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We show that for each minimal norm N(-) on the algebra Jl, of all n X n complex ma-
trices, there exist norms || - ||; and || - ||, on C" such that N(A) = max {||Ax]||, : ||x]|; =
1, x € C"} for all A € M,,. This may be regarded as an extension of a known result on
characterization of minimal algebra norms.
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1. Introduction

Let /L, denote the algebra of all #n X n complex matrices A with entries in C, together with
the usual matrix operations. By an algebra norm (or a matrix norm) we mean a norm
Il on JM, such that |AB]| < [|AlllIB]| for all A,B € JL,. It is easy to see that the norm
Al = szzl laij;| is an algebra norm, but the norm [|All,, = max{|a;;|:1 <i,j < n}is
not an algebra norm, (see [1]).

Let ||-l; and [I-]l, be two norms on C". Then the norm ||-[/,, on JM, defined by
[All1 := max {[|Ax]l, : llx]l; = 1} is called the generalized induced (or g-ind) norm con-
structed via ||-|l; and [|- [l,. If |- ]Iy = |- I, then [|- ||, ; is called an induced norm.

It is known that [|Allc = max {3,/ |a;;| :<j <n},[|Allg =max{Z?=1|¢x,~,J»| tl<i<n}
and the spectral norm [|A||s=max {+/: A is an eigenvalue of A*A} are induced by €}, €,
and ¢,, respectively, (cf. [2]). Recall that the £,-norm (1 < p < o) on C" is defined by

n /p
n | P
€p<x>=€p(2x"e">: @"") ! Lpee (L1)
i=1

max{|xi|,....,|x.|}, p=co.
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It is known that the algebra norm [|Al| = max {[|Allc,[|Allg} is not induced, and it is not
hard to show that it is not g-ind too (cf. Corollary 3.2.6 of [3]).

A norm N(-) on Jl, is called minimal if for any norm ||| -[/| on M, satisfying ||| || <
N(-), wehave [[|- |l = N(-). Itis known [3, Theorem 3.2.3] that an algebra norm is an in-
duced norm if and only if it is a minimal element in the set of all algebra norms. Note that
a generalized induced norm may not be minimal. For instance, put || [lq = € (-), [I-1lg =
26,(), and II-Il, = &2(-). Then I+l = Il but 1-1],,5# 11 g

In [1], the authors investigate generalized induced norms. In particular, they examine
the problem that “for any norm || - || on ./, are there two norms || -||; and || - ||, on C" such
that ||A|| = max {||Ax||, : [|x|l; = 1} for all A € JA,,?” In this short note, we utilize some
ideas of [1] to study the minimal norms on Jl,. More precisely, we show that for each
minimal norm N(-) on the algebra Jl, of all n X n complex matrices, there exist norms
[l and || -|l, on C" such that N(A) = max {||Ax|l, : l|x]l; = 1, x € C"} for all A € M,,.
In particular, if N(-) is an algebra norm, then |- |l; = ||+ [l,. This may be regarded as an
extension of the above known result on characterization of minimal algebra norms.

2. Main result

Forx € C"and 1 < j < n, let C,; € [, be defined by the operator C, ;(y) = y;x. Hence
Cy,j is the n X n matrix with x in the j column and 0 elsewhere. Define C, € .Il,, by
Cy=> ?:le, ;. Hence Cy is the n X n matrix whose all columns are x.

If ||-]l;, is a generalized induced norm on Jl, obtained via ||-|l; and ||-]l, then
1Cell12 = allxlly, where @ = max {| 371 y;| < 1(y1,..., pjse- syl = 1}

To achieve our goal, we need the following lemmas.

LEmMMA 2.1 [1, Theorem 2.7]. Let ||-|l, and |||, be two norms on C". Then |||, is an
algebra norm on My, if and only if ||- 111 < |- Il.

Lemma 2.2 [1, Corollary 2.5]. [I-ll1 = |I-ll34 if and only if there exists y > 0 such that
-1y = pl-lls and |- 112 = pllI-ll4

TaEOREM 2.3. Let N(-) be a minimal norm on M, then N(-) = ||-|l;, for some |- |l, and
Il on C". Moreover, if N(-) is an algebra norm, then ||-|[, = |- l5.

Proof. For x € C", set

lxll; = maX{N(CAx) :N(A)=1,A¢€ Mn}»
(2.1)
Ixll, = N(Cy).

We will show that ||-||; and ||- ||, are norms on C".

To see that ||+ ||, is a norm, let x € C". Then ||x|[; = 0 if and only if N(Cay) = 0 for all
matrix A with N(A) = 1, and this holds if and only if Ax = 0 for all A, or equivalently
x=0.
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For « € C" and x, y € C", we have

llax|l; = max {N(Ca(ux)) : N(A) =1, A € M, }
=max {N(aCsy) : N(A) =1, A € M,}

=max{|a|N(Cax) :N(A) =1, A € M,}

= |a|max{N(Cax) :N(A) =1, A € M,}

= lalllxll1,

(2.2)

llx+ yll; = max {N(Ca(xty)) : N(A) = 1, A € M,}

= max{N(CAx+CAy) :N(A)=1,Ael,}

< max {N(Cay) :N(A) =1, A € My}

+ max {N(Cay) : N(A) =1, A € M,}

= x|l + Iyl
To see that [|-||; is a norm, let x € C". Then [|x||, = 0 if and only if C, = 0 and this holds
if and only if x = 0.

For o € C" and x, y € C", we have

llax|l, = N(Cax) = N(aCy) = |aIN(Cy) = lalllxll,

15+ 71, = N(Cery) = N(Gi4Cy) < N(C)+N(G,) = Ikl + Iyl &)
Now let A € M, \{0}. Then N(A/N(A)) = 1 so that
e @) = N (Camuno) < lxlh, (2.4)
N(A) "l
whence
IAxl, < N(A) ). (25)

Therefore [|All;, < N(A). Since N(-) is a minimal norm, we conclude that [[All,, =
N(A).

If N(A) is an algebra norm, then Lemma 2.1 implies that |- [[; < ||-1],.

Next, let A € M,,. It follows from [|Ax[l; < Al llxlly < (Al lIx]l5, (x € C") that
[[All5,; < llAlly,;. In a similar fashion, one can get

Mo < -llee < M-l (k=1,2). (2.6)

By the minimality of ||-|;,, we deduce that [[-[[;, = [|-[l;,;. It then follows from
Lemma 2.2 that [|-||; = [|-]l. 0
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