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1. Introduction and Main Results

We assume that the reader is familiar with the usual notations and basic results of the
Nevanlinna theory [1-3]. Let now f(z) be a nonconstant meromorphic function in the
complex plane. We remark that p(f) will be used to denote the order of f, and

p(f) = limsupw.

(1.1)
oo log r

We now recall some previous results concerning nonhomogeneous linear differential
equations of type

O+ A @) fED 4 Aj(2) f + Ao(2) f = H(2), (1.2)

where A; (j=0,1,...,k—1) and Ag#0, H #0 are entire functions of finite-order, k > 2. In the
case that the coefficients A; (j =0,1,...,k-1) are polynomials, growth properties of solutions
of (1.2) have been extensively studied, see, for example, [4]. In (1.2), if p is the largest integer
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such that A, is transcendental, it is well known that there exist at most p linearly independent
finite-order solutions of the corresponding homogeneous equation

O+ A (2) fED 4+ A(2) f + Ag(2) f = 0. (1.3)

Thus, when at least one of the coefficients A; is transcendental, most of the solutions of (1.2)
and (1.3) are of infinite-order. In the case when

(1.4)

N| —
<

maxip(A;), p(H)} < p(Ad) <

Hellerstein et al. [5] proved that every transcendental solution of (1.2) is of infinite-order. As
for sectorial growth conditions on the coefficients of (1.2) that imply that all solutions are of
infinite-order, see, for example, [6]. As for the special case of k = 2, Wang and Laine studied
equations of type

"+ A1(z)e™ f' + Ao(z)e?* f = H(z), (1.5)

where A1 #0, Ag#0, H are entire functions of order less than one, and the complex numbers
a,b satisfy ab#0. They proved that every nontrivial solution of (1.5) is of infinite-order if
a#b, see [7]. We remark that (1.2) may indeed have solutions of finite-order as soon as
p(H) > max{p(A;) (j =0,...,k)}, as shown by the next examples.

Example 1.1. The exponential function f(z) = e satisfies the equation
O+ fED oy e ®f 4 Q(z)f = (k-1+Q(z))e” +1, (1.6)

where Q(z) can be any entire function. Choosing Q(z) = 1 — k shows that (1.2) may admit a
solution of finite-order even if p(H) < max{p(A;) (j = 0,...,k)}. On the other hand, taking
Q(z) = e%, we have the case that p(H) = max{p(4;) (j =0,...,k)} in (1.2).

Example 1.2. The function f(z) = e* satisfies the equation
"re i f +etf + e f = (82° + 12z + 4z%e 77 + 2e7 + 2ze" + ezz)ezz. (1.7)

In this paper, we continue to consider (1.2) in the case when p(H) < max{p(A;) (j =
0,...,k)}. Recently, Tu and Yi investigated the growth of solutions of (1.3) when most
coefficients have the same order, see [8]. We next prove two results of (1.2), which generalize
Theorems 2 and 4 in [8] and Theorem 1.1 in [7].

Theorem 1.3. Suppose that Aj(z) = hj(z)e"® (j =0,...,k — 1) where Pj (z) = ajuz" +--- + ajo
are polynomials with degree n > 1, hj(z) are entire functions of order less than n, not all vanishing,
and H(z)#0 is an entire function of order less than n. If aj, (j = 0,...,k — 1) are distinct complex
numbers, then every solution of (1.2) is of infinite-order.
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Theorem 1.4. Suppose that Aj(z) = hj(z)e"® (j =0,...,k — 1) where Pj(z) = ajuz" + -+ + ajo
are polynomials with degree n > 1, hj(z) and H(z) #0 are entire functions of order less than n.
Moreover, suppose that there are two coefficients A, A so that for as, = |as,|e’® and ay, = |a,|e™,
where 0 < s <1 <k-1,0,6; € [0,27), 0 #6;, hsh;#0, and for all j#s,1, aj, satisfies either
aj, =djas, (0<dj<1)oraj, =dja, (0<d;<1). Then every transcendental solution of (1.2) is
of infinite-order.

In the case when A;(z) = hje%* + gj where hj,g;j (j = 0,...,k — 1) are polynomials,
Chen considered the growth of solutions of (1.3) with some additional conditions imposed
upon on a;, see [9]. Our last results generalizes his result and [7, Theorem 1.3].

Theorem 1.5. Suppose that Aj(z) = hj(z)e"® + gj(z) (j = 0,...,k — 1) where Pj(z) = aj,z" +
-+ + + ajo are polynomials with degree n > 1, hj(z), gj(z) and H(z) #0 are entire functions of order
less than n. Moreover, suppose that there exist as, = dse'? and ay, = —die'? with ds > 0, d; > 0
and 0 < s < 1 < k —1 such that for j#s,1, a;, = dje" (d; > 0) or aj, = —d;e" (d; > 0), and
max{d;, j#s,1} = d < min{ds,d;}. If hsh;#0, then every transcendental solution of (1.2) is of
infinite-order.

Remark 1.6. Under the assumptions of Theorem 1.4, respectively, of Theorem 1.5, polynomial
solutions may exist. However, such possible polynomial solutions must be of degree less than
s. If not, a contradiction immediately follows by combining (5.1) with Lemma 2.1, if F = 0,
respectively, with Lemma 2.2, if F#0.

Remark 1.7. In the preceding three theorems, if p(f) = oo, then we also have A(f) = oo for the
exponent of convergence of the zero-sequence of f. Indeed, rewriting (1.2) in the form

+---+A0>, (1.8)

we have
1 1 k-1 k=1 (7
m(r, 7) < m<r, E) + j;om(r, Aj) + %m(r, f7> =0(rf) + S(r, f), (1.9)

for some finite f. Therefore, N (r,1/ f) must be of infinite-order.

2. Preliminary Lemmas

Lemma 2.1 (see [10]). Suppose that f1(z), f2(z),..., fa(z) (n > 2) are meromorphic functions and
21(2), $(2), ..., gu(2) are entire functions satisfying the following conditions:

() Sy fi(z)es® =0,

(ii) gj(z) — gk(z) are not constants for 1 <j <k <m,



4 Abstract and Applied Analysis

(iii) for1<j<m,1<h<k<n,

T(r, fj) = ofT(r,e878)}, (r — oo, r¢E), (2.1)

where E is a set with finite linear measure.
Then f;=0(j=1,2,...,n).

Lemma 2.2 (see [10]). Suppose that fi(z), f2(z),..., fu(z) (n > 2) are linearly independent
meromorphic functions satisfying the following identity:

n

Z fi=1l (2.2)
Then for 1 < j < n, one has

K 1 " 1
T(r, fj) < ]Z_;N(r, ﬁ) +N(r, fj) + N(r,D) - kZ:;N(r,fk) - N(r, B) +S(r), (2.3)

where D is the Wronskian determinant W (f1, fa,..., fu),

S(r) = o({?&ﬁ{T(r,fk) }), (r — oo, r¢E), (2.4)

E is a set with finite linear measure.

Lemma 2.3 (see [11, 12]). Suppose that P(z) = (a +if)z" +--- (a, B are real numbers, |a| +|p| #0)
is a polynomial with degree n > 1, and that A(z)(#0) is an entire function with p(A) < n. Set
g(z) = A(2)e’®, z =re?, 6 (P,0) = a cos(nd) —  sin(nd). Then for any given & > 0, there exists
a set Hy C [0,2) of finite linear measure such that for any 6 € [0,2xr) \ (Hy U Ha), there is R > 0
such that for |z| = r > R, one has

(i) if 6(P,0) > 0, then
exp {(1-¢)6(P,0)r"} < |g(re®)| < exp {(1+€)8(P,0)r"}; (2.5)
(i) if 6(P,) <0, then
exp {(1+¢)6(P,0)r"} < |g(rei9)| <exp {(1-¢€)6(P,0)r"}, (2.6)

where Hy, = {0 € [0,2r); 6(P,0) = 0}.
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Lemma 2.4 (see [13]). Let f(z) be a transcendental meromorphic function of finite-order p, and let
€ > 0 be a given constant. Then there exists a set H C (1, co) that has finite logarithmic measure, such
that for all z satisfying |z|¢H U [0, 1] and for all k,j, 0 < j < k, one has

o)

< || (k=D (p-1+e)
() |z . (2.7)

Similarly, there exists a set E C [0,20) of linear measure zero such that for all z = re'® with |z
sufficiently large and 6 € [0,2ur) \ E, and for all k, j, 0 < j < k, the inequality (2.7) holds.

Lemma 2.5. Let f(z) be an entire function and suppose that

log"| f®)(2)]

G(z) = 27

(2.8)

is unbounded on some ray arg z = 0 with constant p > 0. Then there exists an infinite sequence of
points z, = ree® (n=1,2,...), where r, — oo, such that G(z,) — oo and

f(i) (zn)
f®(zn)

1 ki
S(k_]~)!(1+0(1))rn], j=0,...,k-1, (2.9)

asn — oo.

Proof. The first assertion is trivial. Denoting
M(r,G,0) =max {G(z) :0< |z| <, arg z =0}, (2.10)
we may take the sequence {z,} in the first assertion so that G(z,) = M(ry,, G, 8). Since

G(zn) — o (2.11)

asn — oo, we immediately see that
|f® (z)] = M(r, f©,0) — o0 (212)
as n — oo. Using now the same reasoning as in the proof of [14, Lemma 4], see also [15,

Lemma 3.1], the second assertion (2.9) follows. O

Lemma 2.6. Let f(z) be an entire function with p(f) = p < oo. Suppose that there exists a set
E c [0,20r) which has linear measure zero, such that log*|f (re')| < Mr® for any ray arg z = 0 €
[0,20r) \ E, where M is a positive constant depending on 0, while o is a positive constant independent

of 0. Then p(f) < o.
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Proof. Clearly, we may assume that o < p. Since E has linear measure zero, we may choose
0; € [0,2or) \ Esuch that 0 <0y <6, <-+- < 0,41 = 207, and

Jr

max{0j,1 —6;, 1<j<n}< FreL (2.13)
We first treat the sector
H; :={z|6; <arg z<6,}, (2.14)
defining
¢(z) = f(z) exp | - be ™z}, (2.15)

where 6y = (01 + 0,)/2 and b is a positive constant, to be determined in what follows. Then
¢(z) is a holomorphic inside the sector H;. By (2.13), we have p < or/ (6, — 61) — 1. Therefore,

0(91—92) S ﬂ_’_ (92_91)

—i@o (o} — —i90 (o} i0'91 —
0> arg (e7z%) = arg (e r%e'7™) 3 2 7 (2.16)
on the ray arg z = 0y, and, respectively,
. . . 6,-0 0, -6
0 < arg (6727 = arg (e ®077¢io®:) = o(6:-61) <Z_ (©:-01) (2.17)
2 2 2
on the ray arg z = 6,. Hence, we may now fix b > 0 so that
0, -0
b cos (% - %) > M. (2.18)

By elementary computation, |¢(z)| < M on the boundary of H;, where M > 0 is a bounded
constant, not the same at each occurrence. By the definition of ¢ in (2.15), it is immediate
to see that ¢ is of order at most p. By the Phragmén-Lindel6f theorem, we conclude that
|¢(z)| £ M holds on the whole sector H;. Hence

|f(z)] < |exp {be‘ie“z"}| <exp {br’} (2.19)

on Hj. Repeating the same reasoning for all the sectors H; = {z | 0, < argz < 0;,1} where 0;
are determined in (2.13), the assertion immediately follows. O

3. Proof of Theorem 1.3

Suppose, contrary to the assertion, that f is a solution of (1.2) with p(f) = p < oo, then
n < p. Indeed, if f*) = H, we may apply Lemma 2.1 to conclude that hsf*) = 0 for some s,
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0 < s < k—1such that hs #0. Then f has to be a polynomial of degree less than s, so H(z) =0,
a contradiction. Therefore, we may assume that f¥) # H. By Lemma 2.2, it is easy to see that
n < p since the exponential functions e’/ (j =0,1,...,k — 1) are linearly independent.

By Lemma 2.3, there is a set E C [0,2r) of linear measure such that whenever 6 €
[0,27)\E, then 6(P;,0) #0forall0 < j < k—-1and 6(P;—P;,0) #0foralli, j with0 <i < j <k-1.
If, moreover, z = re has r large enough, then each Aj(z) satisfies either (2.5) or (2.6). By
Lemma 2.4, we may assume, at the same time, that

f0(z)

kp . .
0 (z) <z, 0<i<j<k (3.1)

Since aj, are distinct complex numbers, then for any fixed 6 € [0,2) \ E, there exists exactly
one s € {0,...,k — 1} such that

6(P,0) = 6 := max {6(P;,0) | j =0,...,k—1}. (32)

Denoting 61 = max{6(P;,0) | j#s}, then 61 < 6 and 6#0. We now discuss two cases
separately.

Case 1. Assume first that 6 > 0. By Lemma 2.3, for any given &€ with 0 < 3¢ < min{(6 -
61)/6, n—p(H)}, we have

|As (re) | > exp {(1 - e)or"},

. (3.3)
|A]-(re’9)| <exp{(1+e)bir"},
for j #s, provided that r is sufficiently large. We now proceed to show that
log’ /¢ 2|

is bounded on the ray arg z = 8. Supposing that this is not the case, then by Lemma 2.5, there
is a sequence of points z,, = rne'?, such that r,, — oo, and that

log' |/ )|

Tfn(H)+E 4 (3'5)

f(j) (Zm)

7O (zm) <(1+oM)r’, (j=0,...,5-1). (3.6)

From (3.5) and the definition of order, it is easy to see that

H(zp)

fO(zp) —0 67




8 Abstract and Applied Analysis

for m is large enough. From (1.2), we obtain

£ (z) £ (zm) SO0 (zm)
|As(zm)]| < Fo ) +o 4 |Asia (zm) | FO () +|As1(zm) | £ (z) 53)
f(zm) |, | H(zn) |
I SRl ercw b Tl

Using inequalities (3.1), (3.3), (3.6), and the limit (3.7), we conclude from the preceding
inequality that

exp [(1-e1)6r} < (k+1) exp {(1+&)éiri}rM, (3.9)

where M > 0is a bounded constant, which is a contradiction. Therefore, log*|f*) (z)|/|z|P(H)+¢
is bounded, and we have |f®)(z)] < Mexp{r’)*¢} on the ray argz = 0. By the same
reasoning as in the proof of [15, Lemma 3.1], we immediately conclude that

rp(H)+2£

|f(2)] < 1 +0)r°|f92)| < (1 +0(1))Mrée”™™ < Me (3.10)
on the ray argz = 0.
Case 2. Suppose now that 6 < 0. From (1.2), we get
~ fUD i f H
—1—Ak_] f(k) +"‘+A]W+"'+AOW—W. (311)
Again by Lemma 2.3, for any given € with 0 < 3¢ < min{1,n - p(H)}, we have
|A;(re®)| <exp {(1-€)6r"}, (j=0,1,...,k-1), (3.12)
for r sufficiently large. As in Case 1, we prove that
loot| £ (&)
log"| P 3] (3.13)

Izlp(H)+s

is bounded on the ray arg z = 6. If not, similarly as in Case 1, it follows from Lemma 2.5 that
there is a sequence of points z,, = rne'?, such that

<ry(1+0(1)), (j=0,...,k-1),

f(j)(zm)
‘f ® (zm)

(3.14)

EELCON I

oGy
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for all m large enough. Substituting the inequalities (3.12) and (3.14) into (3.11), a
contradiction immediately follows. Hence, we have |f®)(z)| < Mexp{r™)*¢} on the ray
arg z = 0. This implies, as in Case 1, that

|f(2)] < Mexp {rr+2}, (3.15)

Therefore, for any given 8 € [0,2xr) \ E, E of linear measure zero, we have got (3.15) on the
ray arg z = 0, provided that r is large enough. Then by Lemma 2.6, p(f) < p(H) +2¢ < n, a
contradiction. Hence, every transcendental solution of (1.2) must be of infinite-order.

4. Proof of Theorem 1.4

Suppose that f is a transcendental solution of (1.2) with p(f) = p < .
If f® = H and p < n, it follows from (1.2) that

p q
FORelE) 4 fE P 4 ZBu(Z)edjuPI(z) 4 ch(z)edfvps(z) =0, (4.1)

u=1 v=1

where B, (u=1,...,p), C, (v=1,...,q) are entire functions of order less than n. Collecting
terms of the same type together, if needed, we may assume that the coefficients d;, (u =
1,...,p), respectively, d;, (v = 1,...,q), are distinct. Since 0, #6; and 0,,0;, € [0,27), we
conclude that d;, Pi(z) - d;,Ps(z) are polynomials of degree n. Indeed, if d;, ai, = dj,as,, we
have

0< d—]

dj,

Aln

= (4.2)
sn

which is impossible. Similarly, Pi(z) — Ps(z), Pi(z) — d;,Ps(z), and Ps(z) — d;,P,(z) are also
polynomials of degree n. Therefore, applying Lemma 2.1 to (4.1), we infer that f Op, =
f®hg = 0. Since hsh;#0, f has to be a polynomial of degree less than s, then H = 0, a
contradiction.

Therefore, we may proceed under the assumption that f*)# H. By Lemma 2.2, if
f®£H, then n < p since the exponential functions e, e, edu (u = 1,2,...,p) and
edw (v=1,2,...,q) are linearly independent.

Since 05 #6;, by Lemmas 2.3 and 2.4, there exists a set E C [0,2ur) of linear measure
zero such that whenever 0 € [0,2r) \ E then A; (re’?) satisfies either (2.5) or (2.6), (3.1) holds,
and

6(P,,0) #6(P,6), 6 :=max {6(Ps,0),6(P,0)) #0. (4.3)

In what follows, we apply the notations 6, 6; from the proof of Theorem 1.5 as well.

Case 1. Firstly assume that 6, > 0. Without loss of generality, we may assume that 6, =
6(Ps,0). From the hypothesis of a;,, we know that 6; < 6, = 6. Therefore, (3.3) holds by
Lemma 2.3. Using the same reasoning as in Case 1 of the proof of Theorem 1.3, we obtain the
inequality (3.15) on the ray arg z = 0.
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Case 2. Finally, assume that 6, < 0. Again by the condition on a;,, we see that 6 < 0. Then the
same argument as in Case 2 of the proof of Theorem 1.3 applies, and we again obtain (3.15).

Therefore, by Lemma 2.6, we obtain a contradiction, so p(f) = co.

5. Proof of Theorem 1.5

Contrary to the assertion, suppose that f is a transcendental solution of (1.2) of finite-order.
If p < n, then it follows from (1.2) that

P q
f(l)hlel’z(Z) + f(S)hsePS(Z) + ZBu(z)edjupl(z) + ch(z)edijS(Z) = F(z), (5.1)

u=1 v=1

where B, (u=1,...,p), C, (v=1,...,9), and F(z) are entire functions of order less than n,
dj, #0 (u=1,...,p) are distinct, and d;, 20 (v = 1,...,q) are also distinct. Similarly as in the
proof of Theorem 1.4, we may assume that n < p. Since 0 = max{p(g;) (j =0,...,k-1)} <n,
we have

max {|gj(z)| (j=0,...,k-1), |H(z)|} <exp {r’*} (5.2)

for any ¢ with 0 < 3e < n - 0, and for |z| sufficiently large. Since ds and d; in as, = dse™
and a;, = —de'? are strictly positive, the set {0 € [0,2x),6(Ps,0) = 6(P,0)} is of linear
measure zero. Therefore, again by Lemmas 2.3 and 2.4, there exists a set E C [0,2sr) of linear
measure zero such that for any given 6 € [0,2or) \ E, h]-epf satisfies either (2.5) or (2.6),
and (3.1) holds. Moreover, 6(Ps, 0) #6(P;, 0). Without loss of generality, we may assume that
6, = max{6(Ps,0),6(P,0)} = 6(P,0) = —d; cos(p + no), where cos(p + n6) < 0. Then from
(2.5) and (5.2), for any ¢ also satisfying 0 < 3¢ < (d; — d) \ d;, we obtain for |z| sufficiently
large that

|Ai(re®®)| > exp { - (1 - €)d; cos (¢ +nd)r"}. (5.3)
For all other coefficients A; (j # s), considering the hypothesis of a;,, we have

|A;(re®)| < exp { - (1+&)dcos(yp +nO)r"}, (5.4)
when 7 is large enough. It follows from (1.2) that

(k) (1+1) (-1 H
f +~--+Al+1f +A1,1f + A L—— (5.5)

£ £ £ e o for

A=

Similarly as in Case 1 of the proof of Theorem 1.4, and using Lemma 2.5, we may prove that

log"| f¥(z)]

|Z|P(H)+E (56)
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is bounded on the ray arg z = 0. Therefore, the inequality (3.15) always holds on the ray
arg z = 0. Then, by Lemma 2.6, a contradiction follows, and so p(f) = oo.
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