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1. Introduction and Preliminaries

Suppose that X is a Banach space and A is a linear operator in X with domain D(A) and
range R(A). For a given x € D(A), the abstract Cauchy problem for A with the initial value
x consists of finding a solution u(t) to the initial value problem

W) _ puw), ter,
ACP(A;x){ 4t (1.1)
u(0) = x,

where by a solution we mean a function u : R, — X, which is continuous for t > 0,
continuously differentiable for t > 0, u(t) € D(A) for t € R,, and ACP(A; x) is satisfied.

If C € B(X), the space of all bounded linear operators on X, is injective, then a one-
parameter C-semigroup (regularized semigroup) of operators is a family {T(t)},cz, C B(X)
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for which T(0) = C, T(s + t)C = T(s)T(t), and for each x € X, the mapping t — T(t)x is
continuous. An operator A : D(A) — X with

T(t)x - Cx

D(A) = {x eX: }in& exists in the range of C}, (1.2)

and where, for x € D(A), Ax := C'lim;_o((T(t)x — Cx)/t) is called the infinitesimal
generator of T'(t).

Regularized semigroups and their connection with the ACP(A; x) have been studied
in [1-6] and some other papers. Also the concept of local C-semigroups and their relation
with the ACP(A; x) have been considered in [7-10].

In Section 2, we introduce the concept of two-parameter regularized semigroups
of operators and their generator. Some basic properties of two-parameter regularized
semigroups and their relation with the generators are studied in this section.

In Section 3, two-parameter abstract Cauchy problems are considered. It is proved
that the existence and uniqueness of its solutions is closely related with two-parameter
regularized semigroups of operators.

2. Two-Parameter Regularized Semigroups

In this section we introduce two-parameter regularized semigroup and its generator on
Banach spaces. Then some properties of two-parameter regularized semigroups are studied.

Definition 2.1. Suppose that X is a Banach space and C € B(X) is an injective operator.
A family {W(s,t)},,r, C B(X) is called a two-parameter regularized semigroup (or two
parameter C-semigroup) if
(i) W(0,0) =C,
(i) W(s+s,t+t)C=W(s, t)W(d,t), forall s, ¢ ,t,t' eR,,
(iii) img py— s,y W (s, t')x = W (s, t)x, for all x € X.
It is called exponentially bounded if ||W (s, t)|| < Me®*%, for some M, w > 0.

Suppose that {W (s, t)}; icg, is a two-parameter C-semigroup. Put u(s) := W(s,0) and
v(t) .= W(0,t), then it is easy to see that these families are two commuting one-parameter C-
semigroups such that W (s, t)C = u(s)v(t). Also u(s) and v(t) commute with C. If H; and H>
are their generators, respectively, then we will think of (H;, H,) as the generator of W (s, t).

From the one-parameter case (see [8]), one can prove that R(C) € D(H;)ND(H;), and
C'H,C=H;i=1,2.

Also if {U(s)}scr, and {V(t)},c, are two commuting one-parameter C-semigroups,
then one can see that W (s, t) := U(s)V (t) is a two-parameter C>-semigroup of operators.

The following is an example of a two-parameter C-semigroup which is not
exponentially bounded.

Example 2.2. Let X = L*(C), and [W(s,t)f](z) := e+ f(2), (Cf)(2) = e f(z), then
W (s, t) is a two-parameter C-semigroup which is not exponentially bounded.

In the following theorem we can see some elementary properties of a two-parameter
C-semigroup.
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Theorem 2.3. Suppose that W (s, t) is a two-parameter C-semigroup with the infinitesimal generator
(Hi, Hy). Then, one has the following.

(i) For each x € X and for every s,t > 0, jgf;W(y, v)x dudv, is in D(Hy) N D(H,). Also

t+h as+k

(h,kl)lin(o,O)ﬁL W(p,v)xdudv =W(s,t)x. (2.1)

(ii) For each x € X, and for every s,t € Ry, [(W (u,t)x dp € D(Hy) and fgW(s, v)xdv €
D(H,); furthermore

HlfSW(‘u, tyxdp=W(s,t)x - W(0,1t)x,
0

, (2.2)
Hzf W(s,v)xdv =W(s,t)x —W(s,0)x.

0

(iii) R(C) € D(Hy) N D(H>,) and Hy and Hy are closed.

(iv) For any x € D(Hy) N D(Hy), and each s, t > 0, u(s)x and v(t)x are in D(H;) N D(Hy).
Also for this x, and i =1,2,

%W(tl,h)x = HiW(tl,tz)x = W(tl,tz)Hix. (23)

(v) Forany a,b >0, T(t) :== W (ta, tb) is a one-parameter C-semigroup whose generator is an
extension of aH; + bH,.

Proof. To prove (i), suppose x € X. First we note that for any v > 0,

1 t+h 1 t+h
Plll_r)rhz t W(y,v)de‘u:W(O,v)}lllir})E t W (u,0)xdu
24
=W(,v)W(t,0)x 24)
=W(t, v)Cx.
Thus
1 s ot s pt
E<W(h'0)f I W(y,v)xdydv—Cf J‘ W(y,v)xd‘udv>
0o 0o
1 s pt+h s pt
= —C(J W(y,v)xdydv—f I W(y,v)xdydv) (2.5)
h o) h 0/ o

t

= JZ <% [ t+hW(y, v)Cxdp - I:W(y, v)Cx d‘u] >dv,
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which tends to C[ (W (t,v) = W(0,v))xdv as h — 0. This implies that f;f(t)W(y, v)xdudvis
in D(H;) and

s ot s
Hlj I W(p,v)xdudv = I (W(t,v) —=W(0,v))xdv. (2.6)
o/o 0
A similar argument implies that it is in D(H;) and

HZIZI;W(y, v)xdudv = f;(W(y, s) —W(u,0))xdv. (2.7)

For the second part, from the continuity of C we have

1 t+h as+k
im0 ik w dud
C(h,k)ILn(O,O)hk f ; I (1, v)xdpdv

t+h as+k

(hkl)—>(00)th‘ W v)Cx dp v

t+h
(hk)—>00)hf W(0,v)— f W (p,0)x dp dv 2.8)

t+h s+k
= hmhf W (0, v)<11mkf W(‘u,O)xd‘u>dv

=W(0,t)W(s,0)x
=W(s,t)Cx.

Now the fact that C is injective completes the proof of this part.

The proof of (ii) has a process similar to the first part of (i).

To prove (iii), we first note that H; and H; are closed as a trivial consequence of the
one-parameter case (see [2]). For any x € X we saw that

1 ("
EIOJ‘OW(ﬂ, v)xdudv € D(Hy) N D(H,), (2.9)

which tends to W(0,0)x = Cx € R(C), as h — 0. This implies that R(C) C D(H;) N D(H,).
To prove (iv), we let x € D(Hy) N D(Hy). If u(s) = W(s,0) and v(t) = W(s, t), there is
y € X such that

lim u(s)x — Cx

s—0 S

= Cy. (2.10)
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Hence

lim A82OX = COOX _ o0 - cogtyy, (2.11)

s—0 S

which is in the R(C), and this implies that v(t)x is in D(H), similarly it is in D (H>).
Now from [2, Theorem 2.4(b)], for x € D(H1) N D(H>), from the fact that v(t)x is in
D(H,),

%W(s, t)Cx = dis(u(s)(v(t)x))

= Hyu(s)(v(f)x) (2.12)

= HiW(s,t)Cx
=CH W (s, t)x.

On the other hand from the part (ii) and closedness of Hj,
J HW (u, t)xdyu = Hlf W (p, t)xdp=W(s,t)x - W(O,1t)x, (2.13)
0 0

which implies that (0/0s)W (s, t)x exists. Hence from the continuity of C

C%W(S, Hx = %W(s, t)Cx = CH W (s, t)x. (2.14)

But C is injective so

%W(S, Hx = HHW(s,t)x = W(s,t)Hix. (2.15)

The second one is similar.
To prove (v), first we note that T(t) is a one-parameter C-semigroup. Now if x €
D(aH1 + sz) = D(Hl) n D(Hz),

— — _(
Clim L®Ox-Cx _ . Wi(ta,0)W(O,th)x - W(ta,0)Cx + W(ta,0)Cx - C°x
t—0* t 0+ ¢
- _ (2
= blim W (ta, O)W +alim W(“tfo)tcx Cx (2.16)

= bC>Hyx + aH,C?x.
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Now the fact that C is injective implies that

i 07 Cx

t—0*

= aH;x + bHx. (2.17)
O

For an exponentially bounded one-parameter C-semigroup T (t) with the generator A,
from [1] the existence of Ly (A)x = fgo e T (t)x dt is guaranteed for sufficiently large \ € R.
Now we have the following lemma for one-parameter C-semigroups of operators which is
similar to the Yosida-approximation theorem for strongly continuous semigroups. This will
be applied in our study of two-parameter regularized semigroups.

Lemma 2.4. Let {T(t)},c, bea one-parameter C-semigroup satisfying the condition | T ()| < Me*",
for some w > 0 and M > 0, with the generator A. If for A > w, Ay := LMAL\(A), then one has the
following.

(i) Forany x € X, ||Ly(A)x|| < (M/(A-w))||x|l, Ay = 2Ly (A)-AC, and so A, is bounded.
Also S(t) := Ce'™ is a one-parameter C-semigroup which is exponentially bounded.

(ii) For any x € D(A), limy ALy (A)x = Cx and for all x € D(A), limy _, ,Ayx = CAx.
Also if R(C) is dense in X, then the first equality holds on X.

(iii) For any x € D(A), T(t)x = lim, _, ., Ce' x.

Proof. The first inequality of (i) is trivial. From [2, Lemma 2.8], we know that for any x € X,
(A =A)L)(A)x = Cx; thus,

~A(A = A)Ly(A)x = —ACx. (2.18)

This implies our desired equality.
For the second part, first we show that CA) = A, C. For this we note that

CLy(A) = cjwe-“T(t)x dx
0

= fmCe‘AtT(t)x dx

0 (2.19)

= f e MT(t)Cx dx
0

= Ly(A)Cx.

This and the first part imply that CA, = A;C. Now we prove the C-semigroup properties of
S(t). Trivially S(0) = C. Also from the last equality,

S(s +1)C = Ce®* WA C = CesMCetM = S(s)S(t). (2.20)

The fact that Ay, A > w, is a bounded operator trivially implies that S(-) is exponentially
bounded. Now the continuity of the mapping ¢ +— S(f)x at zero implies the strongly
continuity of S(t).
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To prove (ii), for x € D(A), from (i) and the fact that A is closed, we have

ALy (A)x — Cx]|| = ||ALy (A)x]|
= [|Ly(A) Ax]|
< ILL(A) ][ Ax]] (2.21)

M
<
T (l-w)

|Ax|| — 0 as A — oo.

The continuity of C and L, (A) implies that for any x € D(A), lim, _, ;AL (A)x = Cx.
Now for x € D(A),

/\lim Ayx = Alim ALy (A)Ax = CAx = ACx. (2.22)

For the last part of (ii), if C has a dense range, then by [8, Lemma 1.1.3], R(C) € D(A), and
so X = R(C) € D(A) C X, which means that D(A) = X.
To prove (iii), for any x € D(A), we have

< J‘lt”Ce“A“et(l‘SA”) (Ayx - A,x) ”ds (2.23)
0

1
||CetA)x _CetMix J‘ d (CetsAAet(l—sA},)x>

s

< HCI]| Axx = Ayx||
< HICI[(| Axx — ACx]|| + ||ACx — Aux||).

This and the previous part prove the existence of lim, _, ,,Ce'4 x. O

Using this theorem we may find the following approximation theorem for two-
parameter regularized semigroups.

Corollary 2.5. Suppose that (H, K) is the infinitesimal generator of an exponentially bounded two-
parameter C-semigroup W (s, t), then for each x € D(H) N D(K),

W(s, t)x = C)llim eSHirtK 5 (2.24)

For exponentially bounded C-semigroup W (s, t) satisfying ||W (s, t)|| < Me®*)%, with
the infinitesimal generator (H, K), define Ly, (H)x := _[goe‘)‘lsW(s,O)x ds and Ly,(K)x :=
fg’e‘)‘th(O, t)x dt, where Re(\;) > w. From the previous Lemma Ly, (H) and L,,(K) are
bounded operators.
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Theorem 2.6. (i) Let (H, K) be the generator of an exponentially bounded two-parameter C-semi-
group, then for large enough Ay, A,

Ly, (H)Ly, (K) = Ly, (K)Ly, (H). (2.25)

(ii) Let (H, K) be the generator of an exponentially bounded two-parameter C-semigroup, then
D(H)ND(HK) € D(KH), and for x € D(H) N D(HK),

HKx = KHx. (2.26)

(iii) Suppose that H and K are the generators of two exponentially bounded one-parameter C-
semigroups {u(s) }ser, and {v(t)},cg,, respectively. If their resolvents commute and R(C)
is dense in X, then W (s, t) := u(s)v(t) is a two-parameter C2-semigroup.

Proof. The proof of (i) follows trivially from the properties of two-parameter C-semigroups.
To prove (ii), we let x € D(H) N D(HK); from the strongly continuity of W (s, t) and
the fact that K is closed, we have

W(s,0)Kx - CKx
s

C’HKx=C hn%

0,t)x — Cx)
t

_ hml (W(s 0) <11 W( ~ limW(O, t)x — Cx)

t—0 t

= lim hm (W(s 0O)W(0,t)x —W(s,0)Cx - W(0,t)x + Cx)

5s—0t—
- (2.27)
hrr(1J hm—(W(O HW(s,0)x - W(s,0)Cx - W(0,t)x + Cx)
_ hm hm1 <W(O H (W(S,O)x - Cx) ~ Wi(s,0)x - Cx>
s s
- Clim K(M)
s—0 S
= C’KHx.
However, C is injective, and this completes the proof of (i).
To prove (iii), from our hypothesis, for sufficiently large A, ', we know that
Ly(H)Ly(K) = Ly (K)Ly(H). (2.28)

By Lemma 2.4, H) = VL (H)-ACand Ky = )JZLN(H) —XC, thus H)Ky = Ky H). From (iii)
of Lemma 2.4, for each x € D(H) N D(K),

u(s)x = )}im Ce*Hiy, v(t) = )}im Ce'Kv x. (2.29)
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So
u(s)v(t)x = C}im ey (t)x

= C? lim eSH*< lim etK"’x>,
!

A— o0 — o0

<eSH* is continuous) = C?lim lim e’ etKvy

Ao ¥~ (2.30)

tK SH)”x

=C?lim lime

— oM —o0

e
= C lim v(t)e*™x
A— oo

=v(t)u(s)x.

Now the continuity of u(s) and v(t) and the fact that D(H) N D(K) = R(C) = X imply that
for each x € X, u(s)v(t)x = v(t)u(s)x. Thus

W(s, hW (s, t') = u(s)v(t)u(s")v(t)

=u(s)u(s)v(t)o(t)
(2.31)
=Cu(s+s")Co(t+t)
=W(s+s,t+ t')CZ.
On the other hand W (0,0) = C?, which completes the proof. O

If H and K are two closed operators on X, then X; := D(H) n D(K) with ||x|; =
llx|l + |Hx|| + || Kx]|, x € X3, is a Banach space.

Proposition 2.7. Suppose that C € B(X) is injective and {W (s, t)} is a two-parameter C-semigroup
with the generator (H, K). Then W1 (s, t) := W (s, t)|x, defines a two-parameter Cy-semigroup, with
the generator (Hy, K1), where C1 = Clx,, and Hy, Ky are the part of H and K on X3, respectively.

Proof. The Ci-semigroup properties of Wi(s,t) are obvious. Let (A, B) be the generator of
Wi (s, t); we show that A = Hy and B = H,. First we note that

D(Hl) = {x €eX;:Hxe Xl}
= {xeD(H)mD(K) : xeD<H2> mD(KH)} (2.32)

= D(K)N D<H2> N D(KH).
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Let x € D(H7). So we have

Wi(s,0)x — Cix - W(s,0)x - Cx — CHx = C1H;x,

t t
HW1(S,O)x -Cix _ W(s,0)Hx - CHx L CH’x=HC,Hix,

t t (2.33)
KW1(S,0)tx—C1x _ W(S,O)Ktx—CKx L CHKx

= KCHx = KClHlx.

These show that (Wi(s,0)x — C1x)/t — CiHix in || - ||1, thatis, x € D(A) and Ax = H;x.
Hence H; C A. Conversely, if x € D(A) C Xj, then

Wi(s,0)x-Cx mwl(s,O)x—Clx

Il - lim == Il = lim 2
- CiAx (2.34)
=CAx,

so Hx = Ax € X;. Hence x € D(K) N D(H?) nD(KH) = D(H;) and Hix = Hx = Ax.
A similar argument shows that K; = B, which completes the proof. O

3. Two-Parameter Abstract Cauchy Problems

Suppose that H; : D(H;) € X — X, i = 1,2, is linear operator. Consider the following two-
parameter Cauchy problem:

3Ll(i’l,i’z) = Hiu(tl,tz), t;>0,1i=1,2,
2-ACP(H;, Hy; x)4 Ot (3.1)

u(0,0) = x, x € C(D(Hy) N D(Hy)).

We mean by a solution a continuous Banach-valued function u(:,-) : [0,00) x [0,00) — X
which has continuous partial derivative and satisfies 2-ACP(Hi, Hy; x).

In this section first we prove that if (Hy, Hy) is the infinitesimal generator of a two-
parameter C-semigroup of operators, then 2-ACP(H;, H; x) has a unique solution for any
x € C(D(H;) N D(H3)). Next it is proved that under some condition on C, existence and
uniqueness of solutions of 2-ACP(H;, Hy; Cx), for every x € D(H;) N D(H,), imply that this
unique solution is induced by a two-parameter regularized semigroup.

Theorem 3.1. Suppose that an extension of (Hi, Hy) is the generator of a two-parameter C-
semigroup W (s, t), then 2-ACP(H1, Ha; x) has the unique solution u(s,t;x) = W(s,t)C 'x, for
all x e C(D(H;) N D(H>)).
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Proof. The fact that u(s, t; x) := W(s,t)C 'x is a solution of 2-ACP(Hj, Hy; x) is obvious from
Theorem 2.3. It is enough to show that 2-ACP(H;, H; x) has the unique solution u(s,t) = 0,
for the initial value x = 0. From one-parameter case (see [2]), we know that the systems

du(t)
dt

= Hlu(t), teR,,
u(0) =0,

(3.2)

do(t)
dt

= Hz’(](t), teR,,
v(0) =0

(3.3)

have the unique solution zero. Now if u(s, t;0) is a solution of 2-ACP(H;, H»;0), then
u1(s) == W(s,0)C'u(0,t;0), uz(s) :=u(s, t;0) (3.4)

are two solutions of (3.2), for the initial value u(0, t; 0), since

d _d 4 )
%ul(s) = d_sW(S’O)C u(0,t,0)

= HW(s,0)Cu(0,t;0)

= Hlul(s)r (3 5)

d 0
%uZ(S) - &u(sr t/ 0)

= Hyu(s, t;0)
= Hluz(S).

The uniqueness of solution in one-parameter case implies that u(s) = ux(s). So
W (s,0)C'u(0,t;0) = u(s, t;0). (3.6)

Also vy (t) .= W(0,t)C'u(s,0;0) and v, (t) := u(s,t;0) are two solutions of (3.3) for the initial
value u(s,0;0). From the uniqueness of solution in (3.3), W(0,#)Cu(s,0;0) = u(s,t;0), for
all s,t > 0. Thus

u(s, t;0) = W(s,0)C'u(0,t0) = W(s,0)C W (0, t)u(0,0;0) = 0. (3.7)
O

The uniqueness of solution 2-ACP(H, K; Cx), for all x € D(H) N D(K), also leads us
to a two-parameter C-semigroup. This will be shown in the following theorem.
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In this theorem X; and C; have their meaning in Proposition 2.7.

Theorem 3.2. Suppose that C € B(X) is injective and H, K are two closed operators satisfying

CxeX;, KCx=CKx, HCx=CHx, VxelX;. (3.8)

If, for each x € Xy, the Cauchy problem 2-ACP(H, K; Cx) has a unique solution u(-,-; Cx), then
there exists a two-parameter Cy-semigroup Wi (-, ) on Xy such that u(-,-; Cx) = W1 (:,-)x. Moreover,
the infinitesimal generator of W1 (:,-) is a restriction of (Hy, K1), where Hy and K; are the part of H
and K on X;, respectively.

Proof. Suppose that, for any x € X;, 2-ACP(H, K;Cx) has a unique solution u(:,-;Cx) €
C1([0, %) x [0,00),X).For x € X; and 0 < s,t < oo, define W1 (s, t)x := u(s, t; Cx).

From the uniqueness of solution Wi (s,t) is a well-defined and linear operator on X;
and

W1(0,0)x = u(0,0; x) = Cx. (3.9)

By uniqueness of solutions one can see that

Wh (S + S,,t + t,)Cl = Wl(S, t)W1 (S,, t’). (310)

We are going to show that Wi (s, t) is a bounded operator on (X, - ||1). Let 0 < s, <
oo. Define the mapping ¢, : X1 — C([0,s] x [0,t],X1) by ¢ssx = Wi(,,-)x = u(,-;Cx).
Obviously ¢s; is linear. We claim that this mapping is closed. Suppose that x,, € Xy, x, — x
and u(-,-; Cxy,) = ¢si(x,) — yin C([0,s] x [0,t], X1) with its usual supremum norm. From
the Cauchy problem we know that

U
u(p,v;Cx,) = Cxp +f Hu(n,v; Cxy,)dn,

i (3.11)
u(p, v; Cxy) = Cxy +f Ku(p, m; Cxy) .

0

Letting n — oo, we obtain

"
y(uv) = Cx+ [ Hy(nv)an
(3.12)

y(uv) =Cx+ J‘OKy(#, 1n)dn
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for any (u,v) € [0, s] x [0,t]. Now define i on [0, o) x [0, o) by

Cy(u,v), 0<pu<s 0<v<t,
B Wi(0,v -ty (p,t), 0<pu<s t<v<oo,
J(uv) =

Wi(pu—s,0)y(s,v), s<pu<oo, 0<v<t,

Wi(p—s,v-t)y(s,t), s<p<oo, t<v<oo.
One can see that ¥ is a solution of 2-ACP(H, K; C?x). Indeed from (3.12)
7(0,0) = Cy(0,0) = C2x.
Also (3.12) and the fact that C commutes with H and K imply that
Hy(u,v), 0<u<s, 0<v<i,
HW1(0,v - t)y(u,t), 0<pu<s, t<v<oo,

0 .
(1) = 4
ou HW;y(p—s,0)y(s,v), O<p<oo, 0<V<H,

HWi(p-s,v-t)y(s,t), 0<p<oo, 0<v<oo,

= Hyj(u,v).
Similarly
0 - -
3,7 (1 v) = Kig(p, v).
Uniqueness of the solution implies that
7(,) = u(5Ca%) = Wi, )Cx = CWi ().

In particular for0 <y <sand 0 <v <s,

Cy(,v) = §(1,v) = CWi (1, v)x = Chos() (1),

13

(3.13)

(3.14)

(3.15)

(3.16)

(3.17)

(3.18)

The fact that C is injective implies that y = ¢5(x), which shows that ¢ is closed operator.
By the Closed Graph Theorem ¢, is a continuous operator from Banach space X;
into the Banach space C([0,s] x [0,¢],X1). So if x, — x in Xj, then ¢si(x,) — ¢Pse(x) in

C([0, s] x [0,t], X1); thus for each (u, v) € [0,s] x [0,1],

Wi(s, £)xn = Gsp(x0) (1, V) — Psr(x) (1, v) = Wi (p,v)x.

(3.19)
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But s and t were arbitrary; hence Wi (p, v) is continuous for any y, v € [0, o). Also for every
x € Xy, Wi(-,-)x = ¢s(x) is continuous on [0, s] x [0, t]; that is, W1 (-, ) is strongly continuous
family of operators.
Now let (A, B) be its infinitesimal generator and x € D(A), then
Wi(s,0)x —
-1 - lir%—l(s )Sx SF_cax, (3.20)

which implies that lim,_,o((Wi(s,0)x — Cx)/s) = CAx, but D(A) C D(H)

m Wi(s,0)x — Cx _ limu(s, 0;Cx) - Cx

Ii
s—0 S s—0 S
= 2u(O 0;Cx)
“os (3.21)
= HCx
=CHx.

Hence CHx = CAx. The injectivity of C implies that Hx = Ax € X; = D(H) N D(K). Thus
x € D(K)NnD(H?)nD(KH) = D(H;) and Hyx = Ax. This shows that A is a restriction of
H;. Similarly one can see that B is a restriction of K;, which completes the proof. ]

We conclude this section with a simple example as an application of our discussion.

Consider the following sequence of initial value problems:

2un(s, t) = nuy(s,t),

Os

%un(S,f) =n*u,(s,t), neN, (3.22)

u,(0,0) = e‘"zqn.

Suppose that X = ¢y, the space of all complex sequences in C which vanish at infinity. Now
define linear operators H and K in X and operator C on X as follows:

_ _ (.2 _(,n?
HX)pen = (¥n)uers KGn)yer = (%) 0 Cxadyen = (7xa) . (323)
Using these operators the initial value problem (3.22) can be rewrite as follows:

0
&u(s,t) = Hu(s,t),

%u(s,t) = Ku(s,t), (324)

u(0,0) = Cgq,
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where u(s,t) = (un(s, 1)) peny and g = (Gn) en- One can easily see that (H, K) is the generator
of the following two-parameter C-semigroup:

W (5, ) (Xn)nery = (€ D2, ey (3.25)

on X. Hence for every g = (qn),eny € D(H) N D(K), by Theorem 3.1, the abstract Cauchy
problem (3.24) has the unique solution

u(s, ) = W(s, t)q = (" "0*"g,) (3.26)

neN*

2(t-1)+tn

This implies that for each n € N, u,(s,t) = e" g is a solution of (3.22).
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