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We give necessary and sufficient conditions for uniform exponential dichotomy of evolu-
tion families in terms of the admissibility of the pair (L?(R,X),L7(R,X)). We show that
the admissibility of the pair (L?(R,X),L1(R, X)) is equivalent to the uniform exponential
dichotomy of an evolution family if and only if p > g. As applications we obtain charac-
terizations for uniform exponential dichotomy of semigroups.
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1. Introduction

Exponential dichotomy is one of the most important asymptotic properties of evolution
equations (see [1-5, 7-10, 12, 15, 19-25]). In the last few years new concepts of exponen-
tial dichotomy have been introduced and characterized, using discrete and continuous-
time methods.

Integral equations have proved to be significant tools in the study of the asymptotic be-
haviour of Cy-semigroups, evolution families, and linear skew-product flows, respectively
(see [7-10, 19-21, 23, 24]). For an evolution family U = {U(t,s) } 1se/,=5, one considered
the integral equation

f(t)=U(t,s)f(s) + J: Ult,t)v(t)dr, t=s, t,se], (Eou)

where ] € {R4,R}. In case ] = R, an important result has been proved by Van Minh
et al. [24] and it is given by the following.

TaeoreM 1.1. Let W = {U(t,$)}=s=0 be an evolution family such that for every x € X the
mapping (t,s) — U(t,s)x is continuous. Then, W is uniformly exponentially dichotomic if
and only if for every v € Co(R4,X) there is f € Co(R+,X) such that the pair (f,v) verifies
(Eou) and the subspace Y1 ={x€X :sup,, [|U(t,0)x||<co} is closed and complemented in X.
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2 Exponential dichotomy on the real line

Theorem 1.1 has been generalized for the case of evolution families with nonuniform
exponential growth in [8]. There we have proved that in the nonuniform case, the solv-
ability in Cy(R4,X) of (Ew) implies the nonuniform exponential dichotomy of the evo-
lution family U = {U(t,5)}>s>0. The discrete-time version of Theorem 1.1 has been ob-
tained in [9] for the case of discrete and continuous evolution families. Characterizations
for uniform exponential dichotomy of evolution families on the half-line with L?-spaces
were obtained in [19, 23].

For the case J = R, a significant result has been obtained by Latushkin et al. [7], as
shown in the following.

TaEOREM 1.2. Let U = {U(t,$)} =5 be an evolution family such that for every x € X the
mapping (t,s) — U(t,s)x is continuous, and let F(R,X) be one of the spaces Cp(R,X),
Co(R,X) or LP(R,X), (p € [1,00)). Then, W is uniformly exponentially dichotomic if and
only if for every v € F(R,X) there is a unique f € F(R,X) such that the pair (f,v) verifies
(Ea).

The main tool in [7] was the use of the evolution semigroup associated to U. Theorem
1.2 has been generalized in [10], where pointwise and global exponential dichotomy of
a linear skew-product flow 7 = (@, 0) is expressed in terms of the unique solvability in
Co(R,X) of an associated integral equation:

F(£) = D(a(8,5),t ) f(s) + JtQ(U(H,T),t COv()dr, t=s (E,)

The purpose of the present paper is to give general characterizations for uniform expo-
nential dichotomy of evolution families on the real line. The proofs are direct, the meth-
ods being based on input-output techniques, on the use of some specific operators asso-
ciated to the integral equation (Es), and on the properties of certain subspaces related to
the evolution family. We will obtain that the admissibility of the pair (L?(R, X),L1(R,X)),
with p,q € [1, ), is a sufficient condition for uniform exponential dichotomy of evolu-
tion families, and it becomes necessary for p = gq.

Finally, we apply our results in order to obtain necessary and sufficient conditions for
uniform exponential dichotomy of a Cy-semigroup in terms of the unique solvability of
an integral equation associated to it.

2. Evolution families

Let X be a real or complex Banach space. The norm on X and on %B(X), the Banach
algebra of all bounded linear operators on X, will be denoted by | - ||.

Definition 2.1. A family U = {U(#,s)} =5 of bounded linear operators on X is called an
evolution family if the following properties hold:
(i) U(t,t) =1, forall t € R;
(i) U(t,s)U(s,to) = U(t,ty), forall t = s > ty;
(iii) for every x € X and every t,t,, the mapping s — U(s, y)x is continuous on [y, %)
and the mapping s — U(#,s)x is continuous on (—oo,t];
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(iv) there exist M > 1 and w > 0 such that
[[U(t,t0)]| < Me®t=0), Vit >t (2.1)

Definition 2.2. An evolution family U = {U(t,s)} ;= is said to be uniformly exponentially
dichotomic if there are a family of projections {P(f)};cg and two constants K > 1 and
v >0 such that

(1) U(t,ty)P(ty) = P(t)U(t,to), for all t > tg;

(ii) |U (¢, to)x]| < Ke 1) || x|, for all x € ImP(¢y) and all ¢ > t,;

(i) |U(t, )yl = (1/K)e”*=%)|| y||, for all y € Ker P(t;) and all t > t;

(iv) the restriction U(t,1y), : Ker P(ty) — Ker P(t) is an isomorphism, for all t > f.
LemMA 2.3. If the evolution family U = {U(t,s) } = is uniformly exponentially dichotomic
relative to the family of projections {P(t)}er, then sup,cg [|P(t)]l < 00 and for every x € X,
the mapping t — P(t)x is continuous.

Proof. This is a simple exercise. O

Let U = {U(t,5)} s be an evolution family on X and let p € [1, ). For every t; € R,
we consider the linear subspace

Xi(t) = {xeX:Jtm||U(t,to)x||pdt<w}. (2.2)

We denote by %q(ty) the set of all functions ¢ : R_ — X with the property that ¢(t) =
U(t+to,s+1t)p(s), foralls <t <0.

Remark 2.4. 1If ¢ € Fq(ty), then ¢ is continuous on R_.

For every t) € R, we denote by X, () the linear space of all x € X with the property
that there is a function ¢, € Fq,(fy) such that ¢,(0) = x and f?m lpx(E)1Pdt < co.

Lemma 2.5. If U = {U(t,$)} 1= is an evolution family, then U(t,t0) Xk (ty) C Xi(t), for all
t>tyandallk € {1,2}.

Proof. This is immediate. O

ProrosITION 2.6. If the evolution family W = {U(t,s)} s is uniformly exponentially di-
chotomic relative to the family of projections {P(t)} cr, then X, (ty) = Im P (ty) and X, (ty) =
Ker P(ty), for every ty € R.

Proof. Let M = 1, w > 0 be given by Definition 2.1 and let K > 1, » > 0 be given by
Definition 2.2. Let ¢y € R.

It is easy to see that ImP(ty) C X;(fy). If x € X1 (ty), let ay := (J, [1U(t,80)x[I1Pdt)VP.
For T >ty + 1, from

|U(r,t0)x|| < Me®||U(t,t0)x||, Vte[r-1,1], (2.3)



4  Exponential dichotomy on the real line
it follows that
[|U(7,t0)x|| < Me®ay, V71=to+1. (2.4)
This implies that g, := sup,.., I Ul(t,ty)x|| < co. Then from
[l = Pt0)x]] = Ke™ = ||U(t,0) (I = P(to) ) ]| o)
2.5

< Ke""0) (g, +K||P(to)x|]), Vt=ty,

we obtain that x € Im P(fg).

If x € Ker P(ty), we define y, : R_ — X, v, (£) = U(to, to + t)‘_lx, where for every t <0,
Ul(tg, to + t)|’l denotes the inverse of the operator U(ty,ty +t)| : Ker P(¢y +t) — Ker P(to).
Then, y,(0) = x, ¥, € Fai(ty), and

[y ()] < Ke’llxll, V<0, (2.6)

so x € X(ty).
Let x € X5(ty). Then there is ¢, € Fq(ty) such that

0 p
0 =% A= (| _lleatolfar) <o 27)
Let t < 0. From
@x(t) = U(t+to,s+ 1) gu(s), Vs [t—1,t], (2.8)
it follows that
[lpx()]| < Me®A,, Vit<O. (2.9)
Then from

[P (to)x|| = ||U(to, to + t) P(to + £) g (1)|| < Ke”||P(to + ) g (1)]|

2.10
< KMe“Asup||P(s)|[e”", Vt<0, (2.10)
seR
it follows that P(fy)x = 0, so x € Ker P(tg). O

Remark 2.7. 1f an evolution family W = {U(t,s)},ss is uniformly exponentially dicho-
tomic with respect to a family of projections, then according to the above result this family
of projections is uniquely determined.

3. Exponential dichotomy and admissibility of the pair
(L*(R,X),L1(R,X)) for evolution families

Let X be a Banach space and let #(R,X) be the space of all Bochner measurable func-
tions v : R — X, identifying the functions which are equal almost everywhere. For every
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p € [1, ), the linear space
LP(R,X) = {ve%(lR,X):ro ||v(T)||PdT<00} (3.1)

is a Banach space with respect to the norm

o= ([ i) 62)

Let W = {U(t,s)} =5 be an evolution family on X and let p,g € [1, ). We consider the
integral equation

fu)=Luagfu)+J%nnry4ﬂdn Viss, (Ex)

with f € LP(R,X) and v € L1(R, X).

Definition 3.1. The pair (LP(R,X),L1(R,X)) is said to be admissible for the evolution
family U = {U(¢,s)} s if for every v € L1(R, X) there is a unique f € LP(R,X) such that
the pair (f,v) verifies (Eq).

If the pair (LP(R,X),L1(R, X)) is admissible for the evolution family U = {U(¢,s)}1>s,
then it makes sense to define the operator

[:L9(R,X) — LP(R,X), Tv=f (3.3)

It is easy to see that I' is linear and it is closed. It follows that T is bounded, so there is
y >0 such that |ITv||, < yllvllg, for all v € L1(R,X).

PropositioN 3.2. If the pair (LP(R,X), L1(R,X)) is admissible for the evolution family
WU = {U(t,s)} =5, then
(1) X1(t) ﬁXz(l’o) = {0},f07' all th € R;
(11) Xi(t) +X2(t()) =X, fOT’ all th € R;
(iii) the restriction U(t,ty)| : X2(ty) — Xa(t) is an isomorphism, for all t > t.

Proof. (i) Let t) € R and let x € X;(f) N Xz(ty). Then, there is a function ¢, € Fq,(t))
such that ¢,(0) = x and fi)oo o (t)[1Pdt < oo. We define

U(t,to)x, t>t,
‘R — X, t) = (3.4)
/ i {%U—m,tsm

Then, it is easy to see that f(t) = U(t,s) f(s), for all t > s. Since x € X;(;), we obtain that
f e LP(R,X). It follows that f =0,s0x = f(t) =0.
(ii) Let x € X and let ty € R. We consider the function

v:R— X, V(T) = Xitoto+11 (1)U (7, 80) x, (3.5)
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where y(4,,4,+1] denotes the characteristic function of the interval [y, ty + 1]. From hypoth-
esis, there is f € LP(R,X) such that the pair (f,v) verifies (Eq;). Then

t
f(t)=U(t1) f (to) +L U, t)v(t)dr = Ul(t,to) (f(to) +x), Vi=1o+1. (3.6)

Since f € LP(R,X), it follows that f(ty) +x € X (ty). Let ¢ : R_ — X, () = f(t + to).
From the fact that the pair (f,v) verifies (Ey,), it follows that

(t) =U(to+tto+s)p(s), Vs<t<0 (3.7)

which shows that ¢ € Fq,(f). Since f € LP(R,X), it follows that f(t)) € X,(f). Finally,
we obtain that x = (x + f(t)) — f(to) € Xi(t) + Xa(to).

(iii) Let t > to. Let y € Ker U(t,ty) N X,(to), and let ¢, € Fau(ty) with ¢,(0) = y and
fi)m ll9,(s)||Pds < co. Considering the function

Ulr,ty)y, 71>t
hiR — X, h(T)=<| (r.to)y 0 (3.8)
¢y(1—1t), 1<t

we have that h € LP(R,X). It is easy to observe that the pair (h,0) verifies (Eq;). This
implies that i = 0. In particular, it follows that y = h(ty) = 0, so, the operator U(t,t), :
Xo(ty) — Xu(¢) is injective.

To prove the surjectivity, let x € X,(#). We consider the functions

v:R—X, V(1) = X1 (D) U (7, 8)x,

(t+1-1)U(1,t)x, 7€ [t,t+1], (3.9)

0, T>t+1.

filto) — X, f(T)=‘[
We observe that v € L1(R, X) and
F(r) = Urs) f(s)+ J Ulrov(e)dr, Vr=s=t. (3.10)

From hypothesis there is ¢ € LP(R, X) such that the pair (g, v) verifies (Eq,). It follows that
f(r)—g(r)=U(r,t)(f(t) — g(t)), for all r > t which implies that x — g(¢) = f(¢) —g(t) €
X ().

From (ii) there is y; € X;(#y) and y, € X5(#) such that g(t;) = y; + y». Since g(t) =
U(t,ty)g(ty), we obtain that g(t) = U(t,t0)y1 + U(t,19)y2, then x — U(t,t9)y, = (x —
g()) + U(t, ty) y1. From Lemma 2.5 and from (i), we deduce that x — U(t,t))y, = 0, so
X € U(t,to)Xz(t()).

This shows that the operator U(t,t))| : X2(ty) — Xa(#) is surjective and completes the
proof. O
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LEMMA 3.3. Letty <t; < o0 andlet a: [to,t;) — Ry be a continuous function with the prop-
erty that there are M > 1 and w,h € (0, o) such that

a(t) < Me*“Sa(s), Vste[t,t),s<t, (3.11)
t+2h 1 t+h
J a(r)dr < —J a(1)dr, (3.12)
t+h e Jt

foreveryt € [to,t1) with t+2h < t,. Then
a(t) < Ke0a(ty), Vte [toth), (3.13)

where K = (Me)2e>" and v = 1/h.

Proof. Lett € [ty,t1), n € N,and r € [0,h) such that t =ty + nh+r. If n = 2, then

to+nh tot+h
J a(2)dr < e~V j alr)dr. (3.14)
t 1

o+(n—1)h 0

Using the relation (3.11), we have that

to+h M to+nh
J a(1)dt < Mhe“"a(ty), a(t) < Wezwhj a(r)dr. (3.15)

to to+(n—1)h

From relations (3.14)—(3.15), it follows that
a(t) < M?e>“he= =D (1), (3.16)
Denoting v = 1/h and taking K = (Me)?e*“", we obtain that
a(t) < Ke" 0 g(ty). (3.17)
If n € {0,1}, then t — ty < 2h. It follows that

a(t) < Me*a(ty) < Ke""""a(t). (3.18)
U

TaEOREM 3.4. If the pair (LP(R,X),L1(R,X)) is admissible for the evolution family U =
{U(t,5)}t=s, then there exist K > 1 and v > 0 such that

||U<t,t0)x|| <Ke""9|x|l, VxeX (t), Vt=t. (3.19)
Proof. From hypothesis there is y > 1 such that
ITvil, < yllvllg, Vv e LI(R,X). (3.20)

We denote h = (ye)?.
Let tp € R, let x € X, () \ {0}, and let t; = sup{t > ty: U(t,ty)x # 0}. We consider the
function ¢ : [fy,11) = X, ¢(t) = U(t,t)x.



8 Exponential dichotomy on the real line

If t; >ty + 2h, for every t > t; with ¢+ 2h < t;, we consider the functions

v:R—X, v(T) = Xlt,i+h) (T)ﬂ

oI’

R " X ()
f:R X, f(r) o o dse(7).

(3.21)

We have that v € L1(R,X) and since x € X (#), it follows that f € LP(R,X). It is easy
to see that the pair (f,v) verifies (Ea), so I'v = f. From (3.20) it follows that || fl, <

ylivilg = yh/4. In particular, this inequality shows that

t+2h 1/p
(| Irlrdr) < yus
t+h

(1/llg(s)Il)ds. Then, from (3.22) we deduce that

t+2h 1/p
(| llgrar) < Xns
t+h )

We denote § = tt+h

Let

{1, forp=1,

h = 1/p p

P ’

hYP', for p e (1,0), p' = 1T

Then, we have

[ tpterar e ([ lgirar)

Using (3.23), we deduce that

t+2h y .
dr < Sh'hV4.
[ lgtoiar < %

Since

s ([ o) (7 ecolas) =5 [ loolar)

from (3.26) we obtain that

t+2h h/ hl/q t+h W t+h
| llomlldr <y™ 5= [ llolldr <y [ llgtolar
t+h h t h )

By the definition of &, from (3.28) it follows that

t+2h 1 (tth
J.,, lo@lldz = | llp@lld

(3.22)

(3.23)

(3.24)

(3.25)

(3.26)

(3.27)

(3.28)

(3.29)
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Let M, w be given by Definition 2.1. Applying Lemma 3.3 for a = || ¢/l, it follows that
lo()]| < Ke™ " p(to)|l, Vte [to,11), (3.30)

where K = (Me)2e’*" and v = 1/h.
Because K and v do not depend on f, or x, the proof is complete. O

CoroLLARY 3.5. If the pair (LP(R,X),L1(R,X)) is admissible for the evolution family U =
{U(t,8)} =5 then X, (to) is a closed linear subspace, for all ty € R.

Proof. Let t; € R be fixed and let (x,) C X, (ty) be a sequence convergent to x € X. It fol-
lows that there is L > 0 such that ||x,|| < L, for all n € N. If K, v are given by Theorem 3.4,
we deduce that [|U(t,f)x,|| < KLe %) for all t > t, and all n € N. Hence, we ob-
tain that ||U(t,t)x|| < KLe ") for all t > ty, so x € X;(f,). It follows that X;(t,) is
closed. O

LEMMA 3.6. Let a: [ty, ) — Ry be a continuous function with the property that there are
M > 1 and w,h € (0,00) such that

a(t) < Me®Sa(s), Yi=s=>to, (3.31)
t+2h t+h
J a(t)dr > eJ a(t)dr, Vt=i. (3.32)
t+h t
Then
a(t) = %e”(t*”a(s), Vt=s=ty+h, (3.33)

where K = M?e>" and v = 1/h.

Proof. Lett>s=ty+h, n€ N, and r € [0,h) such that t —s = nh +r. From (3.32) it
follows that

s+(n+2 s

J a(t)dT = e””J a(T)dT. (3.34)
s+(n+1)h s—h

Using the relation (3.31), we have that

(n+2)h s
J a()dr < Mhe*a(t),  hals) < Mewhj a(r)dr. (3.35)
(

s+(n+1)h s=h

From (3.34)—(3.35), it follows that

en+2

a8 = 2 als), (3.36)

alt) >

where v = 1/h and K = M2¢3@h, O
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Tueorem 3.7. If the pair (LP(R,X),L1(R,X)) is admissible for the evolution family U =
{U(t,5)}s=s, then there exist K = 1 and v > 0 such that

1
||U(t,t()))/|| > Fev(t—to)”y”, Vy EXz(t()), Vi> to. (337)

Proof. From hypothesis there is y > 1 such that
ITvil, < yllvllg, Vv e Li(R,X). (3.38)

We denote h = (ye)?.

Let t) € R and let y € X,(#) \ {0}. From Proposition 3.2(iii) there is z € X, (ty — h) \
{0} such that U(ty,ty — h)z = y. Denotingby ¢ : [ty — h, ) — X, ¢(t) = U(t,ty — h)z, and
using Proposition 3.2(iii), we have that ¢(t) # 0, for all t > £, — h.

Let t > tg — h. We consider the function

o(1)
:[R_'X, = —X[t+ht+ T 3.39
v V(T) = —X+he2n) (T) ool (3.39)

Since
t+2h

z = (Lh H(P‘zz)H)zexz(to—h), (3.40)

there is A € oy (fo — h) with A(0) = z; and [, |A(s)[|Pds < oo. Let

Xi“ﬂh t(”)hH( Vdsp(r), = to—h

fiR—X, f(r)=41"’7 pLs (3.41)

Mt —ty+h), T<ty—h.

We have that v € L1(R,X), f € LP(R,X), and the pair (f,v) verifies (Ey). SoI'v = f and
from (3.38) it follows that [| f|l, < yllvllg = yhV4. In particular, from this inequality, we
deduce that

(Fh I f(1)||PdT> P, (3.42)

t+2h

We denote 8 = [, (1/1l¢(s)|l)ds. Then, from (3.42) we obtain that

t+h 1/p y
([ iotorar) < T, (.43)

Let

1, forp=1,
W= 3.44
WP, forpe(1,0), p' = p%. (344
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Using analogous arguments as in the proof of Theorem 3.4, we immediately deduce that

t+h hrhl/q t+2h 1 t+2h
| el =y = | el | Cllemlidn. (.45

Let M, w be given by Definition 2.1. Applying Lemma 3.6 for a = || ¢/l, it follows that
o] = %e’“‘s)ﬂq)(s)ﬂ, Visss b, (3.46)
where K = M?¢*“" and v = 1/h. This implies that
U (t,t — h)2]| = %e*’(t‘t")HU(to,to “h)zl, Vit (3.47)
which means that
1U(t,t0) yl = %e”‘t*t‘”llyll, Vit > t. (3.48)

Since K and v do not depend on t; or y, we obtain the conclusion. O

CoroLLARY 3.8. If the pair (LP(R,X),L1(R, X)) is admissible for the evolution family U =
{U(t,8)} =5, then X5(ty) is a closed linear subspace, for all ty € R.

Proof. Let ty € R. If y € X5(ty) and ¢, is a function given by the definition of the space
X, (to) with ¢,,(0) = y, then it is easy to see that ¢, (s) € X,(ty +5), for all s < 0.

Let (x,) C Xx(ty) be a sequence convergent to x € X. For every n € N there is a func-
tion ¢, € Fqu(ty) such that ¢,(0) = x,, and ff)oo @ (7)IPdT < . Since

0n(0) = Ul(to, to+5)@n(s), Vs=<0,VneN, (3.49)
for K, v given by Theorem 3.7, it follows that

% = x| = ||U (to, 0 +5) (9u(5) — @um(5)) |

1 (3.50)
> Ee‘””gon(s) —om(s)|], Vs<0, Vm,neN.

Using the fact that (x,) is fundamental, from (3.50) we obtain that for every s < 0 the
sequence (@,(s)) is fundamental, so it is convergent. We denote ¢(s) := lim,—. ¢,(s), for
all s < 0. Hence ¢(0) = x and ¢ € Fq(ty). From (3.50) we deduce that

llo(s)|| < Ke™||x, — x|| + [|@a(s)]||, V(s,n) € R_XN. (3.51)

This implies that x € X, () and the proof is complete. O
The first main result of this section is given by the following.

TaeoreM 3.9. If the pair (LP(R,X),L1(R,X)) is admissible for the evolution family U =
{U(t,5) } =5, then WU is uniformly exponentially dichotomic.
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Proof. From Proposition 3.2, Corollary 3.5, and Corollary 3.8, it follows that for every t €
R, Xi(t) ® Xa(t) = X. Let P(t) be the projection corresponding to X; (¢), that is, Im P(¢) =
X1 (t) and Ker P(t) = X,(t). Using Lemma 2.5, we have that P(¢+)U(t,ty) = U(t,ty)P(t),
for all t > t;. From Proposition 3.2, the restriction U(t,ty)| : Ker P(ty) — KerP(t) is an
isomorphism, for all ¢ > f,. Finally, using Theorem 3.4 and Theorem 3.7, we obtain that
AU is uniformly exponentially dichotomic. O

Theorem 3.9 gives a sufficient condition for the uniform exponential dichotomy of
an evolution family. In what follows, we will establish when the uniform exponential di-
chotomy of an evolution family implies the admissibility of the pair (L?(R,X),L1(R,X)).

LEmMA 3.10. Let p,g € [1,00) with p = g, let v >0, and let v € L1(R,R.). Then, the func-
tions fi, f>: R — Ry defined by

A = ﬂw Ny )ds,  foll) = Lw ey (s)ds (3.52)

belong to LP(R,R ).
Proof. This follows using Holder’s inequality. O

ProrosiTioN 3.11. Let W = {U(t,$)} =5 be an evolution family and let p,q € [1,00). If
X (to) N X5(ty) = {0}, for all ty € R, then for every v € L1(R,X) there exists at most one
f € LP(R,X) such that the pair (f,v) verifies (Eq,).

Proof. Letv € L1(R,X). Suppose that there are f, f; € LP(R,X) such that the pairs (f,v)
and (fi,v) verify (Eq;). Then, we have

AW = f@)=Uts)(fils) — f(s)), Vi=s. (3.53)

Let t, € R. From fi(t) — f(t) = U(t,10)(fi(to) — f(t)) and f, fi € LP(R,X), it follows
that f1(ty) — f(t) € X1 (o).

Let v : R_ — X,y(s) = fi(to+s) — f(to +s). From (3.53) we obtain that v € Fq,(t)).
Because fi, f € LP(R,X), it follows that y(0) = fi(ty) — f(t) € X,(t). Using the hy-
pothesis, we obtain that f(¢) = f(f). Since ty € R was arbitrary, we deduce that f =
it [l
THEOREM 3.12. Let WU = {U(t,$)} s be an evolution family and let p,q € [1,00) with p =
q. Then W is uniformly exponentially dichotomic if and only if the pair (LP(R,X),L1(R,X))
is admissible for OU.

Proof (Necessity). Let {P(t)}cr be the family of projections given by Definition 2.2. For
v € L1(R, X) we consider the function

FiR—X,  f()= Lt U(t,$)P(s)v(s)ds — Lw Uls, 0 (1 - P(s))v(s)ds,
(3.54)
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where for every s > t, U(s, z‘)|_1 denotes the inverse of the operator U(s,t) : X5(t) — Xa(s).
Using Lemma 3.10, we obtain that f € LP(R,X). An easy computation shows that the
pair (f,v) verifies (Eqy).

From Proposition 2.6, we have that X (#) = Im P(¢) and X,(¢) = Ker P(t), for all t € R.
Using Proposition 3.11, we obtain the uniqueness of f. It follows that the pair (L?(R,X),
L1(R,X)) is admissible for AU.

Sufficiency. This follows from Theorem 3.9. O

Remark 3.13. For the particular case p = g and for evolution families U = {U(¢,5)} =5
with the property that for every x € X, the mapping (t,s) — U(t,s)x is continuous, the
above theorem has been proved by Latushkin et al. [7]. The fact that p = g and the strong
continuity of U were essentially used in their approach, because their method was based
on the use of the evolution semigroup associated to U.

Remark 3.14. Generally, if U = {U(t,s)} = is uniformly exponentially dichotomic and
p>q € [1,00) with p < g, it does not result that the pair (L?(R,X), L1(R,X)) is admissible
for . This fact is illustrated by the following example.

Example 3.15. Let X = R? and
U(t,s)(x1,%2) = (e x1,ex), Vi=s, V(x,x) € R2 (3.55)
Then, U = {U(t,s)} 5 is uniformly exponentially dichotomic.
If p,qg € [1,00) with p < g,let § € (p,q). We consider the function

1
v:R— [Rz, V(t) = (W,O) (356)

We have that v € L1(R,R?) \ L?(R, R?).

Suppose that the pair (L?(R,R?),LI(R,R?)) is admissible for U. Then, there is f €
LP(R,R?) such that the pair (f,v) verifies (Eq). Let P: R? — R2, P(x1,x2) = (x1,0). De-
noting fi = Pf and v; = Pv, in particular, we obtain that

f(t)=e 1 £i(0)+ Lte*(f*”vl(r)dr, Vt=>0. (3.57)

Denoting

t

o(t) = e”J e ()dr, V=0 (3.58)
0

from (3.57) we deduce that ¢ € L?(R,,R). But, since

() ety (t) _
m s T - (et e - (3.59)

and v; ¢ LP(R4,R), we obtain that ¢ ¢ LP(R,,R), which is a contradiction. In conclu-
sion, the pair (L (R, R?),L1(R,R?)) is not admissible for AU.
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4. An application for the case of Cy-semigroups

Let X be a real or complex Banach space.

Definition 4.1. A family T = {T(t)}+>0 of bounded linear operators on X is said to be a
Co-semigroup if the following properties are satisfied:
(i) T(0) = I, the identity operator on X;
(i) T(t+s)=T()T(s), forall t,s > 0;
(iii) limyo T(#)x = x, for every x € X.

Definition 4.2. A Cy-semigroup T = {T(t)} ¢ is said to be uniformly exponentially di-
chotomic if there exist a projection P € B(X) and two constants K > 1 and v > 0 such
that

(i
(ii
(iii
(iv

T(t)=T(t)P, forall t > 0;
T(t)x|| < Ke™™|x]|, forall x € ImP and all t > 0;
T(t)x|| = 1/Ke”||x||, for all x € Ker P and all ¢t > 0;

p
[
l

the restriction T'(t), : Ker P — Ker P is an isomorphism, for every t > 0.

)
)
)
)

Remark 4.3. If T = {T(¢)}=0 is a Cp-semigroup, we can associate to it an evolution family
Wr = {Ur(t,8)} =5, by Ur(t,s) = T(t —s), for every t > s.

ProrosITION 4.4. The Cy-semigroup T = {T(t)} = is uniformly exponentially dichotomic
if and only if the evolution family WUy = {Ur(t,s)} =5 associated to T is uniformly exponen-
tially dichotomic.

Proof (Necessity). 1f the semigroup T is uniformly exponentially dichotomic, then it is
easy to see that the evolution family Uy is uniformly exponentially dichotomic relative to
the family of projections {P(t)},cr, where P(t) = P, for every t € R, and with the same
constants.

Sufficiency. Suppose that the evolution family Uy is uniformly exponentially dichotomic
relative to the family of projections {P(#) };cg and the constants K and ». For every fy € R,
we denote

Xi (o) = {xeX;f||UT(t,to)x||dt<oo} 1)

and by X, () the linear subspace of all x € X with the property that there exists ¢, : R_ —
X with ¢ € Fay(to), ¢x(0) = x, and [°, lgx(£)dt < 0.

From Proposition 2.6, it follows that ImP(t) = X, (t) and Ker P(t) = X,(¢), for all t €
R. We observe that X;(¢) = X;(0) and X,(t) = X,(0), for all ¢ € R. This shows that P(¢) =
P(0), forall t € R. Denoting P = P(0), it is a simple exercise to verify that the Cy-semigroup
T is uniformly exponentially dichotomic relative to the projection P and the constants K
and ». O

We denote by L (R, X) the linear space of all measurable functions v: R — X, which
are Bochner integrable on every segment [a,b], with a,b € R, a < b.



Adina Luminita Sasu 15

Let T = {T(t)}+=0 be a Cp-semigroup on X. We consider the equation

f(t)= T(t—s)f(s)+£t T(t—1)v(t)dr, Vt=s (ET)

with f,v € L} (R,X).

Definition 4.5. Let p,q € [1,00). The pair (L?(R,X),L1(R,X)) is said to be admissible for
the Cy-semigroup T = {T(t)} ¢ if for every v € L1(R, X) there is a unique f € LP(R,X)
such that the pair (f,v) verifies (Er).

THEOREM 4.6. Let T = {T(t)}=0 be a Cy-semigroup on X and let p,q € [1,00). Then,
(1) if the pair (LP(R,X),L1(R, X)) is admissible for T, then T is uniformly exponentially
dichotomic;
(ii) if p=q, then T is uniformly exponentially dichotomic if and only if the pair (LP (R, X),
L1(R, X)) is admissible for T.

Proof. (i) This follows from Proposition 4.4 and Theorem 3.9.
(i) This follows from Proposition 4.4 and Theorem 3.12. O
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