 𝑐
2
𝑡
2
+ 𝑐
3
𝑡
3
, for 3 < 𝛼 < 4,

(24)

are all solutions of (22) in 𝐶[0, 1], where 𝑐
𝑗
∈ R. Lemma 3

guarantees that 𝐼𝛼
0+
𝜌 ∈ 𝐴𝐶

2
[0, 1], for 3 < 𝛼 < 4; therefore,

𝑢 (𝑡) = −𝐼
𝛼

0+
𝜌 (𝑡) + 𝑐2𝑡

2
, for 3 < 𝛼 < 4, (25)

are all solutions of (22) in 𝐶2[0, 1], where 𝑐2, 𝑐4 ∈ R. Consid-
ering that the solutions should satisfy 𝑢(0) = 𝑢󸀠(0) = 𝑢󸀠󸀠(1) =
𝑢
󸀠󸀠󸀠
(0) = 0, we get that 𝑐2 = (1/2Γ(𝛼 − 2)) ∫

1

0
(1 − 𝑠)

𝛼−3
𝜌(𝑠)𝑑𝑠.

Consequently,

𝑢 (𝑡) =

𝑡
2
∫
1

0
(1 − 𝑠)

𝛼−3
𝜌 (𝑠) 𝑑𝑠

2Γ (𝛼 − 2)
−

∫
𝑡

0
(𝑡 − 𝑠)

𝛼−1
𝜌 (𝑠) 𝑑𝑠

Γ (𝛼)

= ∫

1

0

𝐺 (𝑡, 𝑠) 𝜌 (𝑠) 𝑑𝑠

(26)

is the unique solution of problems (22), (5).

Lemma 6. Let 𝐺 be as defined in (2.3). Then,

(1) 𝐺(𝑡, 𝑠) ∈ 𝐶([0, 1] × [0, 1]) and 𝐺(𝑡, 𝑠) > 0 on (0, 1) ×
(0, 1),

(2) 𝐺(𝑡, 𝑠) ≤ 1/Γ(𝛼 − 1) for (𝑡, 𝑠) ∈ [0, 1] × [0, 1],

(3) ∫1
0
𝐺(𝑡, 𝑠)𝑑𝑠 ≥ (𝛼

2
− 𝛼 − 2)𝑡

𝛼
/2Γ(𝛼 + 1) for 𝑡 ∈ [0, 1],

(4) (𝜕/𝜕𝑡)𝐺(𝑡, 𝑠) ∈ 𝐶([0, 1] × [0, 1]) and (𝜕/𝜕𝑡)𝐺(𝑡, 𝑠) > 0
on (0, 1) × (0, 1),

(5) (𝜕/𝜕𝑡)𝐺(𝑡, 𝑠) ≤ 1/Γ(𝛼 − 2) for (𝑡, 𝑠) ∈ [0, 1] × [0, 1],

(6) ∫1
0
(𝜕/𝜕𝑡)𝐺(𝑡, 𝑠)𝑑𝑠 ≥ (𝛼 − 2)𝑡

𝛼−1
/Γ(𝛼) for 𝑡 ∈ [0, 1],

(7) (𝜕2/𝜕𝑡2)𝐺(𝑡, 𝑠) ∈ 𝐶([0, 1] × [0, 1]) and (𝜕2/𝜕𝑡2)𝐺(𝑡,
𝑠) > 0 on (0, 1) × (0, 1),

(8) (𝜕2/𝜕𝑡2)𝐺(𝑡, 𝑠) ≤ 1/Γ(𝛼 − 2) for (𝑡, 𝑠) ∈ [0, 1] × [0, 1],

(9) ∫1
0
(𝜕
2
/𝜕𝑡
2
)𝐺(𝑡, 𝑠)𝑑𝑠 ≥ 𝑡(1−𝑡

𝛼−2
)/Γ(𝛼−1) for 𝑡 ∈ [0, 1].

Proof. (1), (4), and (7) are as follows

𝐺 (𝑡, 𝑠) =

{{{{

{{{{

{

𝑡
2
(1 − 𝑠)

𝛼−3

2Γ (𝛼 − 2)
−
(𝑡 − 𝑠)

𝛼−1

Γ (𝛼)
, if 0 ≤ 𝑠 ≤ 𝑡 ≤ 1,

𝑡
2
(1 − 𝑠)

𝛼−3

2Γ (𝛼 − 2)
, if 0 ≤ 𝑡 ≤ 𝑠 ≤ 1,

𝜕

𝜕𝑡
𝐺 (𝑡, 𝑠) =

{{{{

{{{{

{

𝑡(1 − 𝑠)
𝛼−3

Γ (𝛼 − 2)
−
(𝑡 − 𝑠)

𝛼−2

Γ (𝛼 − 1)
, if 0 ≤ 𝑠 ≤ 𝑡 ≤ 1,

𝑡(1 − 𝑠)
𝛼−3

Γ (𝛼 − 2)
, if 0 ≤ 𝑡 ≤ 𝑠 ≤ 1,

𝜕
2

𝜕𝑡2
𝐺 (𝑡, 𝑠) =

{{{{

{{{{

{

(1 − 𝑠)
𝛼−3

Γ (𝛼 − 2)
−
(𝑡 − 𝑠)

𝛼−3

Γ (𝛼 − 2)
, if 0 ≤ 𝑠 ≤ 𝑡 ≤ 1,

(1 − 𝑠)
𝛼−3

Γ (𝛼 − 2)
, if 0 ≤ 𝑡 ≤ 𝑠 ≤ 1.

(27)

Because (𝜕2/𝜕𝑡2)𝐺(𝑡, 𝑠) ≥ 0, therefore (𝜕/𝜕𝑡)𝐺(𝑡, 𝑠) ≥
(𝜕/𝜕𝑡)𝐺(0, 𝑠) ≥ 0 and 𝐺(𝑡, 𝑠) ≥ 𝐺(0, 𝑠) ≥ 0.

It is obvious that (2), (3), (5), (6), (8), and (9) hold.

3. Auxiliary Regular Problems (16), (5)

Let𝑋 = 𝐶2[0, 1], and let

𝑃 = {𝑥∈𝑋 : 𝑥 (𝑡)≥0, 𝑥
󸀠
(𝑡)≥0, 𝑥

󸀠󸀠
(𝑡)≥0, for 𝑡∈[0, 1]} .

(28)

For 𝑥 ∈ 𝑃, we can obtain that

𝐶
𝐷

]

0+
𝑥 ∈ 𝐶 [0, 1] ,

𝐶
𝐷
𝜇

0+
𝑥 ∈ 𝐶 [0, 1] ,

𝐶
𝐷

]

0+
𝑥 (𝑡) ≥ 0,

𝐶
𝐷
𝜇

0+
𝑥 (𝑡) ≥ 0,

for 𝑥 ∈ 𝑃, 𝑡 ∈ [0, 1] .

(29)

We define the operatorsΦ
𝑛
and Ψ on 𝑃 as

(Φ
𝑛
𝑥) (𝑡)

= ∫

1

0

𝐺 (𝑡, 𝑠) 𝑓𝑛 (𝑠, 𝑥 (𝑠) ,
𝐶
𝐷

]

0+
𝑥 (𝑠) ,

𝐶
𝐷
𝜇

0+
𝑥 (𝑠)) 𝑑𝑠,

𝑛 = 1, 2, . . . ,

(Ψ𝑥) (𝑡) = ∫

1

0

𝐺 (𝑡, 𝑠) 𝑔 (𝑠, 𝑥 (𝑠) ,
𝐶
𝐷

]

0+
𝑥 (𝑠) ,

𝐶
𝐷
𝜇

0+
𝑥 (𝑠)) 𝑑𝑠.

(30)
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Lemma 7. Φ
𝑛
: 𝑃 → 𝑃 is a completely continuous operator.

The proof is similar to Lemma 3.1 of [6], so we omit it.

Lemma 8 (see [17]). Let𝑀 be a closed convex and nonempty
subset of a Banach space𝑋. Let A, B be the operators such that
(i) 𝐴𝑥 + 𝐵𝑦 ∈ 𝑀 wherever 𝑥, 𝑦 ∈ 𝑀, (ii) A is compact and
continuous, and (iii) B is a contraction mapping. Then, there
exists 𝑧 ∈ 𝑀 such that 𝑧 = 𝐴𝑧 + 𝐵𝑧.

Theorem 9. Let (𝐻
1
) and (𝐻

2
) hold. Then, problems (16), (5)

have a solution 𝑢
𝑛
∈ 𝑃 such that

𝑢
𝑛 (𝑡) ≥

𝑚𝑡
𝛼
(𝛼
2
− 𝛼 − 2)

2Γ (𝛼 + 1)
, for 𝑡 ∈ [0, 1] . (31)

Proof. By Lemma 7, Φ𝑛 : 𝑃 → 𝑃 is a completely continuous
operator. Now, for 𝑥, 𝑦 ∈ 𝑋, we obtain that

󵄩󵄩󵄩󵄩(Ψ𝑥) − (Ψ𝑦)
󵄩󵄩󵄩󵄩

= max
0≤𝑡≤1

󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨

∫

1

0

𝐺 (𝑡, 𝑠)

× [𝑔 (𝑠, 𝑥 (𝑠) ,
𝐶
𝐷

]

0+
𝑥 (𝑠) ,

𝐶
𝐷
𝜇

0+
𝑥 (𝑠))

−𝑔 (𝑠, 𝑦 (𝑠) ,
𝐶
𝐷

]

0+
𝑦 (𝑠) ,

𝐶
𝐷
𝜇

0+
𝑦 (𝑠))] 𝑑𝑠

󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨

≤

󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨

max
0≤𝑡≤1

∫

1

0

𝐺 (𝑡, 𝑠) 𝑑𝑠

󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨

× (𝐿
1

󵄩󵄩󵄩󵄩𝑥 − 𝑦
󵄩󵄩󵄩󵄩 + 𝐿2

󵄩󵄩󵄩󵄩󵄩󵄩

𝐶
𝐷

]

0+
𝑥 −
𝐶
𝐷

]

0+
𝑦
󵄩󵄩󵄩󵄩󵄩󵄩

+𝐿
3

󵄩󵄩󵄩󵄩󵄩

𝐶
𝐷
𝜇

0+
𝑥 −
𝐶
𝐷
𝜇

0+
𝑦
󵄩󵄩󵄩󵄩󵄩
)

≤

󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨

max
0≤𝑡≤1

∫

1

0

𝐺 (𝑡, 𝑠) 𝑑𝑠

󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨

× (𝐿
1

󵄩󵄩󵄩󵄩𝑥 − 𝑦
󵄩󵄩󵄩󵄩∗
+

𝐿
2

Γ (2 − ])
󵄩󵄩󵄩󵄩𝑥 − 𝑦

󵄩󵄩󵄩󵄩∗

+
𝐿3

Γ (3 − 𝜇)

󵄩󵄩󵄩󵄩𝑥 − 𝑦
󵄩󵄩󵄩󵄩∗
)

≤

󵄩󵄩󵄩󵄩𝑥 − 𝑦
󵄩󵄩󵄩󵄩∗

Γ (𝛼 − 2)
(𝐿
1 +

𝐿
2

Γ (2 − ])
+

𝐿
3

Γ (3 − 𝜇)
) .

(32)

Therefore, Ψ is a contraction mapping, and it is obvious that
Φ𝑛𝑥 + Ψ𝑦 ∈ 𝑋, for 𝑥, 𝑦 ∈ 𝑋. Thus, all the assumptions of
Lemma 8 are satisfied, and the conclusion of Lemma 8 implies
that the boundary value problems (16), (5) have at least one
solution.

Lemma 10. Suppose that (𝐻
1
), (𝐻
2
), and (𝐻

3
) hold and 𝑢

𝑛

be a solution of problems (16), (5). Then, the sequence {𝑢
𝑛
} is

relatively compact in X.

Proof. Note that, for 𝑡 ∈ [0, 1] and 𝑛 ∈ N,

𝑢
𝑛 (𝑡) =∫

1

0

𝐺 (𝑡, 𝑠) 𝑓𝑛 (𝑠, 𝑥𝑛 (𝑠) ,
𝐶
𝐷

]

0+
𝑥
𝑛 (𝑠) ,

𝐶
𝐷
𝜇

0+
𝑥
𝑛 (𝑠)) 𝑑𝑠

+∫

1

0

𝐺 (𝑡, 𝑠) 𝑔 (𝑠, 𝑥𝑛 (𝑠) ,
𝐶
𝐷

]

0+
𝑥
𝑛 (𝑠) ,

𝐶
𝐷
𝜇

0+
𝑥
𝑛 (𝑠)) 𝑑𝑠.

(33)

And 𝑢
𝑛
fulfills (31).

Lemma 6 and (13) imply that

𝑢
󸀠

𝑛
(𝑡) ≥ 𝑚∫

1

0

𝜕

𝜕𝑡
𝐺 (𝑡, 𝑠) 𝑑𝑠 ≥

𝑚 (𝛼 − 2) 𝑡
𝛼−1

Γ (𝛼)
,

for 𝑡 ∈ [0, 1] , 𝑛 ∈ N,

𝑢
󸀠󸀠

𝑛
(𝑡) ≥ 𝑚∫

1

0

𝜕
2

𝜕𝑡2
𝐺 (𝑡, 𝑠) 𝑑𝑠 ≥

𝑚 (1 − 𝑡
𝛼−2
) 𝑡

Γ (𝛼 − 1)
,

for 𝑡 ∈ [0, 1] , 𝑛 ∈ N.

(34)

So,

𝐶
𝐷
𝜇

0+
𝑢
𝑛 (𝑡) =

1

Γ (2 − 𝜇)
∫

𝑡

0

(𝑡 − 𝑠)
1−𝜇
𝑢
󸀠󸀠

𝑛
(𝑠) 𝑑𝑠

≥
𝑚

Γ (2 − 𝜇) Γ (𝛼 − 1)
∫

𝑡

0

(𝑡 − 𝑠)
1−𝜇
𝑠 (1−𝑠

𝛼−2
) 𝑑𝑠,

𝐶
𝐷

]

0+
𝑢
𝑛 (𝑡) =

1

Γ (1 − ])
∫

𝑡

0

(𝑡 − 𝑠)
−]
𝑢
󸀠

𝑛
(𝑠) 𝑑𝑠

≥
𝑚 (𝛼 − 1)

Γ (1 − ]) Γ (𝛼)
∫

𝑡

0

(𝑡 − 𝑠)
−]
𝑠
𝛼−1
𝑑𝑠.

(35)

Since

∫

𝑡

0

(𝑡 − 𝑠)
1−𝜇
𝑠 (1 − 𝑠

𝛼−2
) 𝑑𝑠

> ∫

𝑡

0

(𝑡 − 𝑠)
1−𝜇
𝑠 (1 − 𝑠) 𝑑𝑠

=
1

2 − 𝜇
∫

𝑡

0

(𝑡 − 𝑠)
2−𝜇
(1 − 2𝑠) 𝑑𝑠

=
1

2 − 𝜇
(
𝑡
3−𝜇

3 − 𝜇
−

2𝑡
4−𝜇

(3 − 𝜇) (4 − 𝜇)
)

=
𝑡
3−𝜇

2 − 𝜇
(

4 − 𝜇 − 2𝑡

(3 − 𝜇) (4 − 𝜇)
)

≥
𝑡
3−𝜇

2 − 𝜇
(

2 − 𝜇

(3 − 𝜇) (4 − 𝜇)
)
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=
𝑡
3−𝜇

(3 − 𝜇) (4 − 𝜇)
,

∫

𝑡

0

(𝑡 − 𝑠)
−]
𝑠
𝛼−1
𝑑𝑠

≥ ∫

𝑡

0

(𝑡 − 𝑠)
−]
𝑠
3
𝑑𝑠

= ∫

𝑡

0

(𝑡 − 𝑠)
1−]
× 3𝑠
2

(1 − ])
𝑑𝑠

= ∫

𝑡

0

(𝑡 − 𝑠)
2−]
× 6𝑠

(1 − ]) (2 − ])
𝑑𝑠

= ∫

𝑡

0

(𝑡 − 𝑠)
3−]
× 6

(1 − ]) (2 − ]) (3 − ])
𝑑𝑠

=
6𝑡
4−]

(1 − ]) (2 − ]) (3 − ]) (4 − ])

≥
𝑡
4−]

(1 − ]) (2 − ]) (3 − ]) (4 − ])
,

(36)

then,

𝐶
𝐷
𝜇

0+
𝑢
𝑛 (𝑡)≥

𝑚 (2 − 𝜇)

Γ (5 − 𝜇) Γ (𝛼 − 1)
𝑡
3−𝜇
, for 𝑡 ∈ [0, 1] , 𝑛 ∈ N,

𝐶
𝐷

]

0+
𝑢
𝑛 (𝑡) ≥

𝑚 (𝛼 − 1)

Γ (5 − ]) Γ (𝛼)
𝑡
4−]
, for 𝑡 ∈ [0, 1] , 𝑛 ∈ N.

(37)

Let

𝑚 ⋅min{ 1

Γ (𝛼 + 1)
,
1

Γ (𝛼)
,
1

(𝛼 − 1)
} := 𝑀. (38)

It follows from (31) and (37) that, for 𝑡 ∈ [0, 1], 𝑛 ∈ N,

𝑢
𝑛 (𝑡) ≥ 2𝑀𝑡

𝛼
,

𝐶
𝐷

]

0+
𝑢
𝑛 (𝑡) ≥

𝑀

12
𝑡
4−]
,

𝐶
𝐷
𝜇

0+
𝑢
𝑛 (𝑡) ≥

(2 − 𝜇)𝑀

6
𝑡
3−𝜇
.

(39)

Therefore,

𝑝 (𝑢𝑛 (𝑡) ,
𝐶
𝐷

]

0+
𝑢𝑛 (𝑡) ,

𝐶
𝐷
𝜇

0+
𝑢𝑛 (𝑡))

≤ 𝑝(2𝑀𝑡
𝛼
,
𝑀

12
𝑡
4−]
,
(2 − 𝜇)𝑀

6
𝑡
3−𝜇
) .

(40)

By Lemma 6, (15), and (39), there hold that

0 ≤ 𝑢
󸀠󸀠

𝑛
(𝑡)

= ∫

1

0

𝜕
2

𝜕𝑡2
𝐺 (𝑡, 𝑠) 𝑓𝑛 (𝑠, 𝑢𝑛 (𝑠) ,

𝐶
𝐷

]

0+
𝑢𝑛 (𝑠) ,

𝐶
𝐷
𝜇

0+
𝑢𝑛 (𝑠)) 𝑑𝑠

≤
1

Γ (𝛼 − 2)
∫

1

0

𝑝(2𝑀𝑠
𝛼
,
𝑀

12
𝑠
4−]
,
(2 − 𝜇)𝑀

6
𝑠
3−𝜇
)𝑑𝑠

+
1

Γ (𝛼 − 2)
ℎ(
󵄩󵄩󵄩󵄩𝑢𝑛
󵄩󵄩󵄩󵄩∗
+
1

𝑛
,

󵄩󵄩󵄩󵄩𝑢𝑛
󵄩󵄩󵄩󵄩∗

Γ (3 − ])
+
1

𝑛
,

󵄩󵄩󵄩󵄩𝑢𝑛
󵄩󵄩󵄩󵄩∗

Γ (3 − 𝜇)
+
1

𝑛
)

× ∫

1

0

𝛾 (𝑠) 𝑑𝑠

≤
1

Γ (𝛼 − 2)

× (Λ+ℎ(
󵄩󵄩󵄩󵄩𝑢𝑛
󵄩󵄩󵄩󵄩∗
+
1

𝑛
,

󵄩󵄩󵄩󵄩𝑢𝑛
󵄩󵄩󵄩󵄩∗

Γ (3 − ])
+
1

𝑛
,

󵄩󵄩󵄩󵄩𝑢𝑛
󵄩󵄩󵄩󵄩∗

Γ (3 − 𝜇)
+
1

𝑛
)
󵄩󵄩󵄩󵄩𝛾
󵄩󵄩󵄩󵄩𝑞
) ,

0 ≤ 𝑢
󸀠

𝑛
(𝑡) = ∫

𝑡

0

𝑢
󸀠󸀠

𝑛
(𝑠) 𝑑𝑠

≤
1

Γ (𝛼 − 2)

× (Λ+ℎ(
󵄩󵄩󵄩󵄩𝑢𝑛
󵄩󵄩󵄩󵄩∗
+
1

𝑛
,

󵄩󵄩󵄩󵄩𝑢𝑛
󵄩󵄩󵄩󵄩∗

Γ (3 − ])
+
1

𝑛
,

󵄩󵄩󵄩󵄩𝑢𝑛
󵄩󵄩󵄩󵄩∗

Γ (3 − 𝜇)
+
1

𝑛
)
󵄩󵄩󵄩󵄩𝛾
󵄩󵄩󵄩󵄩𝑞
) ,

0 ≤ 𝑢
𝑛 (𝑡) = ∫

𝑡

0

𝑢
󸀠

𝑛
(𝑠) 𝑑𝑠

≤
1

Γ (𝛼 − 2)

× (Λ+ℎ(
󵄩󵄩󵄩󵄩𝑢𝑛
󵄩󵄩󵄩󵄩∗
+
1

𝑛
,

󵄩󵄩󵄩󵄩𝑢𝑛
󵄩󵄩󵄩󵄩∗

Γ (3 − ])
+
1

𝑛
,

󵄩󵄩󵄩󵄩𝑢𝑛
󵄩󵄩󵄩󵄩∗

Γ (3 − 𝜇)
+
1

𝑛
)
󵄩󵄩󵄩󵄩𝛾
󵄩󵄩󵄩󵄩𝑞
) ,

(41)

where 𝑡 ∈ [0, 1], 𝑛 ∈ N, andΛ = ∫1
0
𝑝(2𝑀𝑠

𝛼
, (𝑀/12)𝑠

4−]
, ((2−

𝜇)𝑀/6)𝑠
3−𝜇
) 𝑑𝑠.

It follows from (𝐻
2
) and the assumption that Λ < ∞.

Hence,
󵄩󵄩󵄩󵄩𝑢𝑛
󵄩󵄩󵄩󵄩∗
≤

1

Γ (𝛼 − 2)

× (Λ, +ℎ(
󵄩󵄩󵄩󵄩𝑢𝑛
󵄩󵄩󵄩󵄩∗
+
1

𝑛
,

󵄩󵄩󵄩󵄩𝑢𝑛
󵄩󵄩󵄩󵄩∗

Γ (3 − ])
+
1

𝑛
,

󵄩󵄩󵄩󵄩𝑢𝑛
󵄩󵄩󵄩󵄩∗

Γ (3 − 𝜇)
+
1

𝑛
)
󵄩󵄩󵄩󵄩𝛾
󵄩󵄩󵄩󵄩𝑞
) ,

(42)

where 𝑛 ∈ N. Since lim𝑥→∞ℎ(𝑥, 𝑥, 𝑥)/𝑥 = 0, there exists 𝐿 >
0 such that, for 𝜐 ≥ 𝐿,
1

Γ (𝛼 − 2)

× (Λ + ℎ(𝜐 +
1

𝑛
,

𝜐

Γ (3 − ])
+
1

𝑛
,

𝜐

Γ (3 − 𝜇)
+
1

𝑛
)
󵄩󵄩󵄩󵄩𝛾
󵄩󵄩󵄩󵄩𝑞
)

< 𝜐.

(43)
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Consequently, ‖𝑢
𝑛
‖
∗
< 𝐿 for 𝑛 ∈ N, so that {𝑢

𝑛
} is

bounded in 𝑋. We are now in a position to prove that {𝑢󸀠󸀠
𝑛
}

is equicontinuous on [0, 1]. Let

𝑉
1
= ℎ(𝐿 +

1

𝑛
,

𝐿

Γ (3 − ])
+
1

𝑛
,

𝐿

Γ (3 − 𝜇)
+
1

𝑛
) , (44)

Θ (𝑡) = 𝑝(2𝑀𝑡
𝛼
,
𝑀

12
𝑡
4−]
,
(2 − 𝜇)𝑀

6
𝑡
3−𝜇
) , for 𝑡 ∈ (0, 1] .

(45)

Then, Λ = ∫1
0
Θ(𝑡)𝑑𝑡 and, for a.e. 𝑡 ∈ [0, 1], all 𝑛 ∈ N,

Θ (𝑡) + 𝑉1𝛾 (𝑡)

≥ 𝑓
𝑛
(𝑡, 𝑢
𝑛 (𝑡) ,
𝐶
𝐷

]

0+
𝑢
𝑛 (𝑡) ,
𝐶
𝐷
𝜇

0+
𝑢
𝑛 (𝑡))

+ 𝑔 (𝑡, 𝑢
𝑛 (𝑡) ,
𝐶
𝐷

]

0+
𝑢
𝑛 (𝑡) ,
𝐶
𝐷
𝜇

0+
𝑢
𝑛 (𝑡))

(46)

holds. Suppose that 0 ≤ 𝑡
1
< 𝑡
2
≤ 1, then

󵄨󵄨󵄨󵄨󵄨
𝑢
󸀠󸀠

𝑛
(𝑡
2
) − 𝑢
󸀠󸀠

𝑛
(𝑡
1
)
󵄨󵄨󵄨󵄨󵄨

=

󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨

∫

1

0

(
𝜕
2

𝜕𝑡2
𝐺 (𝑡
2
, 𝑠) −

𝜕
2

𝜕𝑡2
𝐺 (𝑡
1
, 𝑠))

× (𝑓
𝑛 (𝑠, 𝑢𝑛 (𝑠) ,

𝐶
𝐷

]

0+
𝑢𝑛 (𝑠) ,

𝐶
𝐷
𝜇

0+
𝑢𝑛 (𝑠))

+𝑔 (𝑠, 𝑢
𝑛 (𝑠) ,

𝐶
𝐷

]

0+
𝑢
𝑛 (𝑠) ,

𝐶
𝐷
𝜇

0+
𝑢
𝑛 (𝑠))) 𝑑𝑠

󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨

≤
1

Γ (𝛼 − 2)
[∫

𝑡
2

𝑡
1

(𝑡
2
− 𝑠)
𝛼−3
(Θ (𝑠) + 𝑉1𝛾 (𝑠)) 𝑑𝑠

+ ∫

𝑡
1

0

((𝑡
2
− 𝑠)
𝛼−3
− (𝑡
1
− 𝑠)
𝛼−3
)

× (Θ (𝑠) + 𝑉1𝛾 (𝑠)) 𝑑𝑠]

≤
1

Γ (𝛼 − 2)
[(𝑡
2
− 𝑡
1
)
𝛼−3
(Λ + 𝑉

1

󵄩󵄩󵄩󵄩𝛾
󵄩󵄩󵄩󵄩𝑞
)

+ ∫

𝑡
1

0

((𝑡
2
− 𝑠)
𝛼−3
− (𝑡
1
− 𝑠)
𝛼−3
)

× (Θ (𝑠) + 𝑉1𝛾 (𝑠)) 𝑑𝑠] .

(47)

The proof is similar to that of Lemma 7. We choose 𝜀 > 0.
Then, there exists 𝛿

0 > 0 such that (𝑡2 − 𝑠)
𝛼−3
− (𝑡1 − 𝑠)

𝛼−3
< 𝜀,

for any 0 ≤ 𝑡1 < 𝑡2 ≤ 1, 𝑡2 − 𝑡1 < 𝛿0, and 0 ≤ 𝑠 ≤ 𝑡1.
Suppose that 0 < 𝛿 < min{𝛿0, 𝛼−3√𝜀}. Then, for 𝑡1, 𝑡2 ∈ [0, 1],
0 < 𝑡2 − 𝑡1 < 𝛿, 𝑛 ∈ N, we have

󵄨󵄨󵄨󵄨󵄨
𝑢
󸀠󸀠

𝑛
(𝑡2) − 𝑢

󸀠󸀠

𝑛
(𝑡1)
󵄨󵄨󵄨󵄨󵄨
≤

2𝜀

Γ (𝛼 − 2)
(Λ + 𝑉1

󵄩󵄩󵄩󵄩𝛾
󵄩󵄩󵄩󵄩𝑞
) . (48)

Thus, {𝑢󸀠󸀠
𝑛
} is equicontinuous on [0, 1].

4. Main Result

Theorem 11. Suppose that (𝐻1), (𝐻2), and (𝐻3) hold. Then,
problems (4), (5) has a positive solution 𝑢 and, for 𝑡 ∈ [0, 1],

𝑢 (𝑡) ≥ 2𝑀𝑡
𝛼
,

𝐶
𝐷

]

0+
𝑢 (𝑡) ≥

𝑀

24
𝑡
4−]
,

𝐶
𝐷
𝜇

0+
𝑢 (𝑡) ≥

(2 − 𝜇)𝑀

6
𝑡
3−𝜇
.

(49)

Proof. Theorem 9 shows that problems (16), (5) have a solu-
tion 𝑢

𝑛
∈ 𝑃. In addition, Lemma 10 gives that {𝑢

𝑛
} is relatively

compact in 𝑋 and satisfies inequality (39) for 𝑡 ∈ [0, 1], 𝑛 ∈
N. Assume that {𝑢

𝑛
} itself is convergent in𝑋 and lim

𝑛→∞
𝑢
𝑛
=

𝑢. Then, 𝑢 ∈ 𝑃 satisfies the boundary condition (5), and
lim
𝑛→∞

𝐶
𝐷
𝜇

0+
𝑢
𝑛
=
𝐶
𝐷
𝜇

0+
𝑢 and lim

𝑛→∞

𝐶
𝐷

]

0+
𝑢
𝑛
=
𝐶
𝐷

]

0+
𝑢

in 𝐶[0, 1]. Consequently, 𝑢 satisfies (49). Furthermore,

lim
𝑛→∞

𝑓𝑛 (𝑡, 𝑢𝑛 (𝑡) ,
𝐶
𝐷

]

0+
𝑢𝑛 (𝑡) ,

𝐶
𝐷
𝜇

0+
𝑢𝑛 (𝑡))

= 𝑓 (𝑡, 𝑢 (𝑡) ,
𝐶
𝐷

]

0+
𝑢 (𝑡) ,

𝐶
𝐷
𝜇

0+
𝑢 (𝑡)) .

(50)

Let𝐾 = sup{‖𝑢
𝑛
‖
∗
: 𝑛 ∈ N}. Then, it follows from 0 < ] <

1 and 1 < 𝜇 < 2

󵄩󵄩󵄩󵄩󵄩

𝐶
𝐷
𝜇

0+
𝑢
𝑛

󵄩󵄩󵄩󵄩󵄩
≤

𝐾

Γ (3 − 𝜇)
,
󵄩󵄩󵄩󵄩󵄩󵄩

𝐶
𝐷

]

0+
𝑢
𝑛

󵄩󵄩󵄩󵄩󵄩󵄩
≤

𝐾

Γ (2 − ])

for 𝑛 ∈ N.
(51)

Hence, for a.e. (𝑡, 𝑠) ∈ [0, 1] × [0, 1] and all 𝑢
𝑛
∈ N, we

have

0 ≤ 𝐺 (𝑡, 𝑠) (𝑓𝑛 (𝑠, 𝑢𝑛 (𝑠) ,
𝐶
𝐷

]

0+
𝑢
𝑛 (𝑠) ,
𝐶
𝐷
𝜇

0+
𝑢
𝑛 (𝑠))

+𝑔 (𝑠, 𝑢
𝑛 (𝑠) ,
𝐶
𝐷

]

0+
𝑢
𝑛 (𝑠) ,
𝐶
𝐷
𝜇

0+
𝑢
𝑛 (𝑠)))

≤
1

Γ (𝛼 − 1)

× (Θ (𝑠) + ℎ(𝐾 +
1

𝑛
,

𝐾

Γ (2 − ])
+
1

𝑛
,

𝐾

Γ (3 − 𝜇)
+
1

𝑛
) 𝛾 (𝑠)) ,

(52)

whereΘ is defined by (45). Putting 𝑛 → ∞, by the Lebesgue
dominated convergence theorem, we have, for 𝑡 ∈ [0, 1],

𝑢 (𝑡) = ∫

1

0

𝐺 (𝑡, 𝑠)

× (𝑓 (𝑠, 𝑢 (𝑠) ,
𝐶
𝐷

]

0+
𝑢 (𝑠) ,

𝐶
𝐷
𝜇

0+
𝑢 (𝑠))

+ 𝑔 (𝑠, 𝑢 (𝑠) ,
𝐶
𝐷

]

0+
𝑢 (𝑠) ,

𝐶
𝐷
𝜇

0+
𝑢 (𝑠))) 𝑑𝑠.

(53)

Consequently, 𝑢 is a positive solution of problems (4), (5)
and satisfies inequality (49). The proof is complete.
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