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1. Introduction

During the last years, mathematicians have been intensively studying (see [1, 2]) perturbed
inclusions that are generated by the algebraic sum of the values of two multivalued map-
pings, one of which is decomposable. Many types of differential inclusions can be repre-
sented in this form (ordinary differential, functional differential, etc.). In the above-mentioned
papers, the authors investigated the solvability problem for such inclusions. Estimates for
the solutions were obtained similar to the estimates, which had been obtained by Filip-
pov for ordinary differential inclusions (see [3, 4]). The concept of quasisolutions is intro-
duced and studied. The density principle and the “bang-bang” principle are proven. In pa-
pers [5-8], the perturbed inclusions with internal and external perturbations are consid-
ered, and the conjecture that “small” internal and external perturbations can significantly
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change the solution set of the perturbed inclusion is proven. Let us remark that, in the
cited papers, the proofs of the obtained results essentially depend on the assumption that
the multivalued mapping, which generates the algebraic sum of the values, is decompos-
able. Therefore, these studies once again confirm V. M. Tikhomirov’s conjecture that decom-
posability is a specific feature of the space Li[a,b] and plays the same role as the con-
cept of convexity in Banach spaces. The decomposability is implicitly used in many fields
of mathematics: optimization theory, differential inclusions theory, and so forth. If a mul-
tivalued mapping is not necessarily decomposable, then the methods known for multival-
ued mappings cannot even be applied to the solvability problem of the perturbed inclu-
sion. Furthermore, in this case, the equality between the set of quasisolutions of the per-
turbed inclusion and the solution set of the perturbed inclusion with the decomposable
hull of the right-hand side fails. This equality for the ordinary differential inclusions was
proven by Wazewski (see [9]). The point is that, in this case, the closure (in the weak
topology of Li[a,b]) of the set of the values of this multivalued mapping does not coin-
cide with the closed convex hull of this set. As a result, we have that fundamental proper-
ties of the solution sets (the density principle and “bang-bang” principle) do not hold any
more (see [3, 10-13]). The situation cannot be improved even if the mapping in question is
continuous.

In this paper, we consider the initial value problem for a functional differential inclusion
with a multivalued mapping. We assume that this mapping is not necessarily decomposable.
Some mathematical models can naturally be described by such an inclusion. For instance, so
do certain mathematical models of sophisticated multicomponent systems of automatic con-
trol (see [14]), where, due to the failure of some devices, objects are controlled by different
control laws (different right-hand sides) with the diverse sets of the control admissible values.
This means that the object’s control law consists of a set of the controlling subsystems. These
subsystems may be linear as well as nonlinear. For example, this occurs in the control theory of
the hybrid systems (see [15-20]). Due to the failure of a device, the control object switches from
one control law to another. The control of an object must be guaranteed in spite of the fact that
failures (switchings) may take place any time. Therefore, the mathematical model should treat
all available trajectories (states) corresponding to all switchings. The generalized solutions of
the inclusion make up the set of all such trajectories. The concept of a generalized solution
should be then introduced and its properties should be studied.

We consider a functional differential inclusion with a Volterra-Tikhonov type (in the se-
quel simply Volterra type) multivalued mapping and we prove that for such an inclusion, the
theorem on existence and continuation of a local generalized solution holds true. This justifies
one of the requirements, which were formulated in the monograph of Filippov [4] for gener-
alized solutions of differential equations with discontinuous right-hand sides. In the present
paper, it is also proven that in the regular case, that is, when a multivalued mapping is de-
composable, a generalized solution coincides with an ordinary solution. At the same time, the
concept of a generalized solution discussed in the present paper does not satisfy all the re-
quirements that are usually put on generalized (in the sense of the monograph [4]) solutions
of differential equations with discontinuous right-hand sides. For instance, the limit of general-
ized (in the sense of the present paper) solutions is not necessarily a generalized solution itself.
The reason for that is that a multivalued mapping that determines a generalized solution (the
definition is given below) may not be closed in the weak topology of L}[a, b], as this mapping
is not necessarily convex-valued.
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2. Preliminaries

We start with the notation and some definitions. Let X be a normed space with the norm ||-||.
Let Bx|[x, €] be the closed ball in the space X with the center at x € X and of radius ¢ > 0; if
€ =0, then Bx[x,0] = x. Let U C X. Then U is the closure of U, coU is the convex hull of U;
U = col, extU is the set of all extreme points of U; extU = extU. Let U]y = sup ., llullx-
LetU¢ = . Blu €] ife >0and U° = U.

Let py[x;U] be the distance from the point x € X to the set U in the space X; let
hi[Uy; U] = sup el px[x,U] be the Hausdorff semideviation of the set U; from the set U;
let hx [Uq; U] = max {h{ [Uy; U]; hy [U; U]} be the Hausdorff distance between the subsets U,
and U of X.

We denote by comp [X] (resp., comp [X*]) the set of all nonempty compact subsets of X
(resp., the set of all nonempty, bounded, closed in the space X, and relatively compact in the
weak topology on the space X subsets of X). Let 2X be the set of all nonempty bounded subsets
of X.

Let D be a system of subsets of X (a subset of X). We denote by Q(p) the set of all
nonempty convex subsets of X, belonging to the system f) (the set of all nonempty convex
subsets of X, belonging to D).

Let R" be the space of all n-dimensional column vectors with the norm |-|. We denote
by C"[a,b] (resp., D"[a, b]) the space of continuous (resp., absolutely continuous) functions
x : [a,b] — R" with norm ||x||cn,p = max {|x(t)| : t € [a,b]} (resp., [ Xl[pnjap; = |x(a)] +
fs |x(s)|ds). Let U C [a,b] be a measurable set (%) > 0 (y—the Lebesgue measure). We
denote by Ly () the space of all functions x : # — R" such that (x(s))? is integrable (if p < o0)
and the space of all measurable, essentially bounded (if p = o0) functions x : # — R" with the
norms

1/p
g0 = ([ 1x@Pds) " xllisg = vraisuplx(s), 1)
u seU

respectively.

Let @ C L}[a,b]. The set @ is called integrally bounded if there exists a function ¢, €
L%[a, b] such that |x(t)| < ¢ (t) for each x € ® and almost all t € [a, b]. The set @ is said to
be decomposable if for each x,y € ® and every measurable set % C [a, b] the inclusion y(%)x +
x([a,b] \ Wy € ® holds, where y(V) is the characteristic function of the set V. We denote by
Q[L}[a,b]] (resp., [T1[L}[a, b]]) the set of all nonempty, closed, and integrally bounded (resp.,
nonempty, bounded, closed, and decomposable) subsets of the space L}[a, b].

Let F : [a,b] — comp [R"] be a measurable mapping. Then by definition, S(F) =
{y € L[a,b] : y(t) € F(t) for almostall t € [a,b]}. By Ci[a,b] (resp., L1[a,b]), denote the
cone of all nonnegative functions of the space C% [a,b] (resp., L% [a,b]).

Let f : P — Q be a mapping between two partially ordered sets P and Q (the partial
order of both sets is denoted by <). The mapping f is isotonic if f(x) < f(y), whenever x < y.

In this paper, the expression “measurability of a single-valued function” is always used
in the sense of Lebesgue measurability and “measurability of a multivalued function” in the
sense of [21]. Let (T, X, u) be a space with finite positive measure and let F be a multivalued
mapping from T to R". A set {x,(:)} (v € N) of measurable mappings from T to R" is said to
approximate the multivalued mapping F if the set {t € T | x,,(t) € F(t)} is measurable for any
v € N, and the set F(t) belongs to the closure of its intersection with the set |J o {xy(f)} for
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almost all t € T. A multivalued mapping F from T to R" is called measurable if there exists a
countable set of measurable mappings from T to R" that approximates the mapping F.
Further, let us introduce the main characteristic properties of a set that is decomposable.

Lemma 2.1. Let @ € I1[L}[a,b]]. Then there exists a function u € L%[a, b] such that |p(t)| < u(t)
for each function ¢ € @ and almost all t € [a,b].

Proof. Letp, € ®,i=1,2,..., be a sequence of functions such that

L'ab] ~ ”(D”L{‘[a,b]- (2.2)

}Lm ll:
(*e)

Let us show that there exists a sequence of functions ¢, € @, i = 1,2,..., such that the
equality (2.2) holds and

|¢1(t)| < |¢2(t)| < |‘7’3(t)| < S |(7)i(t)| < |‘7’i+1(t)| S (2.3)

for almost all f € [a, b].

Indeed, let ¢, = ¢, and @,,, = xy(U)Q, + x([a, b\ Ui)y,,,,i =1,2,..., where U; = {t €
[a,b] : |@,(t)] = |, ()]}. Since @ € TT[L}[a,b]], we see that the sequence ¢, € ®,i =1,2,...,
has the following properties: for almost all t € [a, b], the inequalities (2.3) hold and ||, || L'ab] =
;]| 2(a,p) for each i =1,2,.... Hence, from this property and equality (2.2), it follows that the
sequence ¢, i =1,2,..., satisfies (2.2). Further, we consider a measurable function u : [a,b] —
[0, o0) defined by

u(t) = lim |,(). (2.4)

Since the set @ is bounded, we see, using Fatou’s lemma (see [22]), that u € L{[a, b]. Moreover,
by the definition of the function u and due to (2.2),

[ uttde = 10l 2.5)

for every measurable set U C [a,b]. Now, let us show that the function u defined by (2.4)
satisfies the assumptions of the lemma. Indeed, if the contrary is true, then there exist a function
¢ € ® and a measurable set #; C [a,b] (u(U;) > 0) such that |p(t)| > u(t) for each t € U;. This
implies that ful e (B)|dt > IMl u(t)dt, which contradicts (2.5). This completes the proof. O

Lemma 2.2. Let ® € [I[L}[a,b]] and ¢, € ®,i=1,2,..., be a sequence that is dense in ®. Further,
let a measurable set F : [a,b] — comp [R"] be defined by

F(t) ={o,t), i=1,2,...}. (2.6)
Then S(F) = @.

Proof. Since ¢; € S(F) and the sequence ¢,, i = 1,2,..., is dense in ®, we have, due to the
closedness of the set @, the relation @ C S(F). Let us prove that S(F) C @. Let x € S(F). For
eachk,i=1,2,...,put

}, 2.7)

~|

EF = {te [a,b] : |x(t) —o,(t)| <



Anna Machina et al. 5

which are measurable sets. For i = 1, let Ei‘ = Ei‘, and fori = 2,3,..., let Ef‘ = EII.‘ \ U;;llE;‘

Then Ef N E;‘ = @ if i #j. By the definition of the mapping F : [a,b] — comp [R"], for each
k=1,2,...,wehave

,1<O Ejf) =b-a. (2.8)
i=1

Let xi : [a,b] = R", k=1,2,..., be a sequence of measurable functions such that

@, () ifteEr i=1,2,...k,
xk(t) =

. (2.9)
p,(t) ifte[a,b]\

53

'C» <

i=1

Since the set @ is decomposable, we see that x; € @ for each k = 1,2,.... Moreover, from
Lemma 2.1 and the definition of the set E,’.‘, it follows that for the functions xi, k = 1,2,..., we
have the estimates

b-a
< .
e < uﬁmwﬂmmu (2.10)

|| = xx

where u satisfies the assertions of Lemma 2.1. From (2.8) and (2.10), it follows that xx — x
in L"[a,b] as k — oo. Since the set @ is closed, we have that x € ®. Hence S(F) C ®. Thus
S(F) = @. O

Lemma 2.3. Let measurable sets F; : [a,b] — comp [R"], i = 1,2,..., be integrally bounded, then
S(Fi1(-)) c S(Fa(:)) if and only if F1(t) C Fy(t) for almost all t € [a, b].

Proof. First of all, it is evident that if for almost all ¢t € [a,b], F1(t) C Fa(t), then S(F;i(-)) C
S(Fa("))-

Let S(F1(-)) € S(F2(-)) and let ¢, € L}[a,b],i=1,2,...,bea countable set, which is dense
in S(F;) and which approximates F; : [a,b] — comp [R"] (see [21]). Thus ¢, € S(F2(-)) for each
i =1,2,... and by the definition of the set S(F»(-)), we have that {¢,(t) : i =1,2,...} C F2(t)
for almost all t € [a, b]. Since the sequence ¢,, i = 1,2,..., approximates the map F; : [a,b] —
comp [R"], it follows from the previous inclusion that F;(t) C F,(t) for almostall f € [a,b]. [

Corollary 2.4. Let ® € II[L}[a,b]] and let F; : [a,b] — comp [R"], i = 1,2, be measurable sets such
that ® = S(Fy) = S(F). Then F1(t) = Fa(t) for almost all t € [a, b].

Remark 2.5. If @ € TI[L}[a,b]], then a measurable set F : [a,b] — comp [R"], that satisfies
S(F) = @, uniquely determines the set @.

3. Decomposable hull of a set in the space of integrable functions

We introduce the concept of the decomposable hull of a set in the space L} [a, b]. We consider a
multivalued mapping that is not necessarily decomposable. For such a mapping, we construct
its decomposable hull and investigate topological properties of this hull.
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Definition 3.1. Let @ be a nonempty subset of L} [a, b]. By dec @, we denote the set of all finite
combinations

y=x(Ua)xi+ x(Ua)xo + -+ X (W) Xm (3.1)

of elements x; € @, i = 1,2,...,m, where the disjoint measurable subsets %;, i = 1,2,...,m, of
the segment [a, b] are such that 2, %; = [a, b].

Lemma 3.2. The set dec @ is decomposable for any nonempty set ® C LY [a, b].

Proof. Let y1,y> € dec®. Let also U C [a, b] be a measurable set. Without loss of generality, it
can be assumed that

vi= x(U)xy + x (U)X + - + x (U)X, (3.2)

where x; €®,j=1,2,...,mi=1,2 and the measurable disjoint sets ?/t; Clabl,j=12,...,m,
i =1,2, are such that [a,b] = ;’;l?/l;, i = 1,2, (if the number of summands in (3.2) is not the
same, we may use arbitrary functions multiplied by the characteristic functions of the empty
sets). Further, from the equality

Xy + x([a,b]\ U)y, = Zx(?/l NU)x; + Zx(([a, b\ U) N UZ)x7, (3.3)
i=1 i=1
it follows that y (U)y1 + x([a, b] \ )y, € dec . Hence, the set dec ® is decomposable. O

Remark 3.3. Note that even if a set ® C L{[a,b] is bounded, the set dec @ is not necessarily
bounded. For example, let us check that

dec [Buyap[0,1]] = Ly[a,b]  (p € [1,0)). (3.4)

Indeed, let z € L;‘ [a,b]and e;, i =1,2,...,m, be measurable sets with the following properties:
einej=ifi#j,i,j=1,2,...,m il e = [a,b]; foreachi=1,2,...,m, the inequality

J |z(s)[Pds < 1 (3.5)

holds. Then z; = y(ei)z € Buz1ap) [0,1],i=1,2,...,m,and

z=yx(e1)z1+ x(e2)zo+ - + x(em)zm. (3.6)

Therefore, z € dec [BL;[a,b] [0,1]] and consequently, the equality (3.4) holds.

Remark 3.4. From (3.4), it follows that if a set ® C L}[a, b] is relatively compact in the weak
topology of LT[a, b], then the set dec @ does not necessarily possess this property.

Remark 3.5. Note that if a set is convex in L} [a, b], then this set is not necessarily decomposable.
The ball Brr(q4) [0,1] is an example of such a set.
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Remark 3.6. If a set ® C Lf[a,b] is integrally bounded, then by Lemma 2.2, for the set

dec® € IT[L}[a,b]], there exists a measurable and integrally bounded mapping Fi_, :
[a,b] — comp [R"] such that

dec® = S(Fio())- 3.7)

Lemma 3.7. Ifa set ® C LY [a,b] is decomposable, then dec ® = @.

Proof. Evidently, @ C dec ®. We claim that dec® C ®. The proof is made by induction over
m. By the definition of the switching convexity, any expression (3.1) including two elements
x1,x, € @ and two measurable sets Uy, U, C [a, b] belongs to ®.

Suppose now that for m = k, the combination of the form (3.1) belongs to ®. Let
X1,%X2, ..., Xmy1 € @ and let Uy, Uy, ..., U1 C [a,b] be disjoint measurable sets such that
[a,b] = UMU;. Let

z =X(u2UM1)X2+X(M3>X3+"' +X(7/lm+1)xm+1. (38)

By the inductive assumption, z € ® and therefore y(%;)x1 + y([a,b] \ 1)z € ®. Since

x([a,b] \ U1)z = x(Un)x2 + yx (Uz) x5+ -+ + X (Wpps1) X1, (3.9)

we have that
XU x1 + x(Ua)xz + -+ + X (Upin) Xma1 € D. (3.10)
Hence dec @ C @. This concludes the proof. O

Corollary 3.8. If ® C L{[a, b], then the set dec @ is the minimal set which is decomposable and which
contains ®@.

Proof. Consider any set U C L} [a, b] which is decomposable and which satisfies ® C U. Then,
by Lemma 3.7, we have @ C dec® C decU = U. O

Lemma 3.9. If a set ® C L[a,b] is convex, then so is the set dec ® € L [a, b].

Proof. Let y1,y» € dec @ be given by the formula (3.2). It follows from the convexity of the set
@ c L}[a, b] and the equality

Ayr+ (1= Ny2 = D x (Ui 0 U5) (Axg + (1= 1)) (3.11)
i,j=1

that Ay; + (1 — 1)y, € dec @ for any A € [0,1]. Thus, the set dec @ is convex. O

Similar to the definition of the convex hull in a normed space, the set dec ® will, in the
sequel, be called the decomposable hull of the set ® in the space of integrable functions, or simply the
decomposable hull of the set @. Likewise, dec @ is addressed as the closed decomposable hull of the
set @.
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Remark 3.10. If @ € Q[L}[a, b]], then the closed decomposable hull of the set ® (the set dec @)
can be constructed as described in Remark 3.6. To do it, one needs a measurable and integrally
bounded (see Remark 3.6) mapping F.4, : [a,b] — comp [R"] that satisfies (3.7). Note that

finding this mapping Fg, is easier than constructing the set dec ®. At the same time, when
one studies the metrical relations between the sets ®;,®, C L}[a,b] and their decomposable
hulls (see Lemma 3.12), it is more convenient to use Definition 3.1.

Lemma 3.11. Let v € LY(U) (U C [a,b]) and let a set ® C L}[a,b] be decomposable. Then for any
disjoint measurable sets Wy, Uy C U such that Uy U Uy = U, one has

Pr(uy [v; @] = pL;,(%)[v;(D] + PLrau) [v; ©]. (3.12)

Proof. Indeed, let € > 0 and y € @ satisfy ||v - y||L?(M) < Prw [v; D] + e. It follows from this
estimate that

Prruy) [0, D] + Pr:u,) [0;D] < ||lv- ]/”L;'(M]) +lv - ]/HL{'(Mz) < Prru) [0, D] +e. (3.13)
This yields
pL?(M})[’U; o] + PLia) [v, 0] < Py [v; @]. (3.14)

Further, let us show that the opposite inequality is valid. Let y; € ®|y,, i = 1,2, where
®Dly, is the set of of all mappings from @, restricted to U;, i = 1,2, and suppose that the functions
yi, i = 1,2, satisfy

£
/q) Y
[0;] + 2

Since the set @ is decomposable, it follows that the map y : # — R defined by

o -y L < P i=12 (3.15)

=70 ke
belongs to the set ®|y. By (3.15), we have
Prz(u) [0;@] < [lv- yllmu) < Prruy) [v; @] + Pru,) [v; @] +e. (3.17)
This implies that
Prr) [0, @] < PL;'(M])[U/' @] + PLr () [v; @]. (3.18)
Comparing (3.14) and (3.18), we obtain (3.12). O
Lemma 3.12. If @1, ®, € Q[L}[a, b]] and there exists a function w € L} [a, b] such that
ht;’(u) [@; D, < LA w(s)ds (3.19)
for any measurable set U C [a, b], then
hi{'@l) [dec @;; dec @] < LA w(s)ds (3.20)

for any measurable set U C [a, b].
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Proof. Let U C [a, b] be a measurable set, u(U) > 0. Let z € dec®; and z; € @y, i =1,2,...,m.
Suppose also that the functions z; and disjoint measurable sets ¢; C [a,b],i =1,2,...,m, such
that [a,b] = U[",&;, satisfy the equality

z=x(@)z1+ x(&)z2+ - + x(Em)Zm- (3.21)

Further, by z,z;,i =1,2,...,m, we denote the restrictions of these functions to 2 and put
ee=e,NU,i=1,2,...,m.
From (3.21) and Lemma 3.11, it follows that

m m
P [z; dec @] = Z PLiey [zi; dec ®,] < Z PLoe) [zi; D). (3.22)
i=1 i=1
From (3.19), we obtain that

PLi(e;) [zi; @] < j

e,

w(s)ds (3.23)

foreachi=1,2,...,m.
Therefore, (3.22) and (3.23) imply

Prray [ dec @] < f w(s)ds. (3.24)
! u

Since (3.24) holds for any z € dec @y, it follows from (3.24) that (3.20) holds as well. OJ

Remark 3.13. Note that the function w € Ll[a,b] (see (3.19)) provides a uniform with respect
to measurable sets U C [a, b] estimate for the Hausdorff semideviation of the set ®; from the
set @,.

Remark 3.14. The inequality (3.20) holds true even if the set dec @; is replaced with its closure
dec®;,i=1,2.

We say that a multivalued mapping @ : C"[a,b] — Q[L}[a,b]] is integrally bounded on a
set K ¢ C"[a,b] if the image ®(K) is integrally bounded.

Let @ : C"[a,b] — Q[L[a,b]]. We introduce an operator @ : C"[a,b] — IT[L}[a,b]] by
the formula

@ (x) = dec O(x). (3.25)

Note that even if a mapping @ : C"[a,b] — Q[L}[a,b]] is continuous, the mapping
® : C"[a,b] — IT[L}[a,b]] given by (3.25) may be discontinuous. To illustrate this, let us
consider an example.

Example 3.15. We define an integrable function ¢ : [0,2] x [0,1] x [0,2] — R! by
1 iftex,x+r]N[0,2], r#0,

p(x,r)(t) =10 if t€ [x,x+7r]N[0,2], r#0, (3.26)
0 ifr=0.
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o(x,7)(t)

x xX+r 2
t

Figure 1

We also define a multivalued mapping @ : [0,1] — Q[L% [0,2]] by the formula
U p(x,r) if r#£0,

(I)(r) = 4 x€[0,2] (3.27)
0 if r=0.
Note that
hioa [P(r1); @(r2)] = |1 =12 (3.28)

for any 1,1, € [0,1], but at the same time,
Mo [P(0); D(r)] =2 (3.29)
for any r € (0,1].

Using Lemma 3.12, we obtain the following continuity conditions for the operator @ :
C"[a,b] — II[L}[a,b]] given by (3.25).

Definition 3.16. Let U C C"[a,b]. One says that a mapping P : U x U — Ll[a,b] is symmetric
on the set U if P(x,y) = P(y, x) for any x,y € U. One says that a mapping P : UxU — L[a,b]
is continuous in the second variable at a point (x, x) belonging to the diagonal of U x U if for
any sequence y; € U such that i; — x as i — oo it holds that P(x, x) = lim ;. P(x, y;). One
says that a mapping P : U x U — L![a, b] is continuous in the second variable on the diagonal
of U x U if P is continuous in the second variable at each point of this diagonal. Continuity in
the fist variable is defined similarly.

Definition 3.17. Let U C C"[a,b]. Suppose also that P(x,x) = 0 for any x € U. One says that a
mapping P : U x U — Ll[a,b] has property « on the set U if it is continuous in the second
variable on the diagonal of U x U; it has property B on the set U if it is continuous in the first
variable on the diagonal of U x U; it has property C on the set U if it is continuous on the
diagonal of U x U and symmetric on the set U.

Theorem 3.18. Let U C C"[a,b]. Suppose also that for a mapping ® : C"[a,b] — Q[L}[a,b]] there
exists a mapping P : U x U — L [a,b] such that

hinay [P(), @(W)] < [P )| 13y (3.30)
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forany x,y € U and any measurable set U C [a,b]. Then for the mapping @ : C"[a, b] — IT[L}[a,b]]
given by (3.25), the inequality (3.30), where ®(-) = @(-), is satisfied as well as for any x,y € U and
any measurable set U C [a, b].

Corollary 3.19. If the mapping P : U x U — L![a,b] in Theorem 3.18 has property 4 (resp., B, C)
on the set U C C"[a,b], then the operator ® : C"[a,b] — TI[L}[a,b]] given by (3.25) is Hausdorff
lower semicontinuous (resp., Hausdorff upper semicontinuous, Hausdorff continuous) on the set U C
C"[a,b].

We say that the mapping P : U x U — L![a,b] satisfying the inequality (3.30) for any
measurable set % C [a, b] is a majorant mapping for ®@ : C"[a, b] — Q[L!'[a, b]] on the set U.

Let a mapping F; : [a,b] x R* — comp [R"], i = 1,2, be measurable as a composite
function for every x € C"[a, b]. Let also F; be integrally bounded for every bounded set K C R".
Consider a mapping M : C"[a,b] — Q[L}[a,b]] given by

M(x) = N(x) U N (x), (3.31)

where the mapping N; : C"[a,b] — II[L}[a,b]], i = 1,2, is the Nemytskii operator gener-
ated by the mapping F; : [a,b] x R" — comp [R"], i = 1,2. For the operator # : C"[a,b] —
Q[L}[a,b]] given by (3.31), the majorant mapping p: C"[a,b] x C"[a,b] — Ll[a,b] can be
defined as

ﬁ(x,y)(t) =max {h*[Fi(t,x(t)); Fi(t,y(t))]; h*[F2(t x(t)); F2(t, y())]}. (3.32)

It follows from Theorem 3.18 that the operator P(-,-) given by (3.32) is also a majorant
mapping for the mapping E C"[a,b] — II[L}[a,b]] given by (3.25), where ®(:) = M(-). If
the mapping F; : [a,b] x R" — comp [R"], i = 1,2, is Hausdorff lower semicontinuous (resp.,
Hausdorff upper semicontinuous and Hausdorff continuous) in the second variable, then by
Corollary 3.19, the mapping M C"[a,b] — II[L}[a,b]] given by (3.25) is Hausdorff lower
semicontinuous (resp., Hausdorff upper semicontinuous and Hausdorff continuous).

Definition 3.20. One says that a multivalued mapping @ : C"[a,b] — Q[L}[a, b]] has Property
o (resp., B and C) if for this mapping there exists a majorant mapping P : C"[a,b] xC"[a, b] —
L![a,b] satisfying Property & (resp., B and C).

4. Basic properties of generalized solutions of functional differential inclusions

Using decomposable hulls, we introduce in this section the concept of a generalized solution
of a functional differential inclusion with a right-hand side which is not necessarily decom-
posable. Using, as mentioned in Section 3, basic topological properties of a mapping given by
(3.25), we study the properties of a generalized solution of the initial value problem.

Consider the initial value problem for the functional differential inclusion

X € D(x), x(a)=xo (xo €R"), (4.1)

where the mapping @ : C"[a,b] — Q[L}[a,b]] satisfies the following condition: for every
bounded set U ¢ C"[a, b], the image ®(U) is integrally bounded. Note that the right-hand side
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of the inclusion (4.1) is not necessarily decomposable. Note also that x in (4.1) is not treated as
a derivative at a point but as an element of L} [a, b] (see [10, 23-25]). When we study such a
problem, there may appear some difficulties described in the introduction. In this connection,
we will introduce the concept of a generalized solution of the problem (4.1) and study the
properties of this solution. Using the Nemytskii operator, which is decomposable, the initial
value problem for a classical differential inclusion, that is, one without delay (see [10, 23-25]),
can be reduced to (4.1).

Definition 4.1. An absolutely continuous function x : [a,b] — R" is called a generalized solu-
tion of the problem (4.1) if

% € dec ®(x), x(a) =xo (x €R"). (4.2)

Note that from Lemma 3.7, it follows that if the set ®(x) (see(4.1)) is decomposable, then
a generalized solution of the problem (4.1) coincides with a classical solution.

Example 4.2. Consider an ordinary differential equation, x € [0, 1],

x = kx, x(0) =1. (4.3)

Its solution is the function x = e.

We assume that the parameter k may take two values: 1 or 2. Then the trajectories of
such a system are described by the differential inclusion

xedB)x(t), x(0)=1, (4.4)

where ®(t) is a multivalued function with the values from the set {1,2}. Note that
@@(t) = @(t), that is, the set in the right-hand side of the inclusion is decomposable. In
this case, a generalized solution of the inclusion coincides with a classical solution.

The latter differential inclusion describes the model that is controlled by the differential
equation either with the parameter value k = 1 or with the parameter value k = 2. In this
model, switchings from one law (equation) to another may take place any time.

In the limit case, all possible solutions fill entirely the set of all points between the graphs
of the functions e’ and e?.

Example 4.3. Consider a simple pendulum. It consists of a mass m hanging from a string of
length I and fixed at a pivot point P. When displaced to an initial angle and released, the
pendulum will swing back and forth with periodic motion. The equation of motion for the
pendulum is given by

X =—asin x, (4.5)
where x(t) is the angular displacement at the moment t, a = g/1, g is the acceleration of gravity,
and [ is the length of the string.

If the amplitude of angular displacement is small enough that the small angle approx-
imation holds true, then the equation of motion reduces to the equation of simple harmonic
motion

X = —ax. (4.6)
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0 0.5 1 1.5

Figure 2: The solution of the differential inclusion that corresponds to switching from k = 1 (control law 1)
to k = 2 (control law 2) at the moment ¢ = 1/2.

0 I I I
0 1/4 1/2 1 1.5
t

Figure 3: The solution of the differential inclusion that corresponds to two switchings: from k = 1 to k = 2
at the moment t =1/4 and from k =2 to k = 1 at the moment t = 1/2.

Let us now assume that the length of the string I may change, that is, it may take an value from
a finite set {l;,...,1,,}. In this case, the equation of simple harmonic motion transforms to the
differential inclusion with a multivalued mapping

X e d(x), 4.7)

where @(x) = U7, - (g/1;)x.

We assume that switching from one length (equation) to another may take place any
time. Then the generalized solutions of the inclusion treat all available trajectories (states) cor-
responding to all switchings.

Definition 4.4. An operator ®@ : C"[a,b] — Q[L}[a, b]] is called a Volterra-Tikhonov (or simply
a Volterra) operator (see [26]) if the equality x = y on [a,T], T € (a,b], implies (D(x))|, =
(D(y))l|,, where (D(z))|, is the set of all functions from @(z) restricted to [a, T].
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P

I

Figure 4

In what follows, we assume that the operator @ : C"[a, b] — Q[L}[a, b]] (the right-hand
side of the inclusion (4.1)) is a Volterra operator. This implies that the operator @ : C"[a,b] —
Q[L![a,b]] given by (3.25) is also a Volterra operator.

Let 7 € (a, b]. Let us determine the continuous mapping V, : C"[a, 7] — C"[a, b] by

<wm={

Definition 4.5. One says that an absolutely continuous function x : [a, 7] — R”" is a generalized
solution of the problem (4.1) on the interval [a, 7], T € (a, b], if x satisfies X € (dec D(V;(x)))|,
and x(a) = xo, where the continuous mapping V; : C"[a, 7] — C"[a, b] is given by (4.8).

x(t) iftela, 7],

. (4.8)
x(t) ifte(r,b].

A function x : [a,c) — R", which is absolutely continuous on any interval [a, 7] C [a,¢),
¢ € (a,b], is called a generalized solution of the problem (4.1) on the interval [a, ¢) if for each
T € (a,c) the restriction of x to [a,T] is a generalized solution of the problem (4.1) on the
interval [a, T].

A generalized solution x : [a,c) — R” of the problem (4.1) on the interval [a, c) is said
to be nonextendable if there is no generalized solution y of the problem (4.1) on any larger
interval [a, 7] (here, T € (¢,b] if c < band 7T = b if ¢ = b) such that x(t) = y(t) foreach t € [a,c).

In Theorems 4.6-4.12 below, we assume that the mapping ® : C"[a,b] — Q[L}[a,b]]
has Property 4. Due to Corollary 3.19, the mapping ® : C"[a, b] — IT[L}[a, b]] given by (3.25)
is lower semicontinuous. Due to [27, 28], the mapping ® : C'[a,b] — IT[L}[a,b]] admits a
continuous selection. Therefore, the following propositions on local solutions of the problem
(4.1) are straightforward.

Theorem 4.6. There exists T € (a,b] such that a generalized solution of the problem (4.1) is defined
on the interval [a, T].

Theorem 4.7. A generalized solution x : [a, c) — R”" of the problem (4.1) admits a continuation if and
only if im _,c_o|x(t)| < oo.

Theorem 4.8. If y is a generalized solution of the problem (4.1) on the interval [a, T], T € (a,b), then
there exists a nonextendable solution x of the problem (4.1) defined on the interval [a,c) (c € (7,b]),
or on the entire interval [a, b], such that x(t) = y(t) for each t € [a, T].

Let H(xo, T) be the set of all generalized solutions of the problem (4.1) on the interval
[a,T] (T € (a,b]).
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We say that generalized solutions of the problem (4.1) admit a uniform a priori estimate
if there exists a number r > 0 such that for every 7 € (a,b], there is no generalized solution
y € H(xo, 7) satisfying [[y|lcr[az > T

Theorems 4.6—4.8 yield the following result.

Theorem 4.9. Let the generalized solutions of the problem (4.1) admit a uniform a priori estimate.
Then H (xo,T) # @ for any T € (a,b] and there exists a number r > 0 such that ||y||ca(ar) < 7 for any
T € (a,b], y € H(x,T).

Definition 4.10. One says that a mapping @ : C"[a,b] — QI[L}[a, b]] has Property I'; if there
exists an isotonic continuous operator Iy : Cl[a,b] — Ll[a,b] satisfying the following condi-
tions:

(i) for any function x € C"[a, b] and any measurable set % C [a, b], one has

@)

Ly S |T1(Zx) ”L}(u)r (4.9)
where the continuous mapping Z : C"[a,b] — Cl[a,b] is given by
(Zx)(t) = |x(t)|; (4.10)
(ii) the local solutions of the problem
y=T1(y),  y(a)=|xo] (4.11)
admit a uniform a priori estimate.

Lemma 4.11. Suppose that a multivalued mapping ® : C"[a,b] — Q[L'[a, b]] has Property I'y. Then
so does the mapping @ : C"[a,b] — II[L}[a,b]] given by (3.25).

Proof. It suffices to show that

||dec @(x)

Ly S ”rl(zx)”L}(u) (4.12)

for any function x € C"[a,b] and any measurable set U C [a,b]. Indeed, let a function y €
dec ®(x) be as in (3.1). By (4.9),

f [5(9)|ds < I0(Z) |y g (4.13)
y/Fav/k
foreachi=1,2,...,m. Hence, we have that for the function y € dec ®(x), the estimate

LA y(©ds < [T (Z2) 30 (4.14)

is satisfied as well. This gives the inequality (4.12). The proof is complete. O

Let a continuous operator © : D"[a,b] — Cl[a, b] be given by

t
(©z)(t) = |z(a)| +J‘ |z(s)|ds. (4.15)
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Theorem 4.12. Suppose that a mapping ® : C"[a,b] — Q[LY[a,b]] has Property T'1. Then the set
H (xo,7) is nonempty for any T € (a,b] and there exists a number r > 0 such that ||yl crje - < 1 for
any y € H(x,T), T € (a,b].

Proof. Indeed, let x € H(xo, T) (7 € (a,b]). From Lemma 4.11, it follows that for any f € [a, T],

t t
(©x)(t) < |x0] +J‘ (T1(Zx))(s)ds < |xo| +I (T1(©x))(s)ds, (4.16)

where the function Ox is given by (4.15). Due to the theorem on integral inequalities for an
isotonic operator (see [29]), this implies that we actually have Ox < ¢,, where ¢ is the up-
per solution of the problem (4.11). Thus, there is no x € H/(xy, ) satisfying the inequality
Ixllcrpar; > NSollciap)- From this, it follows that the set of all local generalized solutions of
the problem (4.1) admits a uniform a priori estimate. Applying Theorem 4.9 completes the
proof. O

Let a linear continuous operator A : L} [a, b] — C"[a, b] be given by

(Az)(t) = ft z(s)ds, te€]a,b]. (4.17)

We say that A : LY[a, b] — C"[a, b] is the operator of integration.

Theorem 4.13. Let the set of all local generalized solutions of the problem (4.1) admit a uniform a
priori estimate. Suppose also that ® : C"[a,b] — Q[L[a, b]] has Property C. Then for any function
v € L{[a,b] and any ¢ > 0, there exists a generalized solution x € D"[a, b] of the problem (4.1) such
that

=2l < Pryo [0, dec D(x)] + ep(U) (4.18)

for any measurable set U C [a, b].
If @ : C"[a,b] — Q(Q[L}[a,b]]), then the theorem is also valid for € = 0.

Proof. Let ® : C"[a,b] — QIL}[a,b]] have Property C. Then by Corollary 3.19, the map-
ping ® : C'[a,b] — IT[L[a,b]] given by (3.25) is continuous. Therefore (see [30-32]),
given a number £ > 0 and a function v € L7[a,b], there exists a continuous mapping
¢ : C"[a,b] — Li[a,b] satistying ¢(y) € ®(y) and

lo(y) —o v < Pua [0, dec D(y)] + eu(U) (4.19)
for any y € C"[a,b] and any measurable set # C [a,b]. It follows from Theorem 4.9 that
H(x,7) # @ for any 7 € (a,b], and that there exists a number r > 0 such that |[y|lcifs) < 7
for each 7 € (a,b], y € H(xo, 7). Now, we show that there exists x € H (xo, b) satisfying (4.18).
Consider the problem

x € dec ®(W,(x)), x(a) =xyp (xo€R"), (4.20)
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where the continuous mapping W, : C"[a, b] — C"[a, b] is given by

x(t) if |x(t)| <r+2,
(Wrx)(®) = l’ ?t)zl x(t) i |x()] > r+2. (4.21)
X

We denote by H(W) the set of all solutions of the problem (4.20). Let us show that H(W) =
H (x0,b). It follows from the definition of the mapping W, : C*[a,b] — C"[a,b] (see (4.21))
that H (xo,b) ¢ H(W). Let us prove that H(W) C H(xo,b). Assume the converse. Then there
exists y € H(W) such that [|y|cu[, ) > 7+2. Since y(a) = xo, we have [y (a)| < r+2. This implies
that there exists a number 7 € (a,b] such that [|y|:||csjz-] = 7 + 1 (¥l is the restriction of the
function y to [a, T]). By (4.21), we have y|, € H(xo, 7). This contradicts to the definition of the
number r. Hence, H (xo,b) = H(W). Consider a continuous operator ¥ : C"[a,b] — C"[a, b]
given by

¥(x) = x0 + Ap(W,(x)), (4.22)

where the operator A : L} [a, b] — C"[a, b] is the operator of integration defined by (4.17), and
¢ : C"[a,b] — L}[a,b] is a continuous selection of the mapping @ : C"[a,b] — II[L}[a, b]]
given by (3.25). The function ¢ ia also assumed to satisfy (4.19). Since the operator W, :
C"[a,b] — C"[a,b] is bounded, we obtain that the image ¥(C"[a,b]) is a relatively compact
subset of C"[a, b]. Hence, the set U = co ¥(C"[a, b]) is a convex compact set. Since the operator
¥ : C"[a,b] — C"[a,b] given by (4.22) takes the set U into itself, we have, by Schauder theo-
rem, that the mapping ¥(-) has a fixed point. This fixed point x is the solution of the problem
(4.20). It follows from the above equality H(W) = H(xo, b) that this solution x € H(W) is a
generalized solution of the problem (4.1). Since X = ¢(x), we see that (4.19) implies (4.18).

Let us prove the second statement of the theorem. Let @ : C"[a,b] — Q(Q[L}[a,b]]).
Suppose also that @ has Property C. Then by Lemma 3.9, ®:C"[a,b] — Q(II[LY[a,b]]). Hence
for eachi=1,2,..., there exists a generalized solution x; € D"[a, b] of the problem (4.1) such
that for any measurable set U C [a,b], the inequality (4.18) is valid for X = %; and € = 1/i.
Since the set H (xo, b) is bounded, we see that the sequence {x;} is weakly compact in L} [a, b].
Without loss of generality, it can be assumed that x; — x weakly in L}[a,b] and x; — x in
C"[a,b] as i — co. Let us show that x is a generalized solution of the problem (4.1). In other
words, we have to prove that x € dec ®(x). Assume that the functions Yi € dec®(x), i =
1,2,..., satisfy

”yi =X L[ab] = PLi[ap] [a’ci;@d)(x)] (4.23)

(as dec D (x) € IT[L}[a, b]], these functions do exist). It follows from (4.23) that

i = %ill g < PLitat [dec @(x;); dec®(x)]. (4.24)
Since the mapping @ : C"[a, b] — Q(TI[L}[a, b]]) given by (3.25) is continuous, we obtain, by
(4.24), that y; — &; — 0in L [a, b] as i — oo. Since x; — % weakly in L}[a, b] as i — oo, we have
that y; — x weakly in L{'[a,b] as i — oo. Therefore, the convexity of the set dec ®(x) implies
that x € E(D(x) (see [21]). Thus, x is a generalized solution of the problem (4.1).
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Further, let us show that (4.19) holds for the solution x and for £ = 0. Since x; — X
weakly in LY[a,b] as i — oo, we have, by [21], that for each m = 1,2,..., there exist numbers

i(m), J\]’-” 2 0,j=1,2,...,i(m), satisfying the following conditions: >, ;(:;l)k;” = 1; the sequence
B, =3 ;.(z”f))g?ixjm} tends to x in L{[a, b]. Since

i(m)

Lfab] z; A7 1% 4m = 2l ooy (4.25)
]:

|x -

L} [ab] < ”x _ﬂm

foreachm =1,2,..., it follows, due to the choice of the sequence {x;}, that

1% = 0llpapy < 1% = Blliogasy + iﬁ)‘;ﬂpq[a,b] [v; dec ®(xjm)] + (b - a)g)l?j +1m (4.26)
i= i=
foreachm=1,2,....
Since
%i_I)IOIOPL;'[a,b] [U;d_ec(D(xi)] = Prrfab] [v;d_ec(D(x)], (4.27)
it follows that letting m — oo in the previous inequality, we obtain
5 = 0ll g 01 = Prygas [0: dec @)]. (4.28)

Finally, note that by the decomposability of the set dec ®(x), this equality holds for any mea-
surable set U C [a, b]. This completes the proof. O

Theorems 4.12 and 4.13 yield the following result.

Corollary 4.14. Suppose that a mapping ® : C"[a,b] — Q[L}[a,b]] has Properties I'y and C. Then
for any function v € L}[a,b] and any € > 0, there exists a generalized solution x € D"[a,b] of the
problem (4.1) such that (4.18) holds for any measurable set U C [a, b].

If @ : C"[a,b] — Q(Q[L}[a,b]]), then the corollary is also valid for € = 0.

Remark 4.15. Consider the convex compact set U = cow(Cr [a,b]) C C*[a,b], where the map-
ping ¥ : C"[a,b] — 2¢"[#] is given by

¥ (x) = x0 + AD(W,(x)). (4.29)

Here, the operators ®:C"[a,b] — II[L}[a,b]] and W, : C"[a,b] — C"[a, b] are determined by
(3.25) and (4.21), respectively. If a number r > 0 is such that ||y||ci(, ) < 7 for any 7 € (a,b],
y € H(xo,T), then due to the the coincidence of the sets H(W) and H (xy, b) (see the proof of
Theorem 4.13), H(xy,b) Cc U.

Definition 4.16. Given ¢ > 0, p > 0, u € Ll[a,b], one says that a mapping ® : C"[a,b] —
Q[LY[a, b]] has Property Fg’g'p if there exists an isotonic and continuous Volterra operator I'; :
Cl[a,b] — Ll[a,b] satisfying the following conditions:
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(i) I2(0) =0;
(ii) for any functions x,y € C"[a, b] and any measurable set % C [a, b], one has

hiy [CD(X);CD(y)] < ”r2 (Z(x-y) ”L}(?A)’ (4.30)

where the continuous mapping Z : C"[a,b] — Cl[a, b] is determined by (4.10);
(iii) the set of all local solutions of the problem

y=u+e+o(y), yla)=p, (4.31)
admits a uniform a priori estimate.

Given y € D"[a,b] and » € L![a, b], the following estimate will be used in the sequel:

P [1:@(Y)] < fu »(s)ds (4.32)

for each measurable set U C [a, b].

Theorem 4.17. Let functions y € D"[a,b] and s € Ll[a,b] satisfy the inequality (4.32) for each
measurable set U C [a,b]. Suppose that a mapping ® : C"[a,b] — Q[L}[a,b]] has Property 1"; o
wheree > 0, p = |xo—y(a)|, and x is the initial condition of the problem (4.1). Then for any generalized
solution of the problem (4.1) satisfying

|-y wan S P [y';d_ec(l)(x)] +ep(U) (4.33)

for any measurable set U C [a, b], the following conditions are satisfied:
ey
O(x - y)(t) <50 ,p) (1) (4.34)

for each t € [a,b], where the function &(3,¢,p) € D'[a,b] is the upper solution of the problem
(4.31) for u = scand p = |xo — y(a)|, and the mapping © : D"[a,b] — Cl[a,b] is given by
(4.15);

2)

|x() — g ()| < 3(t) +e+ (T2(E(e,6,p))) (1) (4.35)
for almost all t € [a, b].

Proof. First, note that since the mapping @ : C"[a,b] — Q[L}[a,b]] has Property I’; Pt
follows from Theorem 3.18 that so does the mapping @ : C"[a,b] — IT[L}[a,b]] determined
by (3.25). Further, the inequality (4.33) yields that

(B Ly S P [; dec D(y)] + huzaq [dec D(y); dec D(x)] +eu(U) (4.36)

for any measurable set % C [a, b].
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Remark 4.15 and relations (4.36), (4.32), and (4.30) imply that for any measurable set
U C [a,b], we obtain the inequality

|-y Ly < fu (5e(s) +e+T2(Z(x-y))(s))ds, (4.37)
where the mapping Z : C"[a,b] — Cl[a,b] is given by (4.10). It follows from this inequality
that

[x(t) —g(t)| < 2(t) + e+ T (Z(x—y)) () (4.38)

for almost all f € [a, b]. Since Z(x — y)(t) < O(x —y)(t) for all t € [a, b] (see (4.10), (4.15)) and
the operator I'; : CL[a,b] — Ll[a,b]] (see (4.38)) is isotonic, we have that

|x(t) =y ()| =O(x —y)(t) < 3(t) + e+ T2 (O(x —y)) (1) (4.39)

for almost all t € [a, b]. Therefore, (4.39) and the theorem on differential inequalities with an
isotonic operator (see [29]) imply (4.34) for any t € [a, b]. The inequality (4.35) follows from
(4.34) and (4.39). The proof is complete. O

Theorems 4.13 and 4.17 yield the following result.

Theorem 4.18. Let functions y € D"[a,b] and s € LL[a,b] satisfy (4.32) for each measurable set
U C [a,b]. Suppose that a mapping ® : C"[a,b] — Q[L[a,b]] has Property T;’E’p, where € > 0,
p = |xo—y(a)|, xo is the initial condition in the problem (4.1). Let the set of all local generalized solutions
of the problem (4.1) admit a uniform a priori estimate. Then for € > 0, there exists a generalized solution
x € D"[a, b] of the problem (4.1) which satisfies (4.34) and (4.35) for all t € [a, b] and for almost all
t € [a, b], respectively.

If @ : C"[a,b] — Q(Q[L}[a,b]]), then the theorem is also valid for € = 0.

Corollary 4.19. Let functions y € D"[a,b] and > € Ll[a,b] satisfy (4.32) for each measurable set
U C [a,b]. Suppose that a mapping @ : C"[a,b] — Q[L[a,b]] has properties I'y and T}’ P where
€>0,p = |xo—y(a)|, xo is the initial condition in the problem (4.1). Then for € > O, there exists a
generalized solution x € D" [a, b] of the problem (4.1) which satisfies (4.34) and (4.35) for all t € [a, b]
and for almost all t € [a, b], respectively.

If @ : C"[a,b] — Q(Q[L}[a,b]]), then the corollary is also valid for € = 0.

Remark 4.20. It follows from the proof of Theorem 4.17 that Theorems 4.17, 4.18, and
Corollary 4.19 are also valid if the functions y € D"[a,b] and 5 € L [a, b] satisfy

Prio [: decd(y)] < fu w(s)ds (4.40)

for each measurable set U C [a, b].

Definition 4.21. An absolutely continuous function x € D"[a, b] is called a generalized quasiso-
lution of the problem (4.1) if there exists a sequence of functions x; € D"[a,b],i=1,2,...,such
that the following conditions hold:
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(i) xi > xin C"[a,b] asi — oo;
(ii) x; € dec®(x) and x;(a) = xo foreachi=1,2,....

Note that by Lemma 3.7, if the set ®(x) mentioned in Definition 4.21 is decomposable,
then a generalized quasisolution coincides with a quasisolution defined in [9, 33], where ®(-)
is the Nemytskii operator. Note also that this definition of a generalized quasisolution differs
from the definition of a quasitrajectory given in [9, 33, 34] due to the condition %; € dec ®(x).
Using Definition 4.21, we can obtain more general results on the properties of quasisolutions
(see Remark 4.23). Moreover, this definition is more suitable for applications.

Let H#(x¢) be the set of all generalized quasisolutions of the problem (4.1).

We define a mapping @ : C"[a,b] — Q(TI[LY[a, b]]) by the formula

Do (x) = co(dec D(x)). (4.41)

We call @, : C" [a,b] — Q(II[L}[a, b]]) the convex decomposable hull.
Consider the problem (4.1) with the convex decomposable hull D : C"[a,b] —
Q(II[LY[a,b]]) given by (4.41) leading to

% € Do (x), x(a) =xo (xo €R™). (4.42)

Let Hco(x0, T) be the set of all solutions of the problem (4.42) on the interval [a, 7] (T €
(a,b]).

Theorem 4.22. H(xg) = Heo(x0,b).

Proof. First, we will show that He(xp,b) C H(xg). Let x € Heo(xo,b). By [35], for x €
L}[a,b], there exists a sequence y; € dec®(x), i = 1,2,..., such that y; — % weakly in
Li[a,b] as i — oo. This implies that x; = xo + Ay; — x in C"[a,b] as i — oo, where
A :L}[a,b] — C"[a,b] is the operator of integration (see (4.17)). Hence, He,(x0,b) C H(x0).
Let us now prove that H#(xg) C Heo(x0,b). Let x € H(x9). Then there exists a sequence
x; € D"[a,b],i = 1,2,..., satisfying the following conditions: (1) x; € d_ec(D(x) (see (4.41))
and x;(a) = xp foreachi = 1,2,...; (2) x; = x in C"[a,b] as i — oo. Since the sequence x;,
i=1,2,...,1is weakly compact, we can assume without loss of generality that x; — X weakly
in L{[a,b] asi — oo. Since %; € &)co(x) (see (4.41)), it follows that x € &)co(x) (see [21]). Hence
x € Heo(x0,b) and therefore J#(xg) C Heo(x0, D). O

Remark 4.23. Theorem 4.22 may still remain valid even if the mapping ® : C"[a,b] —
Q[L}[a,b]] is discontinuous and its image ®(B) is not integrally bounded for every bounded
set B C C"[a,b]. The proof of Theorem 4.22 is only based on the fact that every value of this
mapping is integrally bounded, rather than on the assumption that @ is a Volterra operator.

Definition 4.24. One says that a compact convex set U C C"[a, b] has Property D if H#(xo) C U,
and for any x € H#(xg), there exists a sequence of absolutely continuous functions x; : [a,b] —
R",i=1,2,...,such that

(i) x; = xin C"[a,b] as i — oo;
(ii) x; e U, x; € dec®(x) and x;(a) = xp foreachi=1,2,....
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Lemma 4.25. Suppose that the set of all local solutions of the problem (4.41) admits a uniform a priori
estimate. Then, there exists a set U C C"[a, b] satisfying Property 9.

Proof. 1t follows from Theorem 4.22 and Remark 4.15 that the set U = _o‘i'(C"[a, b]) has Prop-
erty ®. Here, the mapping ¥ : C"[a,b] — 2€"[ab] is determined by (4.29), where ®(-) =
q)co(')'

Lemma 4.26. Let sets ®; € TI[L}[a,b]], i = 1,2, satisfy ®; = S(F;(+)), i = 1,2, where F; : [a,b] —
comp [R"] are measurable mappings. Then for any measurable set U C [a, b], one has

[

hur ) [@1; @] < I h[Fi(t); Fa(t)]dt < 2hir g [@1; 2] (4.43)
u

Proof. Let U C [a, b] be a measurable set. Put

U= {teU:h"[Fi(t); F2(t)] > h*[Fa(t); F1(t)] }. (4.44)

The set % C U is measurable. Since

f h[Fi(t); Fo(t)]dt = f h*[Fi(t); Fa(t)] dt + f Kt [Fa(t); Fi(t)]dt, (4.45)
u u w\u
we have

IM h [Fl (t),‘ Fz(t)] dt = h]t;’(?:t) [(Dl,' (Dz] + h]t;‘(%\?:{) [(I)z,' (Dl] . (446)
This implies (4.43), and the proof is completed. O

Let F : [a,b] — comp [R"] be a measurable mapping. Let a mapping coF : [a,b] —
comp [R"] be defined by

(coF)(t) = co (F(t)). (4.47)

Corollary 4.27. Let sets ®; € I1[L}[a,b]], i = 1,2, satisfy ®; = S(F;(-)), i = 1,2, where F; : [a,b] —
comp [R"] are measurable mappings. Then for any measurable set U C [a, b], one has

hvr [co(®,);c0(D,)] < 2hyr [@; D). (4.48)
Proof. By [35], we have that co(®;) = S(coF;(-)), i = 1,2. Therefore,
s 0 [(®1); T (®)] < fu h[(coFy) (£); (coFs) ()]t (4.49)
for any measurable set % C [a, b]. Since, for any measurable set % C [a,b],
fu h[(coFy) (8); (coFy) (8] dt < IM R[(FL) (); (E2) (D] dt, (4.50)

we obtain, due to (4.43), the inequality (4.48). O
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Definition 4.28. One says that a mapping @ : C"[a, b] — Q[L}[a, b]] has Property I's if Property
rg,o,o is satisfied and the following conditions hold:
(i) [2(0) = 0;
(ii) on every interval [a, 7] (T € (a,b]), there exists a unique zero solution of the problem
(4.31), whereu =0, =0,p = 0.

Theorem 4.29. Suppose that the set of all local generalized solutions of the problem (4.1) admits a
uniform a priory estimate. Suppose also that a mapping @ : C"[a, b] — Q[L[a, b]] satisfies Property
Ts. Then, H(xo,b) # & and

H(JCO, b) = HCO (XO, b), (451)
where H (xy, b) is the closure of the set H (xo,b) in C"[a, b].
Proof. Let us first prove that the set He,(xp) is closed in C"*[a, b]. Indeed, suppose that a se-
quence x; € Heo(x0), 1 = 1,2,..., tends to x in C"[a,b] as i — oo. Since the sequence {x;} is

integrally bounded, it follows that x; € D"[a,b] and %; — x weakly in L{[a,b] as i — oo. For
eachi=1,2,...,let the function z; € &)Co(x) satisfy

-

Li[ab] = PL[ab] [%i; Do ()], (4.52)

where @, : C"[a,b] — Q(IT[LY[a, b]]) is the convex decomposable hull given by (4.41). Since
the mapping @ : C"[a,b] — II[L}[a,b]] given by (3.25) is Hausdorff continuous, it follows
from (4.48) that so is the mapping &)CO(x) : C"[a,b] — Q(IT[L}[a,b]]). Therefore, (4.52) implies
that &; — z; — 0in L[a,b] as i — oo. Hence, z; — % weakly in L}[a,b] as i — oo. Since the set
éco(x) is convex, we have (see [21]) that x € &)CO(x). Therefore, the set He,(xg) is closed in
C"[a,b].

Now, let us prove the equality (4.51). The closedness of the set Hc,(xg) yields that
H(x9,b) C Heo(x0). Further, let us show that He(xp) C H(xp,b). Suppose x € Hco(xp). Then
from Theorem 4.22, it follows that there exists a sequence y; € D"[a,b],i = 1,2,..., such that
Yi € Ef>(x), yi(a) =xp,i=1,2,... (xois the initial condition in the problem (4.1)) and y; — x in
C"[a,b] as i — oo. Since the mapping @ : C"[a,b] — Q[L}[a, b]] has Property I's, we see that,
due to (4.30),

P [y @(vi)] < hvr [@(x); D(yi)] < ,[u (T2(Z(x - yi))) (s)ds (4.53)

for each i = 1,2,... and any measurable set # C [a,b]. Here, the operator Z : C"[a,b] —
C![a,b] is given by (4.10). Since the mapping I'> : CL[a, b] — Ll[a,b] is continuous and I';(0) =
0, we have that 5; = I'»(Z(x-y;)) — 0in L}[a,b] as i — oo. Since the problem (4.31) with u = 0,
¢ =0, and p = 0 only has the zero solution on each interval [a, 7] (T € (a,b]), we see that the
set of all local solutions of the problem (4.31) with u = 5, € = 1/i, and p = 0 admits a uniform
a priori estimate starting from some i = 1,2,... (see [36]). Renumerating, we may assume
without loss of generality that this holds true for alli = 1,2, .... This implies (see [29]) that for
eachi =1,2,..., there exists the upper solution ¢(s,1/1,0) of the problem (4.31) with u = s,
€ = 1/i,and p = 0. Hence, it follows from Theorem 4.18 that for each i = 1,2, ..., there exists
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a generalized solution x; € D"[a, b] of the problem (4.1) satisfying O(x; — y;) < &(34,1/i,0),
where the continuous operator © : D"[a, b] — Cl[a,b] is given by (4.15). Since &(»;,1/i,0) — 0
in C!'[a,b] as i — oo, we have that O(x; - y;) — 0 asi — oo. Since y; — x in C"[a,b] as
i — oo, we see that x; — x in C"[a,b] as i — oo. Therefore, x € H(xp,b) and consequently
Heo(x0) € H(x0,b). This yields (4.51). The proof is complete. O

Corollary 4.30. Suppose that a mapping @ : C"[a,b] — Q[LY[a, b]] has Properties I'y and I's. Then
H(xo,b) # @ and the equality (4.51) is satisfied.

Remark 4.31. If the solution set of a differential inclusion with nonconvex multivalued map-
ping is dense in the solution set of the convexified inclusion, then such a property is called the
density principle. The density principle is a fundamental property in the theory of differential
inclusions (see [13]). Many papers (e.g., [3, 4, 6, 10-12, 23-25, 29-32, 37-39]) deal with the jus-
tification of the density principle. Theorem 4.29 and Corollary 4.30 justify the density principle
for the generalized solutions of the problem (4.1).

5. Generalized approximate solutions of the functional differential equation

Approximate solutions are of great importance in the study of differential equations and inclu-
sions (see [4, 40-43]). They are used in the theorems on existence (e.g., Euler curves) as well
as in the study of the dependence of a solution on initial conditions and the right-hand side
of the equation. In [40, 41], the definition of an approximate solution of a differential equation
with piecewise continuous right-hand side was given, using so-called internal and external
perturbations. This definition not only deals with small changes of the right-hand side within
its domain of continuity, but also with the small changes in the boundaries of these domains. A
more general definition of an approximate solution, which can be used not only for the study of
functional differential equations with discontinuous right-hand sides but also for differential
inclusions with upper semicontinuous convex right-hand sides, was given in [4]. In this paper,
the following important property was justified for such an inclusion: the limit of approximate
solutions is again a solution of functional differential inclusion. In the present paper, we in-
troduce various definitions of generalized approximate solutions of a functional differential
inclusion. The main difference of our definitions from the one given in [4] is that the values of
a multivalued mapping are not convexified. Due to this, the topological properties of the sets
of generalized approximate solutions are studied and the density principle is proven.

Since a generalized solution of the problem (4.1) is determined by the closed decom-
posable hull of a set, it is natural to raise the following question: how robust is the set of the
generalized solutions of (4.1) with respect to small perturbations of dec ®(x)? It follows from
Remark 3.10 that constructing @CD(x) for each fixed x € C"[a,b] is equivalent to finding a
measurable, integrally bounded mapping A, : [a,b] — comp [R"] satisfying

dec®(x) = S(AL(")). (5.1)

The mapping Ay : [a,b] — comp [R"] is, in the sequel, written as A : [a,b] x C"[a,b] —
comp [R"] and called a mapping generating the mapping @ : C"[a,b] — II[L}[a, b]] given by
(3.25).

Denote by K([a, b] x [0, o0)) the set of all continuous functions 7 : [a, b] x [0, 00) — [0, o)
satisfying the following conditions:
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(1) for each 6 > 0, 7(-,6) € Li[a, b];

(2) for each 6 > 0, there exists a function f,(-) € L% [a,b] such that 7(t,7) < pg(t) for almost
allt € [a,b] and all T € [0, 6];

(3) lim s_0401(t, 6) = 1(t,0) = 0 for almost all t € [a, b].

Since the mappings A(-,-) and @(-) are related by the equality (5.1), we have that the
robustness of the set of the generalized solutions of (4.1) with respect to small perturbations
of dec ®(x) can be studied via the robustness properties of A. Assume that the perturbation
Ay (t,x,06) (e.g., an error in measurements of A(t, x)) is given by

Ayt x,6) = (A, %)), (5.2)

where 7(-,-) € K([a, b] x[0,0)) (here, (A(t, x))1*) is an 1-neighborhood of the set A(¢, x), see
Preliminaries).
Note that (5.2) yields

R[A,x); Ag(E x,6)] = n(t,6) (5.3)
for all (¢, x) € [a,b] x C*[a, b]. Thus, (5.3) implies that

éin:oh [A(t,x); Ay(t,x,6)] =0 (5.4)

for each function 7(:,-) € K([a,b] x [0, 0)), almost all t € [a, b], and all x € C*[a, b]. Therefore,
all mappings A : [a,b] x C"[a,b] x [0,00) — comp [R"] defined by (5.2) and depending on
7(-,-) € K([a,b] x [0, o0)) are close (in the sense of (5.4)) to the mapping A : [a,b] x C"[a, b] —
comp [R"]. The mapping A, : [a,b] x C"[a,b] x [0, 0) — comp [R"] is called the approximating
operator.

We define a mapping &)q : C"[a,b] x [0, 00) — IT[L}[a,b]] by the formula

D, (x,6) = S(A,(-,x,6)), (5.5)

where the operator A, : [a,b] x C"[a, b] x [0,00) — comp [R"] is given by (5.2). The equalities
(5.3) and (5.5) imply that

_ - b
hugton [By(, 68 = [, 6)at (56)

for any x € C"[a, b].
It follows from (5.6) and the Lebesgue theorem that
Jim hujap (@, (x,6); D(x)] =0. (57)
Thus, all mappings é,l : C"[a,b] x [0,00) — TI[L}[a,b]] defined by (5.2) and (5.5) and

depending on 7(-,-) € K([a,b] x [0,0)) are close (in the sense of (5.7)) to the mapping @ :
C"[a,b] — I1[L}[a,b]] given by (3.25).
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Lemma 5.1 (see [6]). Let X be a normed space and let U C X be a convex set. Then
hx [BX [xl,ﬁ] NU; Bx [JCQ, 1’2] N U] < ||x1 - XQ”X + |T'2 - T1| (58)

forall x1,x, € U and all r1, 1, > 0.

Denote by P(C"[a, b] x [0, o)) the set of all continuous functions cw : C*[a, b] x [0, c0) —
[0, o0) such that w(x,0) = 0 for any x € C"[a, b] and w(x, 6) > 0 for any (x,6) € C"[a, b]x(0, o).

Let U c C"[a,b] be a closed convex set and let w(-,-) € P(C"[a,b] x [0, o0)). We define a
multivalued mapping My (w) : U x [0, 00) — Q(U) by

My (w)(x,06) = Benfap [x,w(x,6)] NnU. (5.9)

The inequality (5.8) yields the following result.

Lemma 5.2. Let U C C"[a,b] be a closed convex set and let w(-,-) € P(C"[a,b] x [0,00)). Then, a
multivalued mapping My (w) : U x [0, 00) — Q(U) given by (5.9) is Hausdorff continuous.

We define a mapping ¢, (w) : [a,b] x U x [0,00) — [0, o) by the formula

pu(@(tx,6)= sup  h[A(Lx);A®Y)], (5.10)
yeMy (w)(x,5)

where the mapping My(w) : U x [0,00) — Q(U) is given by (5.9) and the mapping A :
[a,b] x C"[a, b] — comp [R"] generates the mapping ) given by (3.25).

It is natural to address the value of the function ¢, (w)(, -, -) at the point (¢, x, 6) € [a, b] x
U x [0,00) as the modulus of continuity of the mapping A : [a,b] x C"[a,b] — comp [R"] at
the point (f,x) with respect to the variable x € U. We call the function w(:,-) the radius of
continuity, while the function ¢ (-, -,-) itself is called the modulus of continuity of the mapping
A : [a,b] x C*"[a, b] — comp [R"] with respect to the radius of continuity cw(-,-).

Definition 5.3. One says that a mapping @ : C"[a,b] — Q[L"[a, b]] has Property C if the map-
ping A : [a,b] x C"[a,b] — comp [R"] generating the mapping @ : C"[a,b] — TI[L}[a,b]]
given by (3.25) is Hausdorff continuous in the second variable for almost all f € [a, b].

Lemma 5.4. Suppose that for a mapping @ : C"[a,b] — Q[L"[a, b]], there exists an isotonic contin-
uous operator T : Cl[a,b] — Ll [a,b] satisfying the following conditions:

(i) I'(0) = 0;
(ii) the inequality (4.30), where I'; =T, is satisfied for any x,y € C*[a, b] and any measurable set
UC[a,b].

Then the mapping ®(-) has Property C.

Proof. Let x; — x in C"[a, b] as i — oo. Let us show that

Emh[A(t,x;); A(t,x)] =0 (5.11)

1—00

for almost all ¢ € [a,b].
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Foreachi=1,2,..., puty; = supj>i||x]- = X||cnjqp)- Due to Theorem 3.18, (4.43), and the

isotonity of the operator I : Cl[a,b] — Ll[a,b], for eachi =1,2,... and almost all t € [a,b],
we have

h[A(t xi); A(t,x)] <2T(Z(xi —x)) () < 2T (yi) (¢). (5.12)

Since the sequence I'(y;),i =1,2,..., decreases, we obtain, due to the continuity of the mapping
I'(-) and the equality I'(0) = 0, the equality (5.11). This completes the proof. O

Lemma 5.5. Let U be a nonempty, convex, compact set in the space C"[a,b] and let w(-,-) €
P(C"[a,b] x [0,00)). Suppose also that a mapping ® : C"[a,b] — Q[L}[a,b]] has Property C.
Then the mapping ¢, (w) : [a,b] x U x [0, o) given by (5.10) has the following properties:

(i) ¢y (w) (-, x,06) is measurable for any (x,6) € U x [0, 0);
(ii) ¢ (t,-,-) is continuous on U x [0, o) for almost all t € [a,b];
(iii) for any x € U and for almost all t € [a, b],

H}(}gr; O+otpu(w)(t, x,06) =0; (5.13)
(iv) there exists an integrable function py : [a,b] — [0, 00) such that ¢ (w)(t, x,6) < pu(t) for
almost all t € [a,b], any x € U, and all 6 € [0, o).

Definition 5.6. Let U C C"[a, b]. One says that the function 7(-,-) € K([a, b] x [0, 00)) provides
on U a uniform with respect to the radius of continuity w(:,-) € P(C"[a,b] x [0, 0)) estimate
from above for the modulus of continuity of the mapping A : [a,b] x C"[a, b] — comp [R"]; if
for any € > 0 there exists 6(¢) > 0 such that for almost all t € [a,b], all x € U, and 6 € (0,6(¢)],
one has

oy (w)(t,x,6) <1t e), (5.14)
where ¢; : [a,b] x U x [0,00) — [0, %) is given by (5.10).

LetU c C"[a,b] and w(-,-) € P(C"[a,b] x [0, 0)). One defines a function Ay (w) : [a, b] x
[0, 00) — [0, o) by

Au(w)(t, 6) = sup ¢, (w)(t, x,0). (5.15)
xel

Lemma 5.1 yields the following result.

Corollary 5.7. Let U be a nonempty, convex, compact set in the space C"[a,b] and let w(:,-) €
P(C"[a,b] x [0,0)). Suppose also that a mapping @ : C"[a, b] — Q[L][a, b]] has Property C. Then
the mapping Ay (w) : [a,b] x[0,00) — [0, 0o) given by (5.15) belongs to the set K([a, b] x [0, o0)) and
provides a uniform (in the sense of Definition 5.6) estimate from above for the modulus of continuity of
the mapping A : [a, b] x C*[a, b] — comp [R"].

Remark 5.8. Corollary 5.7 yields that if U is a nonempty, convex, compact set in the space
C"[a,b] and a mapping ® : C"[a,b] — Q[L![a,b]] has Property C, then for a given w(-, ) €
P(C"[a,b] x [0, x0)), there exists at least one function 7(-,-) € K([a, b] x [0, o0)) that provides a
uniform (in the sense of Definition 5.6) estimate from above for the modulus of continuity of
the mapping A : [a,b] x C"[a,b] — comp [R"].
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Let 5(:,-) € K([a,b] x [0,00)). For each 6 € [0, o0), consider the initial value problem
X ED,(x,6), x(a)=xy (x0€R"), (5.16)

where the mapping &),1 : C"[a,b] x [0, 0) — IT[L}[a,b]] is given by (5.1) and (5.5).

Since the operator @ : C'[a,b] — IT[L}[a,b]] given by (3.25) is a Volterra operator, we
see that the mapping A : [a,b] x C"[a,b] — comp [R"] has the following property: if x = y
on [a, 7] (T € (a,b]), then A(t,x) = A(t,y) for almost all ¢ € [a,7]. This property, (5.1), and
(5.4) imply that the operator &)71 : C"[a,b] x [0, 00) — IT[L}[a, b]] is a Volterra operator for each
6 € [0,0).

Any solution of the problem (5.16) with a given 6 > 0 is said to be a generalized 6-
solution (a generalized approximate solution with external perturbations) of the problem (4.1).
We denote by H, s (U) the set of all generalized 6-solutions of (4.1) belonging to U C C"[a, b].

Theorem 5.9. Suppose that a set U C C"[a,b] has Property ®. Then for any function n(-,-) €
K([a,b] x [0,00)) that provides a uniform (in the sense of Definition 5.6) estimate from above for
the modulus of continuity of the mapping A : [a, b] x C*[a, b] — comp [R"], one has

HCO(JCQ, b) = ﬂH,l((s)(U), (5.17)
6>0

where Hys) (U) is the closure of Hys (U) in C"[a, b].
Proof. First, let us prove that

Hco(xO/ b) c ﬂHTl(5)(U)‘ (5.18)
6>0

Let x € Hco(x0,b). Let us show that x is a limit point of the set Hy ) (U) for any 6 > 0. By
Theorem 4.22, x is a generalized quasisolution of the problem (4.1). Moreover, x € U. Since the
set U has Property ®, we see that there exists a sequence of absolutely continuous functions
xi : [a,b] — R", i =1,2,..., such that the following conditions hold: x; — x in C"[a,b] as
i— oo;x; €U, x € @@(x), and x;j(a) = xp for each i = 1,2,.... Suppose that (-,-) €
K([a,b] x [0, 0)) provides a uniform (in the sense of Definition 5.6) estimate from above for
the modulus of continuity of the mapping A : [a,b] x C"[a, b] — comp [R"]. Then there exists
iy such that ||x — xi||cu[p) < w(x,6) for eachi > i;. This implies that x; € Ber[ap) [x, w(x,6)] for
each i > i. Therefore, x; € My (w)(x, 6) for eachi > i;. By Definition 5.6, there exists a number
i > i1 such that

Py (W) (tx, [|x = xil | upfpy) < 1(EO) (5.19)

for any i > i, and almost all f € [a, b].
The inequality (5.19) yields that

plxi(t); A(t,x;)] < h[A(x); At xi)] < oy (w)(Ex, ||x - x;

ortapy) <1(E6) (5.20)

for each i > i; and almost all t € [a,b]. By (5.20), x; € Hys)(U) for each i > i,. This implies

that x is a limit point of the set Hy ) (U). Therefore, x € Hy)(U), and consequently (5.18), is
satisfied.
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Let us prove the opposite inclusion

() Hus)(U) € Heo(x0,b). (5.21)
6>0

Let x € ) s.0Hy6) (U). This implies that for each i = 1,2,..., there exists x; € Hy /i) (U)
satisfying [|x — Xil|cu[qp) < 1/i. Suppose that functions z; € dec ®(x) satisfy

|%:(8) - zi(8)| = plxi(8); A(t, x)] (5.22)

foreachi=1,2,... and almost all ¢ € [a, b]. Let us show that

}1_1}1; ||x1 - Zj L' [ab] =0. (523)

Since 7(-,-) € K([a, b] x [0, o0)), by the Lebesgue theorem, we have that

b 1
lim | g <t, ;)dt =0. (5.24)
By (5.22), the estimates
|%i(t) - ziB)] < R[A( %)™ A x)] < q(t, %) +h[A(t, x); At x)] (5.25)

are satisfied for eachi = 1,2,... and almost all ¢ € [a, b]. Therefore,

b

fb | i () — zi(t) | dt < f

a

1 - _
q(t, ;)dt +2hirap) [dec D(x); dec D (x;)] (5.26)

for each i = 1,2,.... By (5.24) and due to the continuity of the mapping oD : C"[a,b] —
[1[L}[a, b]] given by (3.25), we have (5.23).

Since x; — x weakly in L}[a,b] as i — oo, we have that z; — % weakly in L][a,b] as
i — oo. Therefore, by [21], x € @ (x) and hence x € H(xp,b). Thus, (5.21) is valid. Hence,
(5.17) holds and the proof is complete. O

Theorem 5.10. Suppose that a set U C C"[a, b] has Property D. Then,

H(xo,b) = DOH,I(g)(U) (5.27)

forany y(-,-) € K([a,b] x [0, 00)) if and only if the equality (4.51) is satisfied.

Proof. Let us prove the sufficiency. Assume that (4.51) holds. Let us show that the equality (5.27)
is satisfied for any function 7(-,-) € K([a,b] x [0, c0)). By the definition of the problem (5.16),
the inclusion

H(xo, b) C Hn(5)(U) (5.28)
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is satisfied for any & > 0. Therefore, for any 6 > 0, we have the inclusion

H (x0,b) € Hy s (U) (5.29)
and consequently the inclusion
H (x0,b) € [ Hye)(U) (5.30)
6>0

holds. Now, let us check that the opposite relation

(" Hye) (W) € H(xo,b), (5.31)
6>0

which is, by (4.51), equivalent to the inclusion

() Hys)(U) € Heo(x0,b), (5.32)
6>0

holds as well. The latter relation can be proven similarly to Theorem 5.9.
The necessity follows readily from Theorem 5.9. The proof is complete. O

Remark 5.11. Note that the equality (5.27) describes the robustness property of the set H (x, b)
with respect to external perturbations 7(-,-) € K([a,b] x [0, o0)). These external perturbations
(e.g., n(-,-) € K([a,b] x [0,00))) characterize an error in measurements of the values of the
mapping D : C"[a,b] — I1[L}[a,b]] given by (3.25).

On the other hand, each generalized solution x : [a,b] — R" of the problem (4.1) may
also be measured with a certain error. This error may be described by a function belonging
to the set P(C"[a, b] x [0, c0)) and it may be characterized by so-called internal perturbations,
which are defined below. Let us show further that internal perturbations influence essentially
the properties of generalized solutions of the problem (4.1).

We define a mapping Aey @ [a,b] x C"[a, b] — comp [R"] by

Aexi(t, x) = &(co A(t, x)), (5.33)

where A : [a,b] x C*[a,b] — comp[R"] is the mapping generating the operator
O : C"[a,b] — TI[L}[a,b]] given by (3.25); see the definition of ext(co A(t, x)) in Section 2.
Let us remark that the mapping Ay (-, x) is measurable (see [25]) and integrally bounded for
each x € C"[a, b].

Consider the operator Dy : C" [a,b] — IT[L}[a,b]] given by

Dot (x) = S(Aext( X)), (5.34)
where the mapping Ay : [a,b] x C*[a, b] — comp [R"] is given by (5.33).
Remark 5.12. Note that for each x € C"[a, b], the set @ext(x) has the following property
00 (Dexi(x)) = c0(dec D(x)). (5.35)

Also, &)ext(x) is the minimal set among all nonempty closed in L} [a, b] decomposable subsets
of @(D(x) satisfying (5.35).
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Consider the problem
% € D (x), x(a) =xo (xo €R"). (5.36)

We call any solution (resp., quasisolution) of (5.36) a generalized extreme (in the sense of the
definition in Section 2) solution (resp., generalized extreme quasisolution) of the problem (4.1).

Let Hext(x0) be the set of all generalized extreme quasisolutions of the problem (4.1).
Theorem 4.22, Remark 4.23, and equality (5.35) imply the following result.

Corollary 5.13. Hex(x0) = Heo (X0, b).

Let7(-,-) € K([a,b] x [0, )), w(:,) € P(C"[a,b] x [0,00)). Let also U be a convex closed
set in C"[a,b]. We define mappings Cf)q,w : U x [0,00) — comp [L}[a,b]"], Aexty : [a,b] x
C"[a,b] x [0,00) — comp [R"], Dexiy : C"[a,b] x [0,00) — TI[L7[a,b]], ext e : C"[a,b] x
[0, 00) — comp [LY[a, b]*] by the formulas

D,y0(x,6) = B, ((Mu(w)(x,6)),6),
(Dexty) (£, %,6) = (At )1,
(Dextyy) (X, 6) = S(Aexiy (-, x,6)),

cDext,rl,w(xr 6) = q)ext,‘rl ( (MU ((U) (x/ 6))/ 6)1

(5.37)

where the mappings &)q : C"[a,b] x [0,00) — II[L}[a,b]], Mu(w) : U x [0,00) — Q(U),
Acxt @ [a,b] x C*[a,b] x [0,0) — comp [R"] are given by the equalities (5.5), (5.9), and (5.33),
respectively.

For each 6 > 0, consider the following problems on U ¢ C"[a, b]:

X € &),l,w(x,(‘i), x(a) =xp (xo €RY), (5.38)
X € &)ext,,l,w(x, 6), x(a)=xy (xo€R"), (5.39)

where the mappings (f),w :U x[0,00) — comp[L}[a,b]"], &)exmw :Ux [0, 00) = comp[L}[a,b]*]
are given by (5.37).

We call any solution of the problem (5.38) with a fixed 6 > 0 a generalized 5-solution of the
problem (4.1), or a generalized approximate solution of (4.1) with external and internal perturba-
tions. For each 6 > 0, we denote by Hy;s)w(s)(U) (Hext,n(6).w(5)(U)) the set of all solutions of the
problem (5.38) ((5.39)) on U ¢ C"[a, b]. Since Cthext,,Z,w(x,G) C &)q,w(x, 6) for any 6 > 0 and any
x € U, we see that Hext,n(g),w(,g)(ll) C Hn(g),w(ﬁ)(ll) for any 6>0.

Theorem 5.14. Let the set U C C"[a, b] have Property D. Then for any 7(-,-) € K([a,b] x [0,00)),
w(-,+) € P(C"[a,b] x [0,0)), one has

Heo(x0,b) = ﬂ Hext (5w (U) = ﬂ Hy6),.0(6) (U), (5.40)
6>0 6>0

where  Hexty(5)we)(U) and Hye)we)(U) are the closures of the sets Hexty(s)w)(U) and
Hy(5)w(5)(U), respectively, in the space C"[a, b].
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Proof. First of all, let us check that

Heo(x0,b) € () Hext(6)w(s) (U)- (5.41)
6>0

Let x € H(xo,b). We show that x is a limit point of the set Hext,5(5)w(5) (U) for any 6 > 0. By
Corollary 5.13, x is a generalized extreme quasisolution of the problem (4.1). Since the set U has
Property 9, we see that x € U and there exists a sequence of absolutely continuous functions
xi:[a,b] = R",i=1,2,..., with the following properties: x; — x in C"[a,b] asi — oo; x; € U,
X; € @ext(x), and x;(a) = xo foreachi =1,2,.... Here, the operator Do : C"[a,b] — II[L}[a,b]]
is given by (5.33) and (5.34).

Let us prove also that there exists a number i, such that for each i > i,

Xi € Hext,y(5)(5) (U)- (5.42)

Since w(:,-) € P(C"[a, b] x [0, 0)), we see that there exists a number iy such that for each i > iy,
X € Benap)[xi; w(x,6)]. This implies that for each i > iy, we have that x € My(x;, ) (see
(5.9)). Therefore, for each i > iy, the inclusion @ext(x) C Cf)exf,n,w(xi,G) holds. Hence, for each
i > ip, we have (5.42). This means that x is a limit point of the set Hext,(5)w(5) (U)- Therefore,
X € Hext(6),w(5)(U) and (5.41) is satisfied.

The relation

n Hext,n(ﬁ),w(&) (U) C Hco (XOI b) (543)
6>0

can be proven similarly to (5.21) (see the proof of Theorem 5.9). The second equality of (5.40)
can be proven in the same way. This completes the proof of the theorem. O

Remark 5.15. Theorem 5.14 says that no measurement accuracy of the values of the map-
ping A : [a,b] x C"[a,b] — comp [R"] could guarantee the “reconstruction” of the set
H (x0,b) by means of H,s).w(s)(U). That is only possible if the density principle holds for the
generalized solutions.

6. Conclusion

The main results of the paper can be summarized as follows. For the decomposable hull of a
mapping, we have obtained the conditions for the property of the Hausdorff lower semicon-
tinuity (resp., upper semicontinuity and continuity). We considered a functional differential
inclusion with a Volterra multivalued mapping which is not necessarily decomposable. The
concept of a generalized solution of the initial value problem for such an inclusion was in-
troduced and its properties were studied. Conditions for the local existence and continuation
of a generalized solution to the initial value problem were obtained. We have offered some
estimates, which characterize the closeness of generalized solutions and a given absolutely
continuous function. These estimates were derived from the conditions for the existence of a
generalized solution satisfying the inequality (4.18) (see Theorem 4.13 and Corollary 4.14).
The concept of a generalized quasisolution of the initial value problem was introduced.
We proved that the set of all generalized quasisolutions of the initial value problem coincides
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with the solution set of the functional differential inclusion with the convex decomposable
hull of the right-hand side. Using this fact as well as the estimates characterizing the closeness
of generalized solutions and a given absolutely continuous function, we obtained the density
principle for the generalized solutions.

Asymptotic properties of the set of generalized approximate solutions (generalized 6-
solutions) were studied. It was proven that the limit of the closures of the sets of generalized
approximate solutions coincides with the closure of the set of the generalized solutions if and
only if the density principle holds for the generalized solutions.
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