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A mathematical technique based on an auxiliary equation and the symbolic computation system Matlab is employed to investigate
a generalized KdV-mKdV equation which possesses high-order nonlinear terms. Some new solutions including the Jacobi elliptic
function solutions, the degenerated soliton-like solutions, and the triangle function solutions to the equation are obtained.

1. Introduction

Many powerful techniques have been established during the
past decades for the study of the nonlinear dispersive partial
differential equations [1-9]. The inverse scattering method,
the Backlund transformation, the Darboux transformation,
the Painleve’ analysis, the pseudospectral method, the finite
differences method, and the sine-cosine ansatz are used to
acquire solitary wave solutions and compactons solutions for
some nonlinear equations. Wadati [1] employed the potential
function to handle the KdV equation, and the resulting
equation was solved iteratively by making use of a formal
series for the potential function. Wadati [2] developed the
trace method to handle the KP equation. The tanh method,
developed by Malfliet and Hereman [3], is heavily used in the
literature to deal with nonlinear partial differential equations.
Fan and Zhang [4] introduced a useful extended tanh method
that combined the standard tanh method with the Riccati
equation. The extensive method was effectively used by many
researchers to investigate exact solutions for a lot of nonlinear
models (see [10, 11]).

With the development of the symbolic computation
system, the direct methods for constructing travelling wave
solutions to differential equations become feasible. With the
help of Mathematica, Sirendaoreji and Jiong [12, 13] used the
auxiliary equation method to investigate KdV and mKdV
equations, Boussinesq equations, sine-Gordon equations,
and the nonlinear Klein-Gordon equations, respectively. The
Jacobi elliptic function expansion method is confirmed as

a powerful technique to solve some nonlinear differential
equations (see [14]).

Zhang et al. [15] used a sub-ODE technique to investigate
the exact solution of the following nonlinear dispersive KdV-
mKdV equation:

u, + (oc + puf + /\uZP) Uy + Uy, =0, @

where a, 3, A, and p are constants. The bell type solitary wave
solution, the kink type solitary wave solution, the algebraic
solitary wave solution, and the sinusoidal travelling wave
solution of (1) with exponent p > 0 were expressed explicitly
in [15]. In fact, (1) is turned into a KdV equation if p =
1,3+0,A =0, and an mKdV equationif p =1, =0,1#0.
In this paper, we further develop the work in [15] for the
study of (1). By using a mathematical technique different from
those in previous works [1-10], we obtain the exact travelling
wave solutions including Jacobi elliptic function solutions,
degenerated soliton solutions, and triangle function solutions
for (1) with exponent p. Many of the solutions obtained are
different from those presented in Zhang et al’s work [15].

2. Brief Description of the Approach

To illustrate the basic concept of the auxiliary differential
method, we consider that the nonlinear partial differential
equation has the form

) =0. (2)

P (u’ ut’ ux’ uxx’ uxt’ utt’ .



Using the transformation & = p(x — ct) (u#0 and c#0),
(2) turns into the following nonlinear ordinary different
equation:

Q(U, M‘E, M‘EE, u‘f‘f‘f" ) =0. (3)

We seek for the solutions of (3) in the form

N .
u@ =Ygz @, (4)

i=0

where g; (i = 0,1,2,...,N) are constants which will be
determined later. The parameter N is a positive integer and
can be determined by balancing the highest-order derivative
terms and the highest power nonlinear terms in (3). The
highest degree of 9”1/0&F can be calculated by

ofu

O[ﬁ]ﬂ\up, p=012,...,
of (5)
qo U | _ _

O[“ asp] aN+p, g p=0,1,2,....

We assume that z(£) represents the solutions of the
following auxiliary differential equation

(%Y_ +od + ot )
y =0 +62 5 z°,
where ¢; (i = 1,2, 3) are real constants.

Substituting (4) and (6) into (3) and equating
the coefficients of all powers of 2z(§) and
zj(E)\/c1 +622+(¢/2)z* (j = 0,1,2,...) to be zero in
the resulting equation, several algebraic equations will be
obtained. Then, solving these algebraic equations by the
symbolic computation system Matlab and combining (4)
and the solutions of the auxiliary equation (6), we can get the
exact solutions for (2).

3. Exact Travelling Wave Solutions to (1)

Firstly, setting u? = w yields

- 2) wl/P_3wi (7)
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which turns (1) into

ww, + (oc+[3w+)tw2)w2wx+ <l - 1)(l —2>wf’C
p p ®)

1
+3 <— - 1>wwxwxx +ww,,, =0.

XXX

To find the traveling solutions for (1), we use the wave
variable & = pu(x — ct), where c#0 and pu#0. The
wave variable & transforms (8) into the following ordinary
differential equation:

(oc + ﬁw+)tw2)w2w' + (% - 1) (1—1) - 2>y2w'3
)

1
+ 3[42 <E - 1) ww'w” - cw'w' + yzwzw'” =0.

From (9), we have N = 1. Therefore, we choose the ansatz

w(§) =gy + 9.2 (10)

where z(£) may be determined by

2
(Z—Z> = +62 + C2—3Z4, (11)

which possesses several types of solutions listed in Table 1 (see
(16]).

In Table 1, functions sn(§) = sn(¢,7), cn(é) = cn(é,r),
and dn(§) = dn(¢,r), are Jacobian elliptic functions with
modulus 7 (0 < r < 1), which have the properties sn(-&) =
-sn(§),cn(=¢) = cn(§), dn(-) = dn(€),sn’(€) + an(f) =
1,dn*@) + r’sn*(€) = 1,(sn(é)" = en(€)dn(&), (cn(§) =
—sn(&)dn(¥), and (dn(¥))" = —r*sn(E)cn(é). Setting r — 0
yields sn(§) — sin(§),cn(§) — cos(§), and dn(§) — 1.
When r — 1, it derives that sn(§) — tanh(§),cn(§) —
sech(&), and dn(§) — sech().

Substituting (10) and (11) into (9) and letting each coefh-

cient of z/ \/cl + 622 + (¢/2)z* (0 < j < 4) be zero, we obtain

2
Ag) + %(% - 1)(% —2>gfcs

+3 <% - 1) u'gic +3u'gle; =0,

(B, +2)g09:) 9? + 22‘9091l
+3 <;1) - 1) W gogics + 61> gogics = 0,

—cg; + (a+ Bgo + Agy) g; + 2 (Bay + 2A909:) 9091

+ Ao gy +V2<% - 1> (% —2>ng
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TABLE 1
No. Z(E) C (o) q
1 n(E), cd(€) = 32((2 2 (P4 1) .
2 cn(é) —2r? 22— 1 1-¢2
3 dn(¢) -2 2-7° -1
4 nc(§) = Cnl(f) 2(1-7%) 2r* -1 —?
_ L _ dn(&) 2 2
5 ns(§) = sn(£)’dc(£) ) 2 (r*+1) r
6 nd® = 5 27 - 1) 2o .
_n® » -
7 cs(é) = n®) 2 2-r 1-r
8 sc(f) = ii%; 2(1-7) 2-1 1
_sn(§) 202 -
9 sd(§) = @) 2,7 (r* = 1) 2r° -1 1
_ dn(¢) 2 i
10 ds(§) = (@) 2 2r -1 rt—r
2 2\2
1 ren(€) + dn(é) -3 r 2+ 1 a 4r )
» 1, cn(€) 1 —2rt +1 1
sn@® * sn(®) p 3 i
B 1 isn(E) 1-7° P+l 1-7°
en(€) — en(f) 2 2 4
14 1 4 dn(‘f) l T'Z -2 L4
sn(&) — sn(&) 2 2 4
. dn(&) i -2 r:
e n(e) ien ), VI =72sn(€) + cn(é) 2 2 i 4
. sn(&) 1 1-2r 1
16 rsn(&) + idn(&), T 3 : 7
- sn(¢) ﬁ ) 1
1 +dn(¢) 2 2 4
18 dn(&) -1 21 2
1 +rsn(§) 2 ) n
9 cn(€) 1-+2 41 2 +1
1 +sn(&) 2 2 4
20 _ @) a-ry Pl 1
dn(@)  en(® 2 2 7
21 L@ ﬁ ) 1
V1 -2 +dn(f) 2 2 1

Solving (12) with the help of Matlab, we acquire the

1 2 3 22, 2 3
+3| —-1 +3 + =0,
( p )M T2 TIGH G THE9 following solutions:

_chogf +2 (“ + Bgo + /\93) 9%90 +(Bgy +2Agog1) 9(2)91 B B _%
-1, =-£ =+ -3,
. o ., p 9o 0 g1 2\ o
+3<;—1)# 9190% + 2191 90¢2 = 0, 5T g
2 2 2 Au = i_\/ A, 5 cC=«— 6_)
—cgogy + (a+ Bgo + Agy) Godh 2 \3¢
1 1 (13)
+<;_1><5_2')‘“29?‘:14_[42939102:0' .

12) p= > 90 = Sk 91 = iﬁ



3Ac, 751
(14)
1/2
56,8% + 522 - 2¢.6
p=2% p== 43¢, ’
_ 5B _.EJ_ﬁﬁ 5B 10
Go=7gr NTENTT Tyttt e
(15)
9o 2A(p+2) 91 20 (p+2)\ o 15~ %
“:+/3p\] 2p+1 _ Bpr1)
p+2\2A(p+1)g Mp+2)](p+1)
(16)

where the exponent p# —2,-1,and € = +1.

3.1. The Jacobi Elliptic Function Solutions to (1) in the Case
of p = 1. In order to make that wave number y a real-
valued number, we have to choose constants A and modulus
r (c, depends on r) to satisfy some restrictions. However, in
this section, we allow y to take values in complex number
domain. From the expression of g;, g,, 4, and ¢ in (13) and
the solutions listed in Table 1, we derive the following Jacobi
elliptic function solutions for (1) in the case p = 1:

tha (50 == 5\ ezir\/rzﬂ
xcd[g\j—m(x—at+§t>],

s (6) = 2[j\ ezir\/yzq

i (50) = 2[; 2§ —2r2

B 1 p
x dn I:E\jm (x—oct+ at)] ,

U s (xt) =

U ¢ (x,t) =

U 5 (x, 1)

U g (x,t) =

U g (x,t) =

Uy o (x,1) =

Uy (k1) = -

Uy, (x,1) = —

Uy 15 (%, 1) =
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\j r* —1
2 2r2 —1
2
E xX—at+ — ﬂ
2 \31 (22 - 1) 6r
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E X —ot+ ﬁ—t
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2
B 5
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B ﬁJE
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B

20 24 Y 1272
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B €P 1
2 2N
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Feldm
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U 15 (x,1)
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A8
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Uy 16 (% 1)
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30 (r2-2)
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(o[t

Bl 2
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Uy 19 (x,1)
AN
To20  2A V22—

8 {rsn [g\j&\(lz—zﬂ) <x_“t+ i_;t)]

PN )

2 \31(1-2r2)
Uy 50 (x,1)
__B B 1
20 2a V2121

(oS (e )
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Uy 5 (x,1)
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Uy 54 (x,1)
__£+eﬁ(l—r2)\/_ 1
o2 21 r2+1

[E :
- 2 \3A(r2 +1)

Uy 55 (x,1)
_ i? N 6/31'2
2 avior
B 2 Bt
X ( (cn [5\/3/\(7‘2—2) (x—oct+ a)])

2

i 2edn| B
X< bor ‘dn[z\/3A(r2—z)

17)

Remark 1. From the properties of Jacobi elliptic functions, we
know that when the module »r — 0 orr — 1, sn, cn, and
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dn degenerate into triangular or hyperbolic functions, from
which we can obtain soliton and triangular function solutions
of (1) in the case p = 1. In other word, when p = 1, we
can deduce Jacobi elliptic functions solutions, soliton, and
triangular function solutions for (1).

Remark 2. When o = 0, k = (B/2)V2/3A(1 - 2r2), a, =
—B/2A, and a; = +k~/=3/2A, u; 14(x,t) turns into

uy 14 (x,1)
=4dy

212

+a {nsk[x—(l_Tk2+/\a§+ﬁa0)t] (18)

92
+csk[x—<1 22r k2+Aa§+/3’ao>t]},

which was obtained by Yomba [17].

Remark 3. Supposing k = (B/6)\/-1/qvA, p = (2 +
V3/3) \/—6qvA (qand vare arbitrary constants). Whenr — 1
in u; 1,(x,t), we obtain

Uy 171 (x, )
= 1§§q \/_q%
X {i\/TqM + \/Tqv)t<tanh \/m)
iisech\/m} )

where a, = —(Bp/2A)\/-6gvA + B/2A,& = k(x - (Aag +
Bag)t). Solution (19) is in full agreement with that presented
in [17] by Yomba.

(19)

3.2. The Jacobi Elliptic Function Solutions to (1) in the Case
of p = 1/2. Similarly as in Section 3.1, we allow y to take
values in complex number field. Making use of (14) and the
solutions listed in Table 1, we obtain the following Jacobi
elliptic function solutions for (1) in the case p = 1/2:
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Uy 5 (x5 1)

B ﬁ 2efr? 1
_{ 50 51 V2-p2

B 4
X(<Cn[§\j3A(r2—z)

(20)

When p = 1/2, we can also obtain Jacobi elliptic functions
solutions, soliton, and triangular function solutions for (1).

3.3. The Jacobi Elliptic Function Solutions to (1) in the Case
of p = 2. From the expressions of (15), we get the following
jacobi elliptic function solutions to (1):
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- 8A 4 2
2
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x| dn x-at+5_ﬁ2t
# 321
—é(r2+l)‘u5]
2
-1 1/2
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_ _%fWZJE
] sA 4 A
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x(V1-7r2tdn|pu| x—at+ ——t

321

2

)

B 5(r2—2)+106\/1—r2 1
H=*2 31

(21)

3.4. Soliton and Triangular Function Solutions of (1). From
the expression of 2¢,c; = czz, we know thatr — Qorr —
1. According to the properties of Jacobi elliptic functions sn,
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cn, and dn, the following degenerated soliton and triangular
function solutions for (1) can be obtained:

_BGp+1)  pp+1)
2A(p+2)  2A(p+2)

Uy, (x,t) = {

Bp 2p+1
h _
X tan [p+2 aA(pt1)

><<x—oct+ _'Bz (2p+1)t )”l/p
Mp+2)'(p+1) /1)

| Bep+1)  V2B(2p+1)
u4.2(x,t)—{—u(p+2)+ YD)
x sech Pr W
p+2\2A(p+1)
2 1/p
Mp+2) (p+1)
u (xt):{_ﬁ(ZPJrl) 6ﬁ(2p+1)
n 2(p+2)  2A(p+2)
pp [ 2p+1
xcoth[p+2\]_4A(p+1)
x<x—at+ﬁz(2P—2+1)f>]}1/p,
Mp+2) (p+1)
Uy, (x,1) = _ﬂ(2p+1) +i€\/§ﬁ(2p+1)
44\ 1) = 2A(p+2) 20 (p+2)
[ﬁp \/sz
x csch
p+2\2A(p+1)
2 1/p
X<X—at+w>” ’
Mp+2)" (p+1)
Uy s (x,1)
:{_B(2P+1) 6[3(2p+1)
20 (p+2)  2M(p+2)

Bp 2p+1
X<<COSh(p+2\j_A(p+l)
><<x—oct

+m> ) . 1)
Mp+2) (p+1)
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X (1+cos( Pp \j 2p+1
B p+2\A(p+1)
><<x—(xt
B @pe) )))
Mp+2)(p+1)
x(sin( Pp \/ 2p+1
p+2\A(p+1)

><<x—oct

-1 1/p
. ﬁ2(2p+1)t ))) )} )
Mp+2)'(p+1)
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X 1 £sin ﬁp 2p+1
B p+2\A(p+1)
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x(x—oct
B epr) )))
Mp+2)*(p+1)
><<1+cos< Pp \/ 2p+1
B p+2\A(p+1)

X [x—oct

1 1/p
Bt D) )} |
Mp+2)* (p+1)
Uy 5 (x,1)

) {_ﬁ(ZPH)H B2p+1)

20 (p+2) 62/\(p+2)
p+2\A(p+1)
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(22)

Remark4. Whenr — Oandr — 1inthesolutionsu, (x,t)
to u5,5(x, 1), the soliton and triangular function solutions
we obtain can be found in u,  (x,t) to u,,5(x,t) while p =
1,2, 1/2, respectively. For example, when r — 1, u,,, and
U3 1, can be expressed by

_§+ 2ef

5 51
B[ 4 163>
x(tanh[g —§<x—¢xt+ o1 t>]
(B 168 \1\|*
izsech[g\/—ﬁ<x—oct+ o) t>]>]»,

Uy 171 (%) = {
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3B 5B
8L 8\

(o[ B3 (e 2]
+isech [g \/g(x -t + %t)])}m,

(23)

Uz 7 (6 1) = {

which are the same as u,, in the case of p = 1/2,2,

respectively.

Remark 5. In these expressions of solutions, u,,(x,t) and
Uy ,(x,t) are in full agreement with the result which was
obtained by Zhang et al. [15].

4. Conclusion

In this paper, by using the auxiliary differential equation
method, we obtain the Jacobi function solutions, the degen-
erated solitons, and the triangular function solutions to the
generalized dispersive KdV-mKdV equation (1) in the case
of p =1, p = 2,and p = 1/2 with the help of symbolic
computation system Matlab. However, for arbitrary exponent
p> we only obtain the degenerated solitons and triangle
function solutions to (1). It may need other technique to deal
with the Jacobi elliptic function solutions for the generalized
dispersive KAV-mKdV equation with arbitrary exponent p.
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