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Using the Fountain theorem and a version of the Local Linking theorem, we obtain some existence and multiplicity results for a

class of fourth-order elliptic equations.

1. Introduction and Main Results

Consider the fourth-order Navier boundary value problem

A2u+CAu+a(x)u=f(x,u), in Q,

€]
u=~Au=0,

on 0Q,
where O ¢ RN (N > 4) is a bounded smooth domain,
aeL®(Q), ceRand f € C(Q x R,R). A is the Laplace
operator and A” is the biharmonic operator.

LetO <A} <Ay <A; <--- <Ay < -+ be the eigenvalues
of —A in Hé (Q). The eigenvalue problem

A*u+ cAu = uu, in Q,

2)

u=Au=0, on 00,

has infinitely many eigenvalues y; = A;(A; —¢), i = 1,2,....
We will always assume ¢ < A,. Let E be the Hilbert space
H*(Q)(Hy(Q). E is equipped with the inner product

(u,v) = L (AuAv — cVuVv) dx (3)

and the norm

1/2
= ([ (180 - cva) dx) @)

A weak solution of problem (1) is any u € E such that

J (AuAv—cVu-Vv+a(x)uv)dx—J fx,u)vdx=0
Q Q )

forany v € E.
Letg : E — R be the functional defined by

1
o) =3 L (1auf® = c|Vul® + a (x)u’) dx - LF(x, u) dx,
(6)

where F(x,u) = j: f(x,s)ds. And, one has

<(p' (u), v> = J (AuAv — cVu - Vv +a(x)uv)dx
? 7)
- J f(x,u)vdx
Q

for any u, v € E, so that a critical point of the functional ¢ in
E corresponds to a weak solution of problem (1).

In recent years, fourth-order problems have been studied
by many authors. In [1], Lazer and McKenna have pointed out
that problem (1) furnishes a model to study travelling waves
in suspension bridges if f(x,u) = b((u+ 1)" 1), whereu” =
max{u, 0} and b € R. Since then, more general nonlinear
fourth-order elliptic boundary value problems have been
studied.



In [2, 3], Micheletti and Pistoia proved that problem
Au+cAu= f(x,u), inQ,

(8)

u=~Au=0,

on ,
admits two or three solutions by variational method. In [4],
Zhang obtained the existence of weak solutions for problem
(8) when f(x,u) is sublinear at co. In [5], Zhang and Li
showed that problem (8) has at least two nontrivial solutions
by means of Morse theory and local linking. When f(x, u)
is asymptotically linear at infinity, the existence of three
nontrivial solutions has been obtained in [6] by using Morse
theory. In [7], by using the mountain pass theorem, An and
Liu gave the existence result for nontrivial solutions for a
class of asymptotically linear fourth-order elliptic equations.
In [8], Zhou and Wu got the existence of four sign-changing
solutions or infinitely many sign-changing solutions for (8)
by using the sign-changing critical point theorems. In [9],
Yang and Zhang showed new results on invariant sets of the
gradient flows of the corresponding variational functionals
and proved the existence of positive, negative, and sign-
changing solutions for some fourth-order semilinear elliptic
boundary value problems. In [10], by using the variational
method, Liu and Huang obtained an existence result of sign-
changing solutions as well as positive and negative solutions
for a fourth-order elliptic problem whose nonlinear term is
asymptotically linear at both zero and infinity.

In this paper, we will study the existence of nontrivial
solutions of problem (1). Our main results are the following
theorems.

Theorem 1. Assume that F is even in u and the following
conditions hold:

(F1)

F (x,u)
2

— +00 as |ul — oo 9

u

uniformly in x €

(F,) there exist two constants 2 < 0 < 2N/(N —4) = 2**
and k, > 0 such that

|f )| < Ky (1+ ") (10)

uniformly for all x € Q;
(F;) there exists a constant y > N(0 — 2)/4 such that

lim inff (x,u)u —2F (x,u)
|lul = oo |1/l|y

>0, 11

uniformly for all x € Q.
Then problem (1) has infinitely many nontrivial solutions.
Theorem 2. Assume that F satisfies (F,) and

(F,) there exist three positive constants L, m,, and m, such
that
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(1) £ u)u = 2F(x, 1) = my|ul?, if |u] > L;

Go) [f )7 /1ul” < my(f (e, u)u — 2F(x,u)), if
|u| > L, whereo > (N - 2)/2.

If F is even in u, problem (1) has infinitely many nontrivial
solutions.

Remark 3. For Schrodinger equation, the corresponding
condition (F,) is due to Ding and Luan [11]. The condition
(F,) is weaker than the usual Ambrosetti-Rabinowitz-type
condition (see [11, 12]).

Theorem 4. Assume that F satisfies (F,), (F,), (F;), and
(Fs)

F (x,u)

— —0 asu—0 (12)

u
uniformly in x € Q.

If 0 is an eigenvalue of A* + cA + a (with Navier boundary
condition), assume also the condition that

(Fy) there exists § > 0 such that

(i) F(x,u) = 0, forall |u| <6, x € O or
(ii) F(x,u) <0, forall lu| <6, x € Q.

Then problem (1) has at least one nontrivial solution.

Theorem 5. Suppose that F satisfies (F,), (F,), and (Fs). If 0 is
an eigenvalue of A* +cA +a (with Navier boundary condition),
assuming also (Fg), then problem (1) has at least one nontrivial
solution.

Here, we have

9@ =3 | (1802 = vl +a () dx— | Fevudx

=5 (W 1) = [ P
(13)

whereu™ € E-, u" € E', and E (E") is the space spanned
by the eigenvectors corresponding to negative (positive)
eigenvalues of A” +cA +a. It is easy to know that ¢ € C'(E, R)
under the conditions of our theorems.

Itis well known that E is continuously embedded in LMQ)
for every A € [1,2N/(N —4)].If1 < A < 2N/(N — 4), the
embedding is compact. It follows from (F,), (F;), and (F,) that

2N ON-4y 2N 20 2N

0<——r —_—
N-4 N-4 N-4 N-4
(14)

>

o-1

Hence, there is a positive constant K such that
lulp <K|ull, VueE (15)

for A = 1,2,0,20/(0c — 1), 2N/(N — 4) = 2"*, where | - || »
denotes the norm of L*(Q).
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2. Proof of Main Results

In this paper, we will use the Fountain Theorem of Bartsch
([13, Theorem 2.5], [14, Theorem 3.6]) to prove our Theorems
1 and 2. And, we will prove Theorems 4 and 5 by using a
version of Local Linking theorem [12, Theorem 2.2] which
extends theorems given by Li and Willem [15], Li and Szulkin
[16].

In [13, 14], Bartsch established the Fountain Theorem
under the (PS), condition. Since the Deformation Theorem is
still valid under the Cerami condition, the Fountain Theorem
is true under the Cerami condition. So, we have the following
Fountain Theorem.

Let X be a reflexive and separable Banach space. It is well
known that there exist {v,}, ., € X, {,},cy € X such that

M (¥, V) = 0, whered, ,, = 1forn =mandg,,, =0
for n+m.

(2) span{v,n € N} = X, s5pan® {y, | n € N} = X*.

Let X; = Rv;; then X = ., X ;. We define

zZ, =P x;. (16)

Theorem A (Fountain theorem). Assume that ¢ € C'(X,R)
satisfies the Cerami condition (C), p(—u) = @(u). If for almost
every k € N, there exist p, > ;. > 0 such that

(A})
= <0,
R 7 AL a7
(A,)
b= inf @) — oo, k— o0, (18)

u€Zy, ull=ry

then ¢ has an unbounded sequence of critical values.

For the reader’s convenience, we state the following Local
Linking theorem [12, Theorem 2.2]. Let X be a real Banach
space with X = X' @ X* and X} ¢ X] ¢ X} c --- ¢ X
such that X/ = |, X/, j = 1,2. For every multi-index o =
(@, ) € N2, let X, = X, @ X, . We define that « < § &
a, < Bi, &, < P,. A sequence {a,} ¢ N? is admissible if for
every & € N* thereis m € Nsuch thatn > m = a, > a.

We say that ¢ € C Y(X, R) satisfies the (C*) condition if every
sequence {uan} such that {«, } is admissible and satisfies

U, € X, supq)(u%) < 00,
’ (19)

(14 e ) ez, (10,) — 0

contains a subsequence which converges to a critical point of
@, where ¢, = ‘Plx,x'

Theorem B (see [12, Theorem 2.2]). Suppose that ¢ €
C!(X, R) satisfies the following assumptions:

(i;) X #1{0} and @ has a local linking at 0; that is, for some

r >0,
o) =0, VueX' with |ul <r,
(20)
@) <0, VueX* with |ull <r;

(i,) ¢ satisfies (C*) condition;
(i;) @ maps bounded sets into bounded sets;

(iy) for every m € N, ¢(u) — -—ooas|ul — o0, on
ueX) oX

Then @ has at least one nonzero critical point.
Now, we can give the proof of our theorems.

Proof of Theorem 1. At first, we claim that ¢ satisfies the
Cerami condition (C). Consider a sequence {u,} such that
¢(u,) is bounded and II(p'(un)II(l + Jlu,l) — O0Oasn — oo.
Then there exists a constant M, > 0 such that

o (w)| <My, (1 |w,) |on ()] < My 1)

By a standard argument, we only need to prove that {u,} is
a bounded sequence in E. Otherwise, going if necessary to a
subsequence, we can assume that [|u,|| — coasn — oo.
From (F;), there exist two constants k,, k; > 0 such that

f e, u)u—2F (x,u) > kylul" —k;, V(x,u) e QxR.

(22)

So, by (21) and (22), we have
3M; =29 (u,) - <(p' (u,) ,un>
= L (f (x,u,)u, — 2F (x,u,)) dx (23)

>k u,|"dx - k; |Q|
2 a n 3

which implies that
j | dx < k, (24)
Q
for all n € N and some positive constant k.
Since
N N 2N 2N
> —(0-2), —(0-2)< 0-1) < —.
r>30-2 A R
(25)

On the one hand, we consider the case

2N
N +4

%(0—2)<y< ©-1). (26)

Putting

_2(0-1)N-(N+4)y
 2N-(N-4)y

> (27)



onehas0 < a < 1. Let

Y

+ - 0 + - 0
9—1—(x>1’ u,=u, +u,+u, € ®E &F,

(28)

P:

where E® = ker(A? + cA + a). We can obtain from Hélder’s
inequality, (15), and (24) that

[l o ax

6-1-a

ol ot 1] ¢

j (Il) dx)w(L(|””|“|”;|)qu)l/q (29)

[ trac) (] () )™
Q

1 2% g >1/2M
x (L (|un| ) dx

< e o e

< kPR o | o |

l
= Pl ]
<
<

for alln, whereq = p/(p—1) = 2" /(ax + 1).

By (F,) and (29), one has
(9" )ur) = P = | f o)
> s P = [ 1 Geom) ]
> o=y [l o+ )
Q
=l -k |l gl =k, | e
Q Q

= M R Sy 7 Y M N

(30)
for all n. Since « < 1, we have
+
” “ 0, asn— oo. (31)
e
On the other hand, if y satisfies,
2N
2 0-1<y< (32)

N +4 N -4

then one sees 1 < p/(y — 6 + 1) < 2N/(N — 4). So, we get

lull prig-oen < Kllull, Vu € E. (33)
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It follows from (24) that

.[n |un|ydx o

ol ’

By (F,) and (33), we obtain
(9" () 101
sl - | f G s
Q

as n — 00. (34)

> sl = [ 1 Geom) i
2 s P =k f (ol o+ ) e

- P —klj | |u;|dx-klj Wtldx  (35)
Q Q

o NN
> oy P ([ (haf )" )
/ +
= kK Ju |

(y—-0+1)/y
—0+1
% (J |u;|)’/(y + )dx>

Q

= e = Kl ot o-omn = ki o]

2 e = kK5 o | = K |

foralln. Note thaty > 2N(6-1)/(N+4) and N > 4 imply that
y > 0 — 1. So, it follows from (34) and the above expression
that

[z ]
[l

Hence, we conclude from (31) and (36) that

oM
[l

Similarly for u,, we get
el
o

It follows from the equivalence of the norms on the finite
dimensional space E° that there exists K; > 0 such that

— 0, asn— 00. (36)

— 0, asn— 0o. (37)

as n — 00. (38)

ltlloo < Ky lluall, llull < Ky llull

(39)
lull < Ky lullz,  Vu e E.
Putting 7 = 2N + (5 — N)y + 1, one has
27 — 2N
T (40)

7-1 N-4



Abstract and Applied Analysis
It follows from (24), (39), and Hoélder’s inequality that
il < [ [iifas
< [ = | " b
. .

1/t (r-1)/7
S(J lunlydx> <J lun|(2?w/(T71)dx>
Q Q

< ki/rK(Zr—y)/T"un"(ZT—y)/r

(41)
and consequently
)
— 0, asn— oo. (42)
e
Hence, by (37), (38), and (42), one sees
0 —
7 0 Y IR

el o

asn — 00, whichis a contradiction. So, we obtain that {u, } is
bounded in E. By a standard argument, we get that ¢ satisfies
the condition (C).

Let E = ., X; with dim X; < co for any j > 1. Set

k 0
v, =P x, z=Px, (44)

1 =k

Since dim(Y}) < 00, all the norms are equivalent. For u € Y},
there exists a constant K, > 0 such that

lleell < K el - (45)
From condition (F,), there exists ks > 0 such that
F(xu) 2 Kolul” —ks, V(xu)e QxR.  (46)

For u € Yy, it follows from (45) and (46) that

= 3l = Sl = ] + ks

1
< —5||u||2 + ks |Qf
(47)

which implies that

@ (Wu) — —0o as |[u| — oo, inY;. (48)

So, (A,) of Theorem A is satisfied for every p, > 0 large
enough.

Here, we obtain from (F,) that there exists a positive
constant kg such that

IF (x,u)] < kg (1+ul) (49)
uniformly for all x € Q. Let us define

Bi= sup

ueZlul=1

fleall o (50)

For k large enough, one has Z, ¢ E*. By (49), on Z,, we have

2
o) = @ —J F (x,u)dx
Q
2
u
> % — kgllullle — ke 19 (51)
2
u
> 0 el - k1001

Choosing 1, = (k66ﬁ2)1/(2_9), we obtain, if u € Z; and [lu| =
T

o (43

Since, by Lemma 3.8 of [14], B — 0Oask — o0, (A,)
is proved. Hence, the proof is completed by using Fountain
theorem. O

2/(2-0)
) ~ kg1 (52)

Proof of Theorem 2. Firstly, we claim that ¢ satisfies the
Cerami condition (C). Consider a sequence {u,} such that
¢(u,) is bounded from above and II(p'(un)H(l + lu,l) — 0
asn — 00. By a standard argument, we only need to prove
that {u,} is a bounded sequence in E. For otherwise, we can
assume that [|lu, | — coasn — oo.

From assumption (F,), there exist two positive constants
m, and my, such that

> 20 () ~ (¢ (1,) 1,
- [ G- Ew)dr s
- J ml'”nlzdx - my Q.
Q
So, one has
J |”n|2dx < Mg (54)
Q

for all n and some positive constant .
Let v, = u,/lu,l; then [|v, || = 1 and |lv,|l; < C, for all
r € [I,2N/(N —4)). By (54), we have

J Vdx = 1ZJ I [Pdx <
0 flesa]l” 2

(55)

ms 0
o,



asn — 00.So, forr € (2, 2N — 4)/(N - 4)), it follows from
Holder’s inequality and the above expression that

r 2(r-1) 12 2 12
v, | dx < < v, dx) < [Vl dx) —0
o o Q

(56)
asn — 00. It follows from (39) that
(o' (w,) 1y —uy)
oy =l - [ G i - ) dx
Q
2 _
Sy L F (o) (uf —u)dx
-l (1 [ L)) o
|
.
> | <1 -| AGLAIC ”‘")dx> - Kl
Q e
(57)
Hence, we get
.
_j f (% u,) (uz,, ”")dx=o(1). (58)
Q e

From (F,), (53), and (56), there exists a positive constant 1,
such that

[,
ol

SZLMV |2dx

]

ﬂ(L<'”|ii T"”) )

_>0

(59)

(L
([

asn — 00; therefore, 1 = o(1), which is a contradiction.
Hence, {1, } is bounded.

In a way similar to the proof of Theorem 1, we can obtain
that ¢ satisfies (A,) of Theorem A.

It follows from (F;) that there is L; > 0 such that

F(x,u) > |ul’, Vul>L,. (60)

Then, by (F,) and (60), for |u| >
one has

L, = max{L,L,}, x € Q,

|f Cow)|” < my (f (6,u) u = 2F (x,u)) Jul”
(61)

<m, |f (x,u)| u|”*!
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which implies that
|f (X M)| < m2 (o— 1)|u|(0+1)/((f—1) (62)

for [u] > L,.
Therefore, there exist two positive constants m, and mg
such that

20/(o-1)

|F (x,u)| < m, + mg|u| , Vixu) e QxR, (63)

where 20/(0 — 1) < 2N/(N - 4). As the proof of Theorem 1,
we can get (A,). Therefore, Theorem 2 holds. O

Proof of Theorem 4. The proof of this theorem is divided in
several steps.

Step 1. We claim that ¢ has alocal linking at zero with respect
to (X', X?).
By (Fs), for any € > 0, there exists §, > 0 such that
IF (x,u)| < eu’, Vl|u| < 6. (64)
We obtain from the above expression and (49) that
IF (x,u)| < eu’ + M2|u|9, V(x,u) € QxR, (65)

where M, = k¢ + k681_9. Hence, we can get from (15) and (65)

that
U F (x,u) dx’ < J euldx + M, J |u|9dx
Q Q Q
= ellull®: + Mylul’s (66)
< Kellul* + KM, |ul’®
forallu € E.

Here, we consider only the case where 0 is an eigenvalue
of A%+ cA+a and case (ii) of (Fy) holds. The case (i) is similar.

Let X = E, X' = E*®E’,and X’ = E, where E’ =
ker(A” +cA +a). Choose a Hilbertian basis {e,},,5, for X' and
define

X! =span{ey,...,e,}, nen,
2 2
X, =X, neN, (67)
x' = Jxi.
n
Now, by (66), for each u € X% = E”, one has

§ ) =~ Jul’ - jQF(x, W) dx

(68)
1 0 0
< =l + Kelull” + KM, Jul
Letting € = 1/(8K?) and by 0 > 2, we have
o) <0, VueX* with ul <9, (69)

for §, > 0 small enough.
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Letu=u’+u" € E°® E" = X' be such that |ul| < 8, :=
8/(2K,). Put

le{x€Q||u+(x)|£§}, Q,=0\Q,. (70)
Then, for all [lu]| < §; and x € Q, by (39), one sees
| ()| < ], < Ky ] < Kyl < g. (71)
On one hand, from above expression, for any x € ();, we have
lu (1 < [u° ()| + | ()] < |’ + g <4. (72)
Hence, by condition (ii) of (Fy), we get
L F(x,u)dx <0. (73)
On the other hand, for any x € Q,, one has
|u(x)] < |u0 (x)' + |1[r (x)| < g + |u+ (x)| <2 |1fr (x)|.
(74)

Hence, forallx € Q, andu € X! with [Ju|| < &5, we can obtain
from (65) that

F(x,u) < e’ + Mylul® < delu” (x)|2 + 29M2|u+ (x)le,
(75)

which implies that

J F(x,u)dx < 4¢ J |u+ (x)|2dx + 29M2 J |1[r (x)|9dx
Q Q, Q,

2
= deu” 1, + 2°M; Ju "

< aK2e|u’ |’ + K)* M, |u*|’.
(76)

Letting e = 1/(16K?) in above expression, then for all x € Q,
and u € X' with [lu| < 85, we have

o) = %”lf“z - 4[02 F(x,u)dx — J;)l F(x,u)dx
S T BRGSO YA i L)
1

2 11w - @R M Ju”|
which implies that

o) =0, VueX' with |ul <8, (78)

for 8, > 0 small enough. Hence, ¢ has a local linking at zero

with respect to (X', X?) for 85 = min{3,,d,} small enough.

Step 2. In a way similar to the proof of Theorem 1, we can get
that ¢ satisfies the (C*) condition.

Step 3. Now, we claim that for each m € N, one has

@ (u) — —00, as |lu| — oo, in Xrln ® X2 (79)

Since dim(E°) < oo and dim(Xyln) < 00, all the norms are
equivalent. For u € X} & X7, there exists a constant k; > 0
such that

lleell < Feglluall . (80)
From condition (F,), there exists a constant kg > 0 such that
F(xu) > Kul’ ks, V(xu)eQxR. (8

Foru € X}n ® X2, it follows from (80) and (81) that

2
< L ) - Rt + ks b
<5 (1T =11 = (el + ) + K10
< L () - (1 < [T <

= =3l = S = [+ sl

1
s—;wW+kuo|
(82)
which implies that

@u) — —00 as |lu| — oo, in Xjn @ X2 (83)

Hence, all the assumptions of Theorem B are verified. Then,
the proof of Theorem 4 is completed. O

Proof of Theorem 5. In a way similar to the proof of Theorems
2 and 4, we can obtain that ¢ satisfies (i,), (i,), (i), and (i,) of
Theorem B. Therefore, Theorem 5 holds. O]
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