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1. Introduction

Let f be a self-mapping on a topological space X and f denote the mth iterate of f, that is,
fm=fofml f0=id m=1,2,.... Let C(X,X) be the set of all continuous self-mappings
on X. Equations having iteration as their main operation, that is, including iterates of the
unknown mapping, are called iterative equations. It is one of the most interesting classes
of functional equations [1-4], because it concludes the problem of iterative roots [1, 5, 6],
that is, finding f € C(X,X) such that f” is identical to a given F € C(X, X). As a natural
generalization of the problem of iterative roots, a class of iterative equations named as
polynomial-like iterative equation

Mf(x) + Ao f(x) +--+ A f"(x) = F(x), x€I=]a,b], (1.1)

had fascinated many scholars, such as Dhombres [7], Zhao [8], Mukherjea and Ratti
[9]. Despite their nice constructive proofs, the classical methods prevented them from
obtaining more fruitful results. In 1986, Zhang [10] constructed an interesting operator called
“structural operator” for (1.1) and used the fixed point theory in Banach space to get the
solutions of (1.1). Hence he overcame the difficulties encountered by the formers. By means of
this method, Zhang and Si made a series of work concerning these qualitative problems, such
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as [11-15]. In 2002, Kulczycki and Tabor [16] improved Zhang’s method and investigated the
existence of Lipschitzian solutions of the iterative functional equation

i/\n fr(x)=F(x), x€B, (1.2)
n=1

where B is a compact convex subset of R" and F : B — B are a given Lipschitz function. It is
easy to see that (1.1) is the special case of (1.2) with \; =0,i=n+1,...and B = [a, b].

Recently Zhang et al. [17] and Xu et al. [18] developed this method and they have got
the nonmonotonic, convex, and decreasing continuous solutions of (1.1). In fact they have
answered the open problem 2 which was proposed by J. Zhang et al. [19].

The problem of differentiable solutions of iterative equation had also fascinated many
scholars’ attentions. In Zhang [12] and Si [15], the C! and C? solutions of (1.1) are considered.
In Wang and Si [20] the differentiable solutions of the below equation

H(x,¢™(x),...,¢" (x)) =F(x), xe€l=][ab] (1.3)

are considered. Murugan and Subrahmanyam [21, 22] discussed the existence and
uniqueness of C! solutions of the more general equations

i/\iH,»(fi(x)) =F(x), x€l=]ab)], (1.4)
i=1
i)»iH,-(x, P (x),...,¢%i(x)) = F(x), xel=][a,b], (1.5)
i=1

which involve iterated functional series. All the above references only got the increasing
differentiable solutions for the above equations because they only considered the case that
F is increasing. Li and Deng [23] considered the C! solutions of the (1.2). In [24] C? solutions
of the equation

i)tn(x)f”(x) =F(x), x€B, (1.6)
n=1

where B is a compact convex subset of R* and 1,,(x) : B — Rare discussed. Li and Deng [23]
and Li [24] work in higher dimensional case, they do not require monotonicity. It should be
pointed out that Mai and Liu [25] made an important contribution to C™ solutions of iterative
equations. Mai and Liu proved the existence, uniqueness of C™ solutions of a relatively
general kind of iterative equations

G(x, f(x),...,f"(x)) =0, x€], (1.7)

where ] is a connected closed subset of R and G € C™(J™1,R), n > 2. Here C"(J™',R)
denotes the set of all C" mappings from J™*! to R.
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Inspired by the above work, we will investigate (1.4) and extend earlier results due
to Murugan and Subrahmanyam in two directions. In [21] the authors only get increasing
solutions of (1.4), so the present paper will investigate the nonmonotonic differentiable
solutions of (1.4) and give conditions for the existence, uniqueness, and stability of such
solutions. In [21] the authors require not only all coefficients are nonnegative but also
H;, i=2,3,... are all increasing, but we will find that those conditions are not necessary.

2. Preliminaries

Let I = [ab] and J = [c,d] be two compact intervals. Let C'(I,]) be the set of all
continuously differentiable functions from I to J. Then C!(I,]) is a closed subset of the
Banach space C!(I, R) consisting of all continuously differentiable functions from I to R with
norm ||||a. Here the norm ||| is defined by [l¢|la = [l¢llco + [|¢l0, ¢ € CH(I,R), where
llollo = maxyer|e(x)| and ¢’ is the derivative of ¢. Following Zhang [12], we define the
families of functions

AL, J,m,M,N) = {9 e C(I]): p(a)=c, p(b) =d,m< |¢'(x)| < M,
|¢'(x1) = ¢/ (x2)| < N|x1 = x2|, Vo, x1, 2 € I}, o
A (I, J,m,M,N) ={peC\(L]):¢9(a) =d, p(b) =c,m < |¢'(x)| < M, .

|9 (x1) = ¢/ (x2)| < N|x1 = x2|, Vx, 1,22 €I},

where 0 <m < M, N > 0 are all constants.
Lemma 2.1. Both (I, J,m, M, N) and 2'(I, ], m, M, N) are compact convex subsets of CY(I, ).

The Lemma above can be proved by a method which is contained in the proof of
Theorem 3.1 in [12].

Lemma 2.2 (see [12]). Suppose that ¢, ¢ € A(I, J,m, M,N) (or ¢, € A (I, ],m, M, N)). Then
forn=12,...,

[(@") (x)] < M", Vxel,

2n-2

[ (™) (1) = (™) (x2)| < N( Z Mi> |x1 = x2|, Vxi,x €1,

i=n-1

. 22)
"= gL < <ZMI-1> o=l

i=1

c0s

n-1
1™ = (@")'[l.0 <nM" ' = ¢l 0 + Q(n)N<Z(n - i)M””‘2> llo -9l
i=1

where Q(1) =0, Q(m) =lasm =2,3,...and (¢") denotes d¢™/dx.

We can get the following Lemma from [12]. In [12] the author proved that the lemma
is valid for C!(I, I), but we find it is also valid for C'(I, J).
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Lemma 2.3 (see [12]). Suppose that f € C'(I, J) satisfies that

0<6< f(x), Vxel,

(2.3)
|f'(x1) = f/(x2)| S M*|x1 - x2|, Vxi,x2€1,
where 6, M* are positive constants. Then
Y ) - Y < v =yl Vya e ) .4
Lemma 2.4 (see [18]). Ifboth f; : I — ], i =1,2 are homeomorphisms from I to | such that
| fi(x1) = fi(x2)| S K1 = 22|, VY, x0 €1, (2.5)
where K is a positive constant. Then
If1 = follo < KIFT = £ o (2.6)

3. Differentiable solutions of (1.4)
3.1. Existence of solutions

Let {A;}{2; be coefficients of (1.4) and I = [a,b]. For any f € 2(I,1,0, M,N) (or 20'(I, 1,0,
M, N)) define A = 32 \;H;(f"!(a)) and B = 32, L; H;(f"1(b)). It is easy to see that both the
convergence and the value of A, B have nothing to do with the choice of f.

Theorem 3.1. Suppose M > 1, L are positive constants and Hy € A(I, I,my, M1, N1), H; € A(I, 1,
0, M;,N;) or H; € 2/(I,1,0, M;,N;) fori = 2,3,..., where my > 0 and M; > 1, N; are positive
constants fori=1,2,.... Assume further the following conditions:

Ky = -)lel - Z|.)Li|MiMi_1 >0,
i=2

1 & . .
K, = m§|/\i+1|Mi+1Ml_1(M’ -1) < oo,
3.1
Ko - KyM? >0, 3.1

Ky = > |N|INiMT (M - 1) < oo,
i=1

-0 <A<B<o,

hold. Then for any given F € (I, ],0,KoM,L) (or A'(1, ],0,KoM, L)), (1.4) has a solution
f € A(1,1,0, M, M*) (or 2'(I,1,0, M, M*)), where M* > (L + KsM?)/ (Ko — K1M?), Ky =
S2MINM2ED and [ = [a,b], ] = [A, B).
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As in [22], firstly we give the following three Lemmas which lead directly to the proof
of Theorem 3.1. In the sequel we denote

_(L+ KyM?) (3.2)
(Ko - KiM2)' '
Lemma 3.2. Under the assumptions of Theorem 3.1 the following series:
Kz =AM+ leilMl‘MFl,
i=2
Ky = | L NiM2ED,
i=1
© k )
KS = Z |)Lk+1 |Mk+1 <Z (M11>>/
k=1 i=1
- (3.3)
Ke = Z|)tk+1|Mk+1kMk_1,
k=1
© k )
K7 = Z|)tk+1|Nk+1Mk <ZM11>,
k=1 i=1
© k-1 .
Kg= > |Meer [ Miir D (k = ) M*T72,
K=2 )

are all convergent.

Proof. The convergence of K3, K4, K5, Kg, and K7 is easy to be verified. As mentioned in [21],
the equality

n-1
, -1 n
n-ixmi? =t (o ), xl 3.4
;( ) <(x_1)2 x_1> 4 (3-4)
holds. We get that
- M -1 k
- k-1
Kg = Ié:zl)tkﬂleﬂ <M <(M 12 ~ Vo 1>> (3.5)
By the convergence of Ky and Kg, K3 is also convergent. O

Lemma 3.3. Under the assumptions of Theorem 3.1, for each f € A(I,1,0,M,N) (or (I, 1,0,
M, N)) the mapping Ly : I — R defined by

Ly(x) = i/\iH,- (Ffl(x)), xel (3.6)
i=1
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has the following properties:
(i) Ly € A(I, ], Ko, K3, K1 N + Ky);
(ii) L}l e A(J,1,1/K3,1/Ky, (KiN + Ky)/ (Ko)?),
where I = [a,b] and | = [A, B].

Proof. For any f € A(I,1,0, M, N) (or 2(I,1,0, M, N)), we have
Ls(a) = g)uHi (f(a)) <Ls(b) = g)qu (f7L(b)). (3.7)
It is easy to see that for any x € I
0< \imy — §:|)Li|Mi1v1f*1 < iA,H; (F71 ) (F7Y) (x) < LMy + i|f\i|M,~MH. (3.8)
i=2 i=1 i=2

We have for any x € I

0<Kp<L'f(x)<Ks, (3.9)
and forany y € J
0<— < (L)) < —. (3.10)
K; f Ko
Thus Ly : I — ] is an orientation-preserving diffeomorphism. O

By Lemma 2.2 we can see that for any x1,x; € I,

|L'f(x1) = L' (x2)| =

(7)) (F71) () = iliHﬁ(fi_l(xz)) (f7) (x2)
i=1

2“ LG ) [ Y G = (F) ()|

HI(F ) - Hi (7 ) (7 () ) G0
{le M, N<2IZ:22M7> ; 2|Ai|NiM2(i‘l)}|x1 x|
= (KiN + Ky) |x1 = x2.
By (3.9), (3.11), and Lemma 2.3 we get for any 1, v € J:
(L7 () - (L) ()] « D Ka gy, ), (312)

(Ko)®
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Lemma 3.4. Under the assumptions of Theorem 3.1, for each f1, f» € A(I,1,0, M, N) (or (I, 1,0,
M, N)) the mappings Ly, Ly, : I — ] satisfy the following inequalities:

(i) ||If1 —L71||co < Ks/Kol| f1 = fo| 0/

@) (L) = ) Lo < ((KiN + Ko)Ks + (K7 + NKs)Ko) / (Ko)") || fi = foll o +
Ko/ (Ko)* [l £; = foll o-

Proof. Firstly we have

15 =Ll < DAkl Hia o ff = Hisa © £l
k=1

) (3.13)
22) .
< le\k+1|Mk+1 <ZM11>”f1 _lelco’
k=1 i=1
and thus
(Lemma (2.4)) 1 K
Iy -Lille < —IILfl szIIcoSfZIIfl—fzIIco‘ (3.14)
Secondly we get
165 - @G = [ |
< L's (L () L'f2<L ()
39) [|L'fz(L ') - L (L] (y))l}
< max
yel (Ko)®
1
< L' (L L' (L;
A ax(|L's, (L, (1) - L' (L )}
L' (L L's (L7
N ax{|L's.( A W) =L (L )}
@G11) Ky N + K. ) '
< T nax(|L7, (v)-L; <y>|} ) -max{|L'p, (x)~L'5, ()]}
- R L L 5 I -
(Ko)? TS
(3.15)
Notice that
”Llfz - L,fl ”cU < Zl)tkﬂl : ||(Hk+l szk)l - (Hkn oflk),”Co (3.16)

k=1
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and fork=1,2,...,
I(Hie o £3)" = (Hia o ff) lla = |(Hea 0 £) - (£) = (Hia 0 £ () Nl
SN Hi o 5 = Hia o filla 102) Nl
H1H o fillall (£) = ()l

k
< Mka+1ZM1_1 "fZ - fl ”Co + ]\/Ik+1k1\/1k_1 ”fé - f{ ”Co
i—1

k-1
+ Mia Q)N S (k = ) M¥2|| fo = fi| o,
i=1

(3.17)
then
1L - Ll < (K7 + NEs)|fo = filla + Kell f3 = fill (318)
Finally we get
G G K1N+K4)K5+(K7+NK8)K0> K
Ll —(L 1 , < ( _ o —2 gl .
) - @)l < o Il 513 Al
(3.19)
O

Proof of Theorem 3.1. For any f € 2(I,1,0,M,N) (or A'(I,1,0,M, N)) we define O(f) as
follows:

o(f) = L;l oF, (3.20)

and denote O(f) = g for convenience. Clearly ¢ € C(I,I), g(a) = a, g(b) = b, (or g(a) =
b, g(b) =a), and (3.10) yields that for any x € I,

KoM _
Ko

lg'(x)| = |(L;1)’(F(x))-F'(x)| < M. (3.21)

Furthermore by (3.12) we get that for any x1,x, € I,

|8 (r1) = g/ ()| < |(LF) (F (1)) |- [F' (1) = F'(x2) ]
H|(LF) (F(x)) = (L) (F(x2)) |- [F (32)

KN + K, (3.22)

SLL|X1—JC2|+K0M' 'KOM|X1—XZ|
Ky 8

0

= N|X1 —x2|.
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So g€ A(I,1,0,M,N) (or A'(I,1,0, M, N)), which means that ©((, 1,0, M, N)) c (I, L,0,

M, N) (or ©(2A'(1,1,0,M,N)) cA'(I,1,0, M, N)).
Secondly we prove that

©:9(I,1,0,M,N) — (I, 1,0, M, N)

(3.23)
(or © : (I, 1,0, M, N) — ' (I,1,0, M, N))

is continuous. For any f1, f» € A(I,1,0, M, N) (or A'(I,1,0, M, N)) we denote g; = O(f;), i =
1,2. It is easy to see that

_ _ _ _ K5
g1 -8llo =L} o F =Ly oF|lo <Ly = L[l < g 1= flla (3.24)

By Lemma 3.4 we get

g1 = &allo = I((LF) 0 F)-F' = (L)) o F) - F'|| o
< KoM- [ (L) = (L)) |l o

(KlN + K4)K5M + (K7 + NKg)K()M MK, , ,
<( o 1= alla + S = £l
(3.25)

By the discussion above we get

g1 = &2ller = llg1 = &2l + 118's = 8’2o

Ks (K1N + K4)K5M + (K7 + NKg)KoM MK, ) )

< o I il + - )
<E|f1- fall .0
(3.26)
where
KiN + Ky)KsM + (K7 + NKg) KoM
E = max &+< 1N+ Ko)Ks +(27+ 5)Ko ,MK6 . (3.27)
Ko (Ko) Ko

O

Hence © : A(I,1,0,M,N) — 20(I,1,0,M,N) (or© : 20'(I,I,0,M,N) — 2'(I, 1,0,

M, N)) is continuous. By Schauder fixed point theorem, there exists a function f € (I, I,0,
M, N) (or 2'(I,1,0, M, N)) such that

f=0(f) = L}l oF. (3.28)

That means f is a solution of (1.4) in 2(I,1,0, M, N) (or 2'(I,1,0, M, N)).
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4. Uniqueness and stability of solutions

Theorem 4.1. Let {\;}2; be coefficient of (1.4) and M > 1, N > 0 positive constants. Suppose that
the conditions in (3.1) are valid. Further one assumes that

KN + K4)KsM + (K5 + NKg) KoM
1<5+( 1N + K4)KsM + (K7 + NKg) Ko MK6}<1' 1)

E =max { — ,
{Ko (K0)2 Ky

Then for any F € (I, ],0,KoM, L) (or (I, ],0,KoM,L)), there exists a unique function f €
A(I,1,0, M, M*) (or A'(1,1,0, M, M*)) satisfying (1.4), where M* > (L + KyM?) /(Ko — K1 M?).
Furthermore the solution f depends continuously on the given function F.

Proof. If E < 1, then by (3.26) the map © defined in Theorem 3.1 becomes a strict contraction.
The fix point of ©, which is a solution of (1.4), is unique by Banach’s contraction principle.
Let f1, f2 be the solutions of (1.4) for the corresponding functions F;, F. First, since

fi= L}} oF;, i=1,2, (4.2)
we get

Ifi=follo =L o =Ly o Bl
<Ly o Fi=Ly o Bl + ||IL} 0 Fa= Ly o Fa (4.3)
(Lemma (3.4)) 1

K5
£ LR Rl s - ol

Second, we have
1= Fallo = I(ED 0 Fi) - Fi = (L)) © F2) - Fa| o
<L) o ) -Fu= (LY o Fa) - Fal o

+[((LF) o Fi) - F2 = ((Ly)) © F2) - Fa| o

+[((LF) 0 F2) - F2 = ((Ly)) © F2) - Fa| o

(612) 1 M (KN + Ky)

< E"Fll ~Fo| o+ (Ko)z [F1 - Fal| o (04

+KoM|(L5)" = (L) [l
L 3.4 K K
( emmSa( ) KiollF’l _F/zllco + %“FH _F2||CO

0
KiN + Ky4)KsM + (K7 + NKg) KoM
+{( = (K )(z it }||f1—f2||co
0

MK,
+ Tollflz ~ 1l o
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By the above discussion we get

Ifi = faolla = fr = Follo + 1y = Fallo

M(KN +Ky) 1 (4.5)
<E|fi- e bR R,
el il + { S -,
which means that
1 M(KlN + K4) 1
- < — || F1 = F2| .. 4.
15~ il = g { R o hir -, (46)
So the solution f depends continuously on the given function F. O
4.1. Examples
Example 4.2. Let M =10, L =20 and I = [0, 1]. The equation
1001 (/™ —1 2(x))°
(e ) - (") =x+ 1sin(Zer), (4.7)

1000(e - 1) 1000 2

where x € [0,1], has a unique solution f € 2([0,1],[0,1],0,10,900).

Proof. 1t is easy to see that Hi(x) = (e —1)/(e = 1) € 2A(I,1,1/2,2,2), Hy(x) = x> €
2(1,1,0,2,2) and F(x) = x + 1/2sin(2orx) € A(I,1,0,4.5,20). By simple calculation we get
that

91 o1 = 2999 2022 1101
%~ 2000 17 500" 27500’ >~ 1000" 75007
1 1 961
K5 - K6 - %I K7 - %/ KS - 0/ KOM - m/ (4 8)
561 :
— 2 = e— = =
Ko-KiM*= o, A=0<B=1,

_ (L+KyM?) 480400
~ (Ko-KiM?2) 561

<900,

by Theorem 3.1 the equation has a solution f € ([0, 1], [0,1],0,10,900). Further we get that

Ks N (KlN + K4)K5M+ <K7 + NKg)KoM < 804

2 az1’
Ky (Ko) 961 (49)
MK 40
Ko 961’

this means E < 1. By Theorem 4.1 the solution is unique. O
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By similar discussion we have the following example.

Example 4.3. Let M =10, L =20, and I = [0, 1]. The equation

1001(e/® -1)  1-(f2(x)* 1
1000 —1) 1000 17X 3sin@7x), (4.10)

where x € [0,1] has a unique solution f € 2'([0, 1], [0, 1], 0,10, 900).
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