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1. Introduction

The concept of Hadamard-type singular integrals was first introduced by Hadamard [1],
and then developed and adopted in applications by many authors (see [2—13]). This type
of integrals is expressed as

f@)

rmd‘[, teI? (11)

f.p.

and its general definition can be found in Lu [11], where I' = ab is an open smooth curve
on a complex plane, f € C"*(T), and m is a positive integer. Although from

(a=pm=r (b=t
(1.2)

=—p.V.
r(r—t)ml  ml T—t = m!
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we would get some characteristics of this type of integrals, many of them such as mapping
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properties still need to have a further investigation, especially for its “weighted type”:

w(t)f(1) 0
fp. | POE S rer, (1.3)

where w(t) is an integrable function. In many cases, w(t) is a fundamental function de-
rived from some mixed boundary problem and therefore may not be smooth enough or
even have certain singularities (see [6, 10, 14]).

It is found that Hadamard-type singular integrals can be expressed effectively by a kind
of integral operators which we will define and discuss in the next section. So, in Section 3
of the present paper we directly use this expression as the definition of Hadamard-type
singular integrals and it appears that the definition is more advantageous than the tradi-
tional one. In this paper, some useful results are developed and then in the final section
we use them for the solution of certain strongly singular integral equations. Meanwhile,
we illustrate some examples as well.

Throughout the paper we always assume that m is a nonnegative integer; I' is an open
smooth curve on the complex plane oriented from the point a to the point b, and ¢ is a

fixed positive constant such that for all f;,, € T, the arc length Itlf\tz | < colth — t2]; as usual,
C(T') and C™(T') denote the spaces of continuous and m-times continuously differentiable
complex-valued functions on T, respectively, |||l = max,er [w ()], l¥llen = Xito Iy @I,
and the modulus of continuity for y € C(Q) is denoted by w(y,x), where Q =T or I' X
I'; for convenience, each absolute constant is denoted by ¢ but takes different values in
different places. And, if there is no confusion, we will omit the symbol I' in some notations
of function classes such as C(I') and C™(TI'), and so forth.

2. Some integral inequalities

It is clear that the kind of integral operators introduced in [15] has a close relation to
Hadamard-type integrals. Here we restate their definition as follows.

Definition 2.1. Let w and ¢ be integrable functions on I' and assume ¢ is m times differ-
entiable at ty € T. If the integral

@(1) — Pr (937, 0) J

)k+1 (2'1)

k!LW(T)

(r—to

exists, then we denote it by Tx(w, ) (ty), where

9" (to)
2!

o®ty
k!

Pr(p57,t0) = @(to) + ¢ (to) (7 —to) + (T—f0)2+"'+ (T—to)k (2.2)

and k =0,1,...,m. If k = 0, T} is written as T.

In this section, we will mainly discuss this kind of operators in some smooth function
classes, which are given by the following definition.
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Definition 2.2. Let y be an oriented open smooth curve and let A, (y) denote the function
class

{f eCOy): Ll Wln"*1 %dx< oo}, (2.3)

where w,(¢,x) = max{|o(t') —o(t")|: [t' —t"| <x, t',t” € y} and nis a positive integer.
For differentiable function classes, we let

AT(y)={feCm™y): f™ e Au(y)}. (2.4)

For ty €T, if we say f € C"(t,,T) or f € A™(ty,I), it means that f is an integrable func-
tion on I' and there is a neighborhood O C T of #; such that f € C"(0) or f € A'(0).

Some properties of modulus of continuity will be used repeatedly and we list them in
the following lemma. Their proofs are trivial (cf. [16, Chapter 3]).

LemMA 2.3. Let w(x) be a modulus of continuity. Then

2 (fw(y)
w(x)slnzjo Py, x>0, (2.5)
N::
w(x)lnlszj Wy, oex<t, (2.6)
x x Y
I
f[ Dy <200mt, 0<x<l (2.7)
x ) X
) 1
JMdys(Hl)J Wy st (2.8)
oy oy

Now we suppose ¢ € C(T') N C™(y), and set W (7,t) =k!(¢(7) — Pe(@;7,1))/(T — Pkl
where y is a subarc of I and (7,¢) € I X y. Then it is easy to verify that

%‘I’k(‘r,t) =VYu(r,t), k=0,1,....m—1 (2.9)

for (,t) e T x pbut 7 # t, and

m6ax|(p(k“)(r)|, O<k<m-—1,
T
[Vk(T,0] =€y @, (p, 17— 1]) (2.10)
g k: m,
[T — ¢

for (7,t) € y X y (cf. [15]). So, if ¢ € AT(T), Tk = Tx(w,¢) is differentiable when k =
0,1,... orm—1and T,,¢ is integrable. Furthermore, we have the following theorem.

THEOREM 2.4. Let w be an integrable function on T, ¢ € AT'(T), and 0 <x < 1. If w is
bounded, then

X (m)
W (Tmep,x) SCIIWII(a)(<p("’),x)lni+J Mdy), (2.11)
0
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and if w € Ay (D) satisfying w(a) = w(b) = 0, then

x (m (m)
@(Tg,x) SCIIWIIA1<J “’(L)dy+xj Mdy) (2.12)
0 Y »?
where |lwlla, = lwll + fol(w(w,y)/y)dy and c is a positive number related to m and T.

Proof. It is equivalent to prove that for t;,, € T

(m)
| Ton(9) (1) = Ton(9) (1) | scllwll(w( 5)In £ +f (Pi)dy> (2.9)
if w is bounded and
B (m) L (m)
Tl (6) ~ Tu(g)(e) | =cliwl, ([ S0 gy 15[ 87D )
0 y sy
(2.10)’
if w € A (T) satistying w(a) = w(b) = 0, where § = |f, — f;| and L = |T|. For convenience,

weassume 0 <d < landa <t <t, < b. Here t; < t, means that ¢, precedes t,.
() If|t; —al>8and |b—t]| <8 or |t —al <dand |b— 1] > 6, we let

Tm((P)(tl) T t2 m'(Jt Jt )W(T th) (T,tl)]d‘l,':h‘l'lz.
Lo (2.13)

Because of the similarity, we assume |t; —a| > § and |b — ;| < §. In this case, from (2.10)

and |t1b] = |tita] + | 2b]| < 2¢o6, we have

L] = m! Lﬂbw(f)[\ym(r,tz) W, (1,11) ]dr
- we™, l1-t]) wl@™,|r-t])
=clwll 0 Tr-b] =t dT]| (2.14)
- *w(e™,y)
_CIIWIIJ0 ) dy
If we let
h(t) = Ppu(p;7,01) — Pu(gs7,12), T€ET, (2.15)
then
! (m)
e =h(e) + N @y g P (216)

|
% |h® (1) ] < c(’:)w(<p<m>,5)am-k (2.17)
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for k =1,2,...,m, therefore

i =m!

JA W(T)Pm((P;T)tZ) _P’”((p;T’t‘)dT’
aty

(T—tz)m+1
o | RR] (¢ (1)
g I el
)5 S m)gm—k ~ ﬁ drl.
)kg()<k J;m |T—t2|m_k+l‘ Tl

Fort € aty, ¢l — | = |tha| = |t | + |11ta| = |6, — 11| = 6, thatis, §/|7 — 12| < ¢, so that
the above inequality becomes

i sew((p(’”),S)J W@ . (2.19)
a |T-t]
If w is bounded, then, by some computation, we have
i SCIIWIIw(<p(’”),6)ln§. (2.20)

Since |b—hH| <|tb—til <clt—tl, lT=bl<|t—t|+|tr—bl <(1+c)|T—t] and it
follows that, if w € A; and w(b) =0,

[ AL gy [ L0 =w]

EEY |-t
1+c)|7-t]) Yw(w,y) (220
SJA (L)(W)( Co 2 |dT| SCJ' de’
an 11| oy
or
. "w(w,y) (m)
i <c| —==dyw(e'™,§). (2.22)
o )y
On the other hand, by (2.10),
i = m! J(A W(T)[<P(T)—Pm(§0;7)t1)][ ! mrl 1 m+1:|dT
aty (T—tQ) (T—tl)
mlr—t|)|r—t|"
<c||w|||t1—t2|ZJ (P |T 1| |Tk+11| |dT|
at |T—l’1||T—l’2|
(m) _
< clm+Dlwll |6 -5 [ 2@ r=0D (2.23)

an | Tt Tt

(m)
(9™, )
<c||w||6j R

s w(fp(’”) y) Lw(e™, y)
< S AP A +5J L D 2 )
dMM(L y J s y? 4
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where L = |T'|. Now from

,JA (D) [sv(r) ~Pulgs1,12) (1)~ Pu(ps,t1) ]dT‘
aty

(T— tz)m+1 (T— t1)m+1

= ‘m!JA W(T){PM((P;TJI) _PnT+(1(P;T,t2)
aty (T—tz)
T [o(1) = Py 'Tt)]( L1 )}df <ip+i
9 m\@ T, 0 (T—tz)m+l (T_tl)m-H =1 2>
(2.24)
we have
S (m)
I <cllwl (a)((p(m),(?)ln]:JrJ Mdy) (2.25)
6 Jo ¥
if w is bounded, where we have used the inequality (2.7), or
§ (m) L (m)
11SC||W||A,<I Mdyﬂ?J Mdy) (2.26)
0 y 5 y

ifw € A; and w(b) = 0, where we have used the inequality (2.5), and together with (2.14),
we obtain (2.9)" and (2.10)".
(i) If |t; —al >6 and |b — 1| > 6, we let

To(9) (1) — Ton(g) (82) = m'(j +th2 *Lz)””(” (W (1,5) — W (1,11) Jde

(2.27)
=L+L+15.
Similar to the proof of (2.14),
6w (m)’
| sc||w||J @@") 4, (2.28)
0 Y
We rewrite I; + I5 as i) + i, where
=i | w()Pn@0h) = Prlgimts) ),
at (T—tz)
Pm STt _Pm 3T
+m!JA w(z)Pn(@sT1) m+(1<PT 2) e
b (T—l’l)
: (2.29)
1
i :m!Jh w(t)|o(t) — P (@;T,t ( T p )d‘[
2 i [o (ps7,t1)] (r-1) +1 (r—1) +1

+m!JﬁW(T)[¢(T)—Pm(‘P;T’t2)]< e )dT'
t (r-t)

2b -t
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Similar to the proof of (2.23),
. Y w(p™,y) L™, y)
iy sclwll(J0 fdy+8L yzdy>.

Using (2.16), we rewrite i; as

oy il w(r)dr h® (1) w(r)dr
" ! JA m—k+1 + | J’n e
ol K e (ron) kU Job (1 1)
' <L?I :}Ert)z drt Jt;b ;Vfrl‘)l dT) [p (1) =" (82)] = iny +ina.
Notice that

< Cafm-#k’ < C8fm+k

J dr J dr

a?l (T* tz)m—kﬂ t;b (T* tl)m—kﬂ
for k =0,1,...,m— 1. Hence, by using the inequality (2.17), we have
lin] < cllwllw(e™,8).

Similar to the proof of (2.20),
i (m) I:
in <cllwllw(e ,8)ln8.

Butif w € A; and w(a) = w(b) = 0, then

IA MalT + Lﬁ Mal‘r

atlT—tz sz_tl

(e [#520)

(see [15, Section 6]), and thus
. Yw(w,
iy | sc(\lwll+J Mdy)w(q)(mw).
oy
Now from [i;| < |i11| + |i;2], we obtain
iy | < c||w||w(¢<m>,6)<1n§+1>

if w is bounded and obtain

1
|| < c(llwll +L @dy)w((p(m),(?)

(2.30)

(2.31)

(2.32)

(2.33)

(2.34)

(2.35)

(2.36)

(2.37)

(2.38)

if we A and w(a) = w(b) = 0, and these, together with (2.28) and (2.30), lead to (2.9)"

and (2.10)".
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(iii) If |t; —al < dand |b—t,] < &, then |T| = |at,| + |t t2| + |£2b] < 3¢pd. From (2.10),

| Ton(@) (1) — Tin(9) (12) |
< clwl J'r |:w(q)(m), |1— t2|) N w((P(m), |T_t1|):||d‘r|

|T—t2| |T—t1|

5 (m)
scllwllj wlg™,y) dy
0 y

(2.39)

and thus (2.9)" and (2.10)" are also valid.

Now we have proved that (2.9)" and (2.10)" are true in all cases and the constant ¢ > 0
depending on m and T can be derived from the process of the proof.

The proof is completed. O

Generally, for Ty, k = 0,1,...,m, we have the following results.

THEOREM 2.5. Assume w, ¢, and we are all integrable and ty € T. If w is bounded on some
neighborhood of ty on T and ¢ € AV*(ty,T), then T(w, @) is m-time continuously differen-
tiable at ty and

k
Ty 9) (1) = 5T, ) 1) (2.40)

fork=1,2,...,m.

Proof. It is obvious that (2.40) is true for k = 1,2,...,m — 1. So, we need only to prove

&1 ,9) (1) = Tl ) (1) (2.41)

and T, (w, @) is continuous at t;.
According to the given conditions, there is a subarc y C T with o € y but tp € T'\ §°
such that w is bounded on y and ¢ € AT"(y), where y° denotes the inner points of y. Write

Tim-1(¢) as
(I +J )w(r)\ym,l(r,t)dr 1)+ L(2). (2.42)
Ny Jy
Then I, (¢) is continuously differentiable at ¢, and

I(t) = L\yw(r)\l’m(r, o) d. (2.43)

For I, we consider

(«[y\t;t—i_ Lgt)w(r) [\Ijm’l(T’t)t:Z’”’l (r.to) ¥, (1, to)]dr — i)+ (2.44)
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where t € y and, without loss of generality, we assume £, < t. Notice that

=] | 2 ] D0~ W) Jac far

\tot tot

1 (2.45)
=] 50— (rt0) e
t—to Jer LI yiot
By using Theorem 2.4 to the internal integral, we have
§ (m)
i | < c'llwlly[w(go('”),8) (1 +ln%) +J wdy], (2.46)
0

where ||[wll, = max;e, [w(t)| and § = |t — to|. If 7 € tot, then |7 — ¢ < ¢o|t — ty| and |7 —
tol < colt — tol, and from (2.10),

'lljmfl(‘[)t) _\mel (T>t0) —\Pm(T,t())
t—ty
| [¥(1,0( =+ 9] = [¥n (10 (=) 9" ()] _y (s
m(t—to)
SC(‘U(q)(’”))|l‘—f0|)er(91>(m))|7—t0|)>)
[t—to] |7 — to]
(2.47)
so that
5 (m)
liy| < c’||w||y<w((p('”),8)+J0 w(q’f’y)dy). (2.48)

Since (p(’”) € Ai(y), (2.46), and (2.48) result in i;,i, — 0 when t — t, it follows that
L(t) = J W(E) ¥ (1, t0) . (2.49)
y

On the other hand, according to Theorem 2.4, fy w(T)¥(7,t)d7 is continuous on y be-
cause w is bounded on the subarc and ¢ € AT'(y). Now we have proved that T,,—; (w, @)
is differentiable at fy and there holds (2.41). O

The following corollaries can be verified easily.

COROLLARY 2.6. If w is bounded and ¢ € A", then T'(w,¢) € C™ and

m (o,

ITCw, @)l cn < cllwl [ > o™ +J ("’y)dy] (2.50)
k=1 0 J

CoROLLARY 2.7. If w is bounded and ¢ € A}}',,, then T(w,¢) € A™ and

m 1 (m), nl
||T<w,¢>||Amscnwn[z||<p<k)|>+ | @le™ ) 1, dy} (2.51)
! k=1 0 y y



10 Abstract and Applied Analysis

where n is a positive integer and || - || ap is defined by
1) (m)’ a1 1
lyllap = ||V/||c'w+L (wyy)ln 1;dy, v e A (2.52)

Remark 2.8. The space Aj} normed by || - || oy is a Banach space and thus the above corol-
laries imply that, if the “weight” w is bounded, then T'(w,-) € L(A",C™) and T(w,-) €
LA, A for n > 1, where £(X,Y) denotes the space of all bounded linear operators
from Banach space X to Banach space Y.

Remark 2.9. Generally, the inequality (2.12) is called Zygmund-type inequality. In this
case, if we consider the operator in C"™*, then T(w,-) € L(C™}) = L(C™*,C™*), or in
detail,

T (W, @)||cnr < cliwlia, l@llcma, (2.53)

where C™ is the space of functions in C” whose mth derivative satisfies a Hélder condi-
tion with exponent A € (0, 1), and its norm is defined by

(m)
yllms = lyllon + sup % (2.54)

0<x<1

(ct. [15] and [17, Chaptre II, Section 6]). The positive constant ¢ in inequality (2.53)
depends only on m, A, and T.

3. Weighted Hadamard-type singular integrals

In this section, we start from the definition of a basic Hadamard-type or finite-part inte-
gral, and then give an expression for general ones by means of singularity deletion method
(cf. [7, 11]). For convenience, we denote the Hadamard-type integrals of the form (1.3)
by Hp(w, f)(t).

Definition 3.1. For fy € I, the Hadamard-type singular integral or finite part f.p. [(d7/
(t —tp)™*!) is defined by

dr 1 1 1
f. . = m m | .
P Jr (r—to)"" m[(ﬂ—to) (b—t) } G0

Ifletting ho(t) = p.v. [(1/(7 — t))d7, t € I°, where p.v. means Cauchy principal value,
then we have hy(t) = In((b —t)/(t — a)) and

1 _1la 0
f.p. - t)m+1dT = dtth(t)’ telI”. (3.2)

So, the integral is well defined.
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Definition 3.2. Let to € I? and f € C"(ty,I). If Ty, (1, f)(t) exists, then the m-order
Hadamard-type singular integral or finite part integral of f is defined by

fP J f(T m+1 7T (lf t0 Z

m k(tO)) (33)

where h, (1) = f.p. [((1/(z — )" )dr withr = 1,2,....

According to Theorem 2.5, if f € Al*(t,T) at ty € I'?, then T, (1, f) exists on some
neighborhood of ¢y and T,,(1, f) € C(#,,T) as well. Thus, from (3.3), we obtain the fol-
lowing.

TueOREM 3.3. If f € Al'(to,T), then Hyy(1, f) € C(t,1), where t, € T°.
As a special case, we have the following.

CoROLLARY 3.4. If the function w is integrable on I and arbitrary times differentiable on
I, then H,(1,w) € C*(I°) and

fp. J vz(tr)rﬂ %% [p.v. L &Tidr] teTo, (3.4)

wherer = 0,1,....
Now we consider “weighted” Hadamard-type integrals of the form H,,(w, f).

Definition 3.5. Let w be an integrable functiononT, f € C™(#,,I), and to € [°. If T,,,(w, ),
hyw = H,(1,w) with r = 0,1,2,...,m are all existent at f;, then the m-order “weighted”
Hadamard-type singular integral or finite part integral of f at t, is defined by

£p. JF(W(T)f(T)dT Lo ) (to) + (o). (3.5)

- to)erl

THEOREM 3.6. Assume the function w is integrable on T and arbitrary times differentiable
onTO If f € AY(T), then H,,(w, f) exists on T°. Furthermore, Hy(w, f) € C(I°) and

e (! L%dr), ter, (3.6)

Proof. Tt is clear that H,,(w, f)(t) exists at all t € T? and H,,(w, f) € C(I”) as well. In the
following we give the proof of (3.6).

From the given conditions, by Theorem 2.5 and Corollary 3.4, we see that T(w,¢) €
C™(I°) and hyg,, € C*(I°). Hence, from

p.v. L Mdr =T(w, f)()+ f(t)how(t), (3.7)

T—1

we have

dm m i
W(P-V- L%Lﬁ) = Tu(w, () + > ( >f<" OB (), teT.  (3.8)

k=0
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Corollary 3.4 states that h,,,(f) = r!h((,f&,(t) for t € I'Y. Thus, from (3.5) we obtain (3.6).
O

n (3.5), for each r, h,,, is known. As will be seen in the following examples, these
functions are simple in some cases. So, it is the operator T, that plays a crucial role in
Hadamard-type singular integrals.

Example 3.7. Let wi(t) = (t—a) *(b—t) P withO<a, < 1and a+f = 1. We have

lJ’ wi (1) dr — COSTTXX

. . wi (1), (3.9)
wJr T—t simno

(cf. [11]), and hence

to. [ 1 = LT )0+ 20 S (WP o)

— pymtl |
r(r—t)m m!sinma =

for f € AT
Now we let o(t) = (t —a)(b — t). From

olt) _o(r)

= +(t+t)—(a+b) (3.11)
T—t T-—t

we have

f(T —Pu(f57,1)

OO (w1, £)(8) = Tlows, £)(0) | (x)p(r, ) 2L

dr  (3.12)
and thus
Lw(f™,y) 0
Tl O] = 557 t)|(||f |+ J—y dy), feT0, (3.13)

where p(7,t) = (7 +t) — (a+ b) and the constant ¢ depends on wy, I', and m. Therefore,

||f(m)||1\1 cosmx' w(t)
lo(t)] sinrer | o™ (t)

[ H (1, £ O] < 1||f||Cm), teT, (3.14)

If « = 1/2, then Hy, (wy, f)(t) = (1/m!) T, (w1, f)(t) and
wi(Df(T) | _ ¢ oy, [ @) 0
’f.p. L dr‘ < o] (||f ||+L ; dy), feT. (3.15)

(T — t)m+1

Example 3.8. Let wy(t) = (t —a)*(b — t)f with 0 < a, f< 1 and a+f = 1. Similarly, we
have

1 wy(1) __cosma 3 ﬂ
’ ﬂjr T—1t dr = SinﬂO(WZ(t) sin7ra
wa(r)f(r) , 1 _ mcosma & (M ) i)
fP Jl" (1 —t)m+l dr = m! Tm (Wz’f)(t) mlsinra kzo <k)W2 (t)f (1) (3.16)

(mfm=D(t) + (t — aa— pb) f™ (1))

m' sinma
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for f € AT". In this case

‘f.p J‘r Wy ‘r)f(T)d ’ <c[ I ||J’ f("‘ y+c037roc

(7 —t)ym+l sinmo

wa(t) 'llf\lcm
(3.17)

||f<m U+ e

SlIl T

By the way, the operator Ty, (w3, ) € L(C™").

Remark 3.9. In fact, we do not redefine Hadamard-type integrals but give an expression of
this type of integrals, though Definition 3.5 is more common than the traditional one. In
this expression, the main part is the operator T,,. Therefore, it would be easier to identify
the characteristics of this type of integrals from Tj,.

4. Applications

Consider the strongly singular integral equations of the form
J(t dt+ka,t)go (Bdt = f(x), x€(=1,1) (4.1)

which was discussed in [10], where k, f € C%* are given, ] = [—1,1], and the unknown
function ¢ is required to be integrable but smooth in the inner of J.
We let ¢ = wy and define the operators H and K by

Hy(x) = f.p. %L 12/1(1‘_));(;2) dt,

Ky(x) = Lw(t)k(x,t) (b,

(4.2)

respectively, where w(x) = 1/+/1 — x2. Then the equation becomes
(H+K)y=f, (4.1

and we will see that y € C"* if the above equation is solvable.
Corresponding to H, we introduce an operator H defined by

A~

-~ t
Hy(x) = —fp. H] %dtjo (s)ds, (4.3)

where w(x) = +/1 —x2. Let 0 = 1 — x? be a multiplication operator, that is, o f (x) = (1 —
x%) f (x). We have the following.

TaeorEM 4.1. oH € L(CH,COM), H € L(C}, C1H), and

HH=1,, HH=I,-P, (4.4)
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where Iy and I, are identical operators on C®* and C1A, respectively,

1 wt)(x+1t)
L[ otes),

Pyy(x) = p.v. (t)dt, yecC“ (4.5)

T t
and 0 <A< 1.
Proof. If we let

Vi(x) = pv. & L WO 5 Py = —pov. & L POYE) 4 (46

T t—x T t—x

then H = DV and H = V'S, where D is a differential operator and S is an integral operator
defined by Sf(x) = [y f(t)dt, x € ]. Notice the relations

VVFx) = f(x),

~ 4.7
DV &) = flx) - %J w(t) f(£)dt 4.7
J
for f € C% (see [11, 14]). Thus we have
HHf(x) =DV VSf(x) = DSf(x) = f(x) (4.8)
for f € C%" and
HHf(x) = VSDV f(x) = V(V f(x) — V£(0))
4.9
:f(x)—%Lw(t)f(t)dt—fo(O)=f(x)—P1f(x), (49)
for f € C*. Hence, (4.4) is true.
By noting H f = T1(w, f) and (3.13), we have
GHf(x) = Ty(w, £)(t) +Lw(r)(r+x)WdT (4.10)

and it leads to cH € L(CH*,C%Y). On the other hand, H = VS, but S € £(C**,C}) and
V € L(CH) (see [15]), and thus H € £(C**, C"4). The proof is completed. O

Let Zé’)L ={ye cut :Pyy = 0}. Then Zé’)L is a close subspace of CU* and if restricted
in this subspace, H is invertible and its inverse is H. Therefore, the equation

(H+K)y=f, yeza" (4.11)
is equivalent to the following Fredholm integral equation:
(I+K)y = f*, (4.12)

where K = HK and f*= H f. Hence, if the Fredholm integral equation is regular, then
(4.1)" has unique solution in Zé”\ .
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Let p be a given polynomial with degree of 1 and Z},”\ =p+ Zo*. Notice that Piy=p
fory e Z},’)‘. Thus, the equation

(H+K)y=f, yezy’ (4.13)

is equivalent to
(I+K)y=f*+p. (4.14)
Since p is arbitrarily given, the solution of (4.1)" has 2 degrees of freedom if the above

Fredholm integral equation is regular.

THEOREM 4.2. Under the given assumptions, (4.1)" is equivalent to (4.14), and if the equa-
tion is solvable then the solution has at least 2 degrees of freedom and belongs to C"-*.

Usually, we want the solution of (4.1) to be bounded. If we find a solution y from
(4.14) satisfying y(+1) = 0, then its corresponding solution ¢ = wy of (4.1) is bounded
(in fact o(=1) = 0, cf. [18]). However, it is possible to choose such a solution from (4.14),
because its solution has 2 degrees of freedom. Alternatively, we can define another oper-
ator ﬁo by

—x?

Foy(x) = 2% p. L :V_(t))cdt L J(s)ds, (4.15)

and get the solution from the equation
(I+Ko)y = fiF (4.16)

where K, = HyK and fof = A, f. The reason is stated as follows.
At first, it is easy to verify the following.

TueoreM 4.3. Hy € L(C*},CP) and
HH,=1,, HyH=1I, (4.17)

where the space Cot = {y € CY :y(+1) = 0} and 1Y is an identical operator on it.

Then, from this theorem, we see that (4.16) is equivalent to
(H+K)y=f, yeC’, (4.18)

and hence, the solution of (4.16) is also the solution of (4.1)" but satisfies y(+1) = 0.

Example 4.4. In order to solve the equation

1 o) 4 3
b L e Lu Fxtp(Ddt =2, xe(-1,1) (4.19)
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we let p(x) = y(x)/+/1 —x?, that is,

11 éJ 1+t B B ,
i | gt | =2 ke (L) @)

and use H to act on both sides of it. Then, the equation is converted into

IJ 2 —4x?+ (x —2x%)t
J

y(x)— = = y(t)dt = —1+2x> + 0y + 0, x, (4.20)

where 0 and 6, are arbitrary constants. By solving the equation, we have
y(x) :390—1+%91x+(2—490)x2—291x3, (4.21)
Iftaking 6y = 1 and 01 0, we obtain a special solution y(x) = 2(1 — x?) which satisfies

y(£1) =0, and thus ¢(x) = 2+/1 — x? is a bounded as well as unique solution of (4.19).
This solution can also be obtalned directly by solving the equation

y(x) - !

—x% ( 4+2xt
ﬂx L \/?xtzy(t)dtz—Z(l—xz), (4.22)

which is from (4.15") with H, acting on it.

Remark 4.5. Obviously, the results on (4.1) obtained in this section are significant for the
solution of this kind of equations, and especially, they are helpful for the discussion of
error estimation of the approximate solution.

Remark 4.6. Theorem 4.1 means oH is a bounded operator from C"* to C®* but H is
not. If we consider the operator in the Sobolev spaces W»* and W, 2, which are the
completions of C" normed by

nfmwz[zj O] £O0) Tﬁ

m 1/2
nmmF[szmﬂwm%ﬁ,
r=0 J

(4.23)

respectively, then H € L(WI2, W/~ Lyand H FWEL2 Wm2) as well (cf. [17, 19]).
In this case, H and H are symmetrical.
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